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INTRODUCTION. 

At. what period Trigonometry first began to be cul- 
tlvatedy as a branch of the mathematical sciences, is 
extremely uncertain, no records having been left by 
the ancients, which enable us to trace it to a higher 
age than that of Hipparchus, who flourished about a 
century and a half before Christ, and is reported by 
Thieon, in his Commentary on Ptolemy's Almagest, 
to have written a work, in twelve books, on the chords 
of circular arcs, which, from the nature of the title, 
must evidently have been a treatise on Trigonometry. 

But the earliest work on the subject, now extant, 
is the Spherics of Theodosius, a native of Tripoli in 
Bythinia, who, soon after the tiine above mentioned, 
collected the scattered principles of the science, which 
had been discovered by his predecessors, and formed 
them into a regular treatise, in three books, contain- 
ing^ a variety of the most necessary and useful pro- 
positions relating to the sphere, arranged and de- 
tnonstrated with great perspicuity and elegance, after 
the manner of Euclid's Elements (a). 

The next of the Greek writers, after Theodosius, 

(a) This work of Theodosius, which came to us through the 
medium of an Arabic version, has been published both in Greek 
and Latin by several writers; but the Latin edition of Dr. Barrow^ 
8vo. London, lOjSf and that of Hunt^ 8vo. Oxford, 1709, are 

a 
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who has treated professedly on this subject, is Meile- 
laus, an astronomer and mathematician of consider- 
able eminence, who lived about the middle of the 
first century after Christ, and of whom we have^ 
three books on Spherical Triangles, containing, be- 
sides the first principles of the science, a number of 
propositidns of a more difiicult kind, which at that 
time were but little known ; but the six books which 
he is said to have written on the subtenses, or 
chords, of circular arcs, being probably a treatise on 
the ancient method of constructing trigonometrical 
tables,^ has not been transmitted to our times (b): 

This loss, however, has been, in some measure, 
repaired by Ptolemy, who in the first book of his 
Almagest, published about the beginning of the se- 
cond cen.tury after Christ, has given us a table of arcs^ 
and their chords to every half degree of the sani- 
circle ; in the forming of which it is observable, that 
he divides the radius, and the arc whose chord is 
equal to the radius, each into sixty equal parts, and 
then estimates all other arcs by sixtieths of that arc. 



reckoned the best. The third book, which is the most difficult, 
has been commented upon and elucidated by Pappus, in his Ma- 
thematical Collections. 

(b) A translation of the Spherics of Menelaus had been under^ 
taken by Regiomontanus, but was first published by Maurolycus 
in Latin (Messanas, 1558, fol.), together with the Spherics of 
Theodosius and his own. Halley also prepared a new edition of 
this work, corrected from a Hebrew manuscript, which was pub- 
lished in 8vo. 1758, without the preface which he had projected 
for it, by Costard, the author of a History of Astronomy. 
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bxkd the chords hy sixtieths of that chord, or of ti^ 
radius ; being probably the method used by Hij^ar- 
chus and other ancient writers on this subject. He 
has here also proved, for the first time that we know 
of, that the rectangle of the two diagonals* of any 
quadrilateral inscribed in a circle, is equal to the sum 
of the rectangles of its opposite sides (c). 

After the time of Ptolemy and his commentator 
Theon, little more is known on this subject till about 
the close of the eighth century after Christ, when 
the ancient method of computing by the chords was 
changed for that of the sines, which were first intro- 
duced into the science by the Arabians j to whom 
we are also indebted for the several axioms and 
theorems which are at present considered as the 
foundation of our modern Trigonometry, as well as 
for some other propositions which such an alteration 
in the system naturally required. 

The Arabians, however,, though they had been 
long acquainted with the Indian, or decimal scale of 
arithmetic, now used, do not appear to have deviated 
from the Greeks in the sexagesimal division of the 



. (c) Claudius Ptolemeus was bom at Ptolemais in Egypt, and 
taught astronomy at Alexandria, where he died in the year of 
Christ 147> being the 78th year of his age. His Almagest, like 
most of the celebrated works of antiquity^ has had many editors 
and commentators ; but a good translation, both of this work and 
the Commentary of Theon, is still much wanted ; the only tolerably 
complete Latin edition (published at Basil, 1551,) which we now 
possess, being that of George of Trebizonde, which was so severely 
and justly criticised by Regiomontanus. 

a 2 



tadias, %hich continued in use till about the ihiddle 
x)f the 15th century,- when an alteration was first 
made by Purbach^ a native of a small place of that 
name between Austria and BaVaria; who constructed 
a table of sines to a division of the radius into 600000 
equal parts, and computed them for every ten ini*- 
nutes, or sixth part of a degree, in parts of this 
radius, by the decimal notation. 

This project of Purbach was also still further pro- 
secuted by his disciple and friend John Muller, 
commonly called Regiomontanus, of the little town 
of Mons Regius, or Konigsberg, in Franconia, who 
first began his mathematical career by extending 
and improving the tables of his master ; but, after- 
wards, disliking that plan, as evidently imperfect, 
he computed a table of sines, for every minute of 
the quadrant, to the radios 1000000. He also intro- 
duced the tangents into this science, and enriched it 
with many theorems and precepts, which, except for 
the use of logarithms, renders the trigonometry o£ 
this author but little inferior to that of our times (^0- 

Soon aftet the period here mentioned, several other 
mathematicians also contributed to the advancement 
of this science, either by some useful alterations in 



{d) The Treatise of Regiomontanus, on Plane and Spherical 
Trigonometry, in five books, was written about the year 1464, and 
printed in folio at Nuremberg^ 1533. In the fiflh book, some of 
the problems relating to plane triangles are resolved by meana of 
Algebra, a proof that this science was known in Europe before the 
treatise of Lucas de Burgo appeared. 



the form of the tables, or by others improvements ; 
among whom may be reckoned John Werner of 
Nuremburg, and Nicholas Copernicus -of Thorn, in 
Prussia, the celebrated restorer of the true system 
of the world, who wrote a brief treatise on plane 
and spherical Trigonometry, with a description and 
construction of the canon a£ chords, nes»ly in the 
manner of Ptolemy; which tract, together wil^ a 
table of sines and their differences, for every 10 
minutes of the quadrant, to radius 100000, is in- 
serted in the first book of his RevolutUmcs erbium 
aekstium, published in folio, at Nuremburg, 1543. 

To these cultivators and improvers of the science, 
we may likewise add £rasmus Rheinold, professor 
of mathematics in the academy- of Wurtemburg, 
who published his Canon Jcecundus, or Table of tan- 
gents, in 1553 j and Maurolycus, abbot of Messina, 
ki Sicily, one of the most able geometers of the six- ' 
teenth centuty, to whom we are indebted for. the 
Tabula benefica^ or Canon of secants, which came out 
about the same time. 

But the most complete work on the subject, which 
had hitherto appeared, was a treatise, in two parts^ 
by Vieta, printed in folio at Paris, 1579, during the 
author's lifetime, in the first part of which, entitled 
Canon mathematicus seu ad triangular cum appendicU 
buSf he has given a table of sines, tangents and secants 
for every minute of the quadrant, to radius 1 00000, 
with their differences j and towards the end of the 
^uadrant^ th^ tarigejits and 3ecaQts are extended to 



8 or 9 places of figures. They are also arranged 
like our tables at present, increasing from the left- 
hand side to 45'', and then returning backwardSj^ 
from the right hand, to 90° ; so that each number 
and its complement stand on the same line. 

. The second part of the volume, which is entitled 
Unwersalium mspectionem ad canonem mathematicum 
fiber singularis, contains, besides a regular account 
of the construction of the tables, a compendious 
treatise on plane and spherical Trigonometry, with 
tiieir application to a variety of curious subjects in 
geometry, mensuration, and other branches of ma- 
thematics ; as also a number of particulars relating 
to the quadrature of the circle, the duplication of 
the cube, and similar problems; which are all treated 
pf in a manner worthy the genius of the author (e\ 

Beside the performance above mentioned, there 
are, likewise, several other smaller tracts on trigone- 
metrical subjects in the general collection of Vieta's 
works, published at Ley den in 1646, by Schooten ; 
among which ^re the curious theorems, here first 
given by our author, relating to angular sections, or 
the multiples and submultiples of arcs ; as also ge- 
neral formulae for the chords, and consequently sines, 
of the sums and differences of arcs, and sucK as are 
in arithmetical progression ; which have since been 
so extensively and usefully applied, both in this 



(e) This curious performance, which was published separately 
from the other works of Vieta, and without his name, is extremely 
scarce^ few copies of it haying ever reached this country. 
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science^ and in some of the higher branches of the 
modern analysis (/). 

The next writer on this subject, whose labours de- 
serve particular notice, is George Joachim Rheticus, 
a pupil of Copernicus, and professor of mathematics 
in the university of . Wittemburg, who formed the 
design of computing the trigonometrical canon, for 
every ten seconds of the quadrant, to 15 places of 
decimals ; and though he was prevented from exe- 
cuting the whole of this laborious -enterprise, he 
nevertheless accomplished that part of it relating 
to the sines and cosines ; all of which he calculated 
according to his original plan, besides those of every 
single second of the first and last degrees ; but was 
deterred from publishing the work, on account of 
the expense attending the impression. 

Soon after his death, however, which happened in 
1576, Valentine Otho, one of his disciples andfriends, 
engaged, according to the dying request of Rheticus, 
to finish this great undertaking ; and notwithstanding 
a variety of difficulties and obstacles, which retarded 
his labours, he at length gave it to tlie public, under 
the title of Opus Palatinum de Triangulis (HeideL 
bergse, folio, 1596): in which work^ we have, iot 
the first time, an entire table of sines, tangents and 



. {J') The demonstratioDS of most of the trigonometrical theo* 
rems in this work^ relating to angular sections, were supplied by 
Alexander Anderson, at that time professor of mathengiatics a^ 
Paris, but a native of Abe;rdeen jn ScoUand^ 
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secants, for every ten seconds of the quadrant, to ten 
places of decimals, with their differences ; the five 
last figures of the former Table being here omitted. 

But as this performance, though highly valuable 
in other respects, was afterwards found to contain a 
number of errors, particularly in the cotangents and 
cosecants, which the sines that Otho had employed 
were not sufficiently extensive to prevent, Bartholo^ 
mew Pitiscus, . an able mathematician of that time, 
undertook the revision of it. And having procured, 
with some difficulty, the original manuscript of Rhe- 
tieus, he added to it an auxiliary table of sines of 
small arcs, to 'SI places of decimals, for the purpose 
of supplying the defect above mentioned, and pub-- 
lished the work, with the augmentations he had made 
to it, under the name of Thesaurus MathematicuSy 
&c. (Francfort, folio, 1613.) 

This being done, he now recalculated, by means 
of the materials he had thus prepared, the cotangents 
and cosecants of the Opus Palatinum of Otho, to the 
end of the first six degrees of the quadrant ; and 
as this rendered the work sufficiently exact for all 
astronoipical purposes, even to fractions of seconds, 
he published the corrections in separate sheets, in 
86 pages in folio, for the purpose of replacing those 
of the former impression. But the original work 
having been partly sold ofi; and its purchasers ne- 
glecting to procure the new sheets, these corrected 
copies ^re become so extremely rare, that few of 
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tfaem are to be found, either in the possessionT of in-* 
dividuals or in the public libraries (g). 

About the close of the 16th century, several other 
persons also wrote on the subject of Trigonometry, 
and the construction of the triangular canon ; among 
whom may be reckoned Philip Lansberg, a native 
ef Zealand in Holland, who in 1591 published his 
Geometria Triartgulorum, in four books, with the 
usual tables; being the first compendium of thiii 
kind in which the tangents and secants are con- 
tinued to the end of the last degree of the quadrant, 
to 7 places of decimals. 

The Trigonometry of Pitiscus, also, which was 
published at Francfort in 1599, is a very complete 
work, having been long considered, both with re- 
spect to the correctness of the tables, and its 
numerous practical applications, as the most com- 

(g) For a more detailed account of these valuable works, see a 
paper by Prony, in the M6moires de Tlnstitut, vol. v., where he 
says that he knows of only two of the corrected copies of the Opus 
Palatinum that are now to be found ; one being in the library of 
the Council of State at Paris, and the other that purchased by 
himself of the bookseller Duprat ; both of which can be easily 
distinguished from the old work, by the difference of the colour of 
the paper and type, in the sheetfi that are changed. 

The title of the courected. copies is as follows : 

Georgii Joachimi Rhetici Magnus Canon sDoctrinse triangulorum 
ad decades secundoriim scrupulorum, et ad partes 10000000000. 

Recens emendatus ^ Bartholomaeo Pitisco silesio. Addita est 
brevis commonefactio de fabric^ et usu hujus canonis, &c. 

Canon hie. unll cum brevi commonefactione de ejus fabrick et 
U8U9 etiam separatim ab opere palatino venditur. In Bibliopoleio 
harnischiano. 



XIV 



modious and useful treatise on the subject then 
extant. 

To these writers may likewise be added Christopher 
Clavius, a German Jesuit, who, in the first volume 
of his works, printed at Mentz, 1612, in 5 vols. foL, 
has given us an ample and circumstantial treatise on 
Trigonometry, with tables of sines, tangents and se- 
conds, for every minute of the quadrant, to 7 places 
of decimals, and in a form continued forwards to the 
end of the quadrant. The sines have also their dif- 
ferences set down to everv second, and the construe* 
tion of the tables is clearly explained, according to the 
methods of Ptolemy, Purbach, and Regiomontanus* 

About the ye^r 1600, Ludoph van Ceulen, a 
Dutch mathematician, of considerable talents, also 
published his well-known treatise De Circulo ct 
adscriptis, in which he treats of the properties of 
lines drawn in and about a circle, and especially 
of chords, or subtenses, with the construction of 
the canon of sines. He here, likewise, determined 
the ratio of the diameter of a circle to its circum- 
ference, to 36 places of figures ; showing that if 
the diameter be 1, the circumference will be 
3.14159 26535 89793 23846 26433 83279 50288 
&C.J which ratio, in imitation of the example of 
Archimedes, is said to have been engraved, by his 
order, on his tombstone in the churchyard at Leyden, 

This curious tract, with some other of Ceulen's 
dissertations on similar subjects, was translated into 
Latin, and published at Ley den, in 1619, by Wille- 
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brord Snell ; who has himself given, in his Doctrina 
triangulorum canontdej the construction of the sines, 
tangents and secants, together with a very useful 
synopsis of the calculation of triangles, both plane 
and spherical. 

Francis van Schooten also published, at Amsterdam, 
in 1627, a table of sines, tangents and secants, in a 
small neat form, for every minute of the quadrant, to 
7 places of figures, which has a great charactei" for 
accuracy, being declared, by its author, to be without 
a single error ; though this must not be understood 
of the last figure of the numbers, which is sometimes 
errcmeous in excess, and sometimes in defect, by 
not being always set down to the nearest unit. 

These are the principal writers on Trigonometry, 
and the tables of sines, tangents and secants, before 
the change that was made in the subject by the in- 
troduction of the logarithmic calculus, which first 
began to be employed in this science about the com- 
mencement of the 17th century, by its celebrated 
inventor Baron Napier, of Merchiston, in Scotland j 
who, in the year 1614, published his work entitled 
Mirifici logarithmorum canonis descriptio (A), which 



(A) The principles of logarithms, and the method of computiiig 
the tables, are not given by Napier in this performance, but were 
afterwards published by his son, Robert Napier, who In the year 
1619 gave a new edition of his father's work, together with the 
Logarithmorum canonis constructio, and other pieces 5 in which per- 
formance it may be observed, that the geometrical method, used 
by Napier in computing his logarithms, is similar to that which was 
afterwards employed by Newton in the generati<m of magiiitudei, 
ill his doctrine of fluxions. 
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contains the logarithms of numbers, and the lo- 
gariAmic sines, tangents and seconds, for every 
minute of the quadrant, together with the descrip- 
tion and use of the tables. 

But as the text, or descriptive part of this work, 
was in the Latin language, it was soon afterwards 
translated into English by Mr. Edward Wright, the 
inventor of the principles of what has been usually ,^ 
though erroneously, called Mercator's Sailing; who 
having finished his manuscript, sent it to Edinburgh 
to be revised and improved by the author ; but oiji 
his dying a short time after he had received it baclf , 
it was published, with a preface by Briggs, in the 
year 16 16, by his son Samuel Wright, together with 
the tables, but each number to one %ure less than 
in the original. . 

JSoon after this, several other logarithmic tables, 
of a kind nearly similar to those of Napier, werp 
published by Speidell, Ursinus, and Kepler j but 
being in gei^eral very compendious, and formed 
upoa principles which have since been found incom- 
modious in practice, they are now chiefly curious on 
account of the ideas and artifices displayed by their 
authors in their different modes of computing them ; 
in which respect the performance of Kepler, though 
frequently abstruse and obscure, is particularly de- 
serving of notice, both from the originality of his plan, 
and t)ie able manner in which it is developed (t). 

(t) The treatise of Kepler here mentioned, is entitled CUUat 
logaritkmorum ad tatidem numeros rotundosy prcemma demonsiraiume 
legiHma ortus logarUhmorum eorumque usus, &c. (Marpurg, 1624.) 
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The person, however, to whom we are chiefly in- 
debted for the new and more advantageous form 
which this admirable mode of computation has since 
lussumed, is Mr. Henry Briggs^ at that time pro- 
fessor of geometry in Gresham College, London, 
and afterwards Savilian professor at Oxford; who, 
besides his eminent talents as a mathematician, has 
the merit of having first proposed, both to the public 
in his lectures, and to the illustrious inventor of the 
doctrine himself, that happy improvement in the 
system of these numbers, which consists in making 
the radix of the system 10, instead of 2.71828182845, 
&c. as was done by Napier ; or, which is the same 
thing, by changing them from what are usually 
called hyperbolic^ or Napierian logarithms^ to the pre- 
sent common or tabular logarithms. 

It may here likewise be further remarked, that 
Briggs, in addition to hia other attainments, was also 
a most indefatigable calculator, having laboured 
from the beginning, with great zeal and diligence, 
at the computation of logarithms of this kind, of 
which he was the inventor and promoter. And, as 
the first fruits of his industry, he produced, in 1624, 
his Arithmetica Logarithmica^ a stupendous work for 



To which perfor ance, the year following, he added a supplemeiit, 
containing the logarithms of integer numbers^ and of such of the 
natural sines as nearly coincide with them. 

It may also be observed ^ that the work of Ursinus above men- 
tioned, entitled Trigonometria (Cologne, 1 624), is not unworthy of 
attention, as containing a table of natural sines and their loga* 
rithms, of the Napierian form, to every 10 seconds of the qua- 
drant, which the author had been at great pains in computing. 
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so short a time ; which contains the logarithms of 
all numbers from 1 to 20000, and from 90000 tcr 
100000 to 15 places of figures, besides the index. 

The table, however, being imperfect, the remain-^ 
ing logarithms were soon afterwards supplied by 
Adrian Vlacq, of Gouda, in Holland, who completed 
the 70 intermediate chiliads, and republished the 
Arithmetica Logarith?nica at that place, with these 
additional numbers, in 1627 and 1628 ; in which 
state it contains the logarithms of all numbers, from 
1 to 100000, to 10 places of decimals, together with 
a table of logarithmic sines, tangents and secants, to 
the same extent, for every minute of the quadrant. 

To this we may also add, that beside the work 
above mentioned, Briggs lived to complete a table 
of logarithmic sines and tangents for the hundredth 
part of every degree, to 14 places of decimals, to- 
gether with a table of natural sines for the same 
parts to 15 places, and the tangents and secants of 
the same to 10 places, with the construction of the 
whole ; which work was likewise printed at Gouda, 
by Vlacq, in 1633 ; and on his death, a preface to it 
was supplied by Mr. Henry Gellibrand, at that time 
professor of astronomy in Gresham College, who alsa 
added to it the application of logarithms to plane 
and spherical trigonometry, and published it the same 
year, under the title of Trigonometria Britannica. 

These two performances of Briggs also contain^ 
besides the extensive tables above mentioned, and 
the method of constructing them, Bf variety of other 
matters of great utility and importance in this 
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science ; among the most remarkable of which may 
be mentioned, the method of interpolating logarithms 
by their differences, as afterwards treated of by 
Cotes, in his Canonotechniaj and the proof he has 
given, in his chapter on angular sections, of the 
curious property, that the sines of equidifferent 
arcs, with their 2d, 4th, 6th, &c. differences, and the 
cosines of the mean arcs, with their 1st, Sd, 5th, &c. 
differences, are in geometrical progression (k). 

In the same year, likewise, and during the time 
that he was superintending the printing of the Tri- 
gonometria Britannica of Briggs, Vlacq published, 
at Gouda, his own great work, entitled Trigonometria 
Artificialis^ which contains the logarithmic sines and 
tangents of every 10 seconds of the quadrant, to 10 
places of figures, besides the index ; and the lo- 
garithms of the first 20000 numbers, to the same 
number of places, with the differences of each j the 
whole being preceded by an ample description of 
the tables, and the application of them to some of 
the principal problems in plane and spherical Tri- 
gonometry (/). 

(k) Besides what relates more immediately to trigonometrical 
subjects, Briggs has shown, m his Trigonometria Britannica^ the 
method of generating the coefficients of the terms of any integral 
power of a binomial, successively from each other, independently 
of any other power; a property which Newton aflerwards ex- 
hibited in the form of a general theorem, algebraically expressed, 
and serving for all kinds of powers or roots, whether integral or 
fractional. 

(/) A new edition of the Trigonometria Artifidalis of Vlacq, 
which has always been considered as a work of great use to Astro- 
nomers, has been lately published at Leipzig, by Vega, under the 
title of Thesaurus Mathematicus, 



Several smaller tables of these logarithtiis were 
also published about the same time by Gunter, Win- 
gate, Roe, and others; the two latter of whom 
considerably improved their form and disposition. 
Gunter is likewise deserving of notice, from his 
having first applied the logarithms of numbers, to- 
gether with those of the sines and tangents, to ^s^ 
ruler, in the form of a two-foot scale, that still goes 
by his name : by which proportions in trigonometry, 
navigation, and other subjects, may be performed, 
to a degree of accuracy sufficient for many practical 
.purposes, by the mere application of a pair of com- 
passes ; being a method founded on the well-known 
property, that the logarithms of the terms of equal 
ratios are equidifierent (m),. 

But the common logarithmic canon was first re- 
duced to its most convenient form by John Newton, 
in his Trigonometria Britanmcat printed at London 
in 1658, which work contains the logarithms of the 
first 100000 numbers, to 8 places of decimals, besides 
the index, arranged in the same manner as they are 
in our best tables at present; as also the logarithmic 
sines and tangents to the same extent, for every 
lOOdth part of a degree, with their differences, and 
for the lOOOdth part in the first three degrees, ac- 
cording to the decimal division of Briggs. 



-' ' ... J. 



(m) Gunter, who was professor of astronomy at Gresham Col- 
lege at the time that Briggs was professor of geometry there, is also 
said to have first introduced the use of arithmetical complements 
into logarithmic computations, and to have been the inventor, or 
at least to have first started the idea, of the logarithmic curve. 
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The greater part of these tables, however, have 
since been, in some measure, superseded by those of 
a later date ; among the most accurate and conve- 
nient of which, for common use, may be reckoned 
the edition of Vlacq's small volume of tables, printed 
at Lyons in 1670, and another work of this kind, 
printed at the same place, in 1760 ; but more parti- 
cularly by the edition of Sherwin's Mathematical 
Tables, in 8vo. 1742, as revised by Gardiner j also 
Hutton's Mathematical Tables, in 8vo., first printed 
in 1785} the Tables of Vega, 2 vols, 8vo., printed 
at Leipzig in 1797 i and the 1st edition of the Ta- 
bles Portatives de Logarithmes of Callet, in small 
8vo., printed at Paris 1783 (w) ; all of which are 
adapted to the sexagesimal division of the circle, 
used by Vlacq and most of the later compilers. 

Besides these, several other tables, of a different 
kind, have been lately published by the French j ia 
which the quadrant is divided, according to their new 
system of measures, into 100 degrees, the degree into 
100 minutes, and the minute into 100 seconds ; the 
principal of which are the 2d edition of the Tables 
Portatives of Callet, beautifully printed in stereo- 
type, at Paris, by Didot, 8vo. 1795, with great addi- 
tions and improvements \ the Trigonometrical Tables 

(n) ThiB neat portable work, which is now become eJcttemeljr 
scarce^ contains all the tables in Gardiner's 4to vol. hereafter men* 
tioned, With several additions and improvements; and is, by far, 
the most useful and convenient performance of the kind that has 
jet been offered to the public. 

4j 
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of fioFdn, in 4ta. an. ix, rerised attd enrichfed vrith 
rarious new precepts and fbrmulfie by Dekmbre ; and 
the tables lately published at Berlin, by Hobert atid 
Ideler, which are also adapted to the decimal division 
of the circle, and are highly praised for their accu* 
tacy by the French computers. 

Among the various tables, however, of the sexage^ 
nary kind, none have been more esteemed for their 
usefulness and accuracy than those of Gardine^^ 
printed in 4to. at London, in 1742 ; which contain 
the logarithms of all numbers from 1 to 102100, and 
the logarithmic sines and tangents for every ten se- 
conds of the quadrant, to 7 places of decimals, with 
several other necessary tables ; a new edition of which 
work was also printed at Avignon, in France, in 1770, 
under the care of Pezenas, who added to it the sines 
and tangents of every single second, for the first 4 
degrees, and a small table of hyperbolic logarithms, 
taken from Simpson's Fluxions. 

But of all the trigonometrical tables hitherto pub^ 
lished| the most extensive and best adapted for ob- 
taining accurate results, in many ddicate astronomic 
cal and geodetical observations, are those of Taylor, 
printed in large 4to* at London, 1792 ; which con* 
tain the logarithms of the first common numbers 
ftom 1 to 1260, to eight places of decimals j the 
logarithms of all numbers from 1 to 101000, to 7 
places J and the logarithmic sines and tangents of 
ttviery second in the quadrant, to 7 places ; as al^Q 
a preface, and various precepts £»r the explanation 



u§6 df ifefe tables, ii^hiiiii^ frohi the AuthOPs dying 
b^foi^e the last sheet of his work ti^as printed Off, 
Were Supplied by Dr. Mai^kelyne, the astrottottier 
h)yaL 

It itiay here likewise be observed, that besides the 
tdtlimon tables hitherto mentioriecl, which coiitaih 
thte logarithtils of numbers in their usual order, 
Others, of a different kind, have been constructed, 
for the thor^ readily finding the number correspond- 
ing to any given logai'ithm ; of which the principal 
one, of any considerable extent, is the Aritilogarith* 
iili'c Canon of Dodson, published at London, iii 1742 j 
which (Contains the numbers corresponding to every 
logarithm, from 1 to 100000, to deveh pkces of 
figures, with their difierences and ptopoi'tional parts ; 
and, though little used at Jpresent, is a performaiice 
of great libour and merit (o). 

In consequence also of the decimal division of the 
^itcle, now generally used by the French mathema^ 
ttoiatis, a numbei" of persons have been employed, fot 
several yeiSirs past, at the Bureau de Ciadststte, at 
Pirii^, undei: the direction of Pi'ony, in computing 
new trigonometrical tables of this kind, to a ^ 
grtatei* extent than any that have hitherto been 
devised. But notwithstanding the work appears to 

(a) Dr. Wallis informs us^ in the 2d vol. of his mathemaUcal 
works, that an antilogaritbmic canon was begun by Harriot;^ the 
^^btaist (who died in 1621), and finished by Warner^ the edilbr 
of his Wdtks, abont the year l640; -but which was lost for want of 
encouragement to print it. 

bS 
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have been nearly completed a considerable time 
since, it has not yet been offered to the public : 
which is much to be regretted; as these Tables, 
though too bulky and high priced to be brought 
into common use, might be very advantageously 
consulted, in many points of delicate calculation, 
which are otherwise not easily determinable. Our 
common tables could likewise be corrected from 
them, or new ones published under an abridged 
form J it is therefore to be hoped, that this great 
monument of calculation will soon make its appear- 
ance, under the auspices of a government which de- 
clares itself to be Pami des Arts et des Sciences {p). 

To this brief account of the works of sojne of the 
most cdeb^ted witers on the object her. treaud 
of, and the tables which, at different times, have 
been composed for facilitating its practical opera- 
tions, it may be proper to subjoin a slight sketch of 
the improvements which it has undergone in passing 
through the hands of the later analysts, who, by 
means of a more, cpmmojdious algorithm, and the 
resources of a ready apd comprehensive calculus, 
unknown to their predecessors, have greatly enlarged 
the boundaries of the science, and simplified its rules 
and processes. 

These advantages, and the consequent discoveries 

which attended them, have chiefly arisen from the 

I ..III '■ II. ^ 

(p) For a detailed accoant of the contents of this great work, 
and the manner m which it was computed^ see the Report of 
Delambre, M6moires de I'Institut, vol. ▼• 
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new views of the subject that had been opened to 
mathematicians, by the theorems, first given by Vieta, 
for the chords of the sums, difierences, and multiples 
of arcs and their supplements ; which though left 
without demonstration, and, in the latter case, pro- 
bably formed by induction from the law of the terms 
and their coefiScients, have, nevertheless, been the 
germ of most of the numerous and elegant formute 
which have since enriched this branch of the subject. 
We are also, in this respect, no less indebted to 
Napier, not only for his admirable discovery of lo- 
garithms, but fo^ the new and excellent analogies 
which he introduced into that part of the science 
relating to the solution of spherical triangles, which 
still go by his name ; as likewise for his other well 
known rules, called the Five Circular Parts (q) r 
which, though too artificial and restricted in their 
application, to be employed by skilful computists, in 
the present advanced state of the science, are suf- 
ficient proofl of the dexterity and address with which 
he investigated every branch of a subject so inti- 



(9) It is an exaggerated account of the excellence of the two 
rulesliere mentioned, to assert, as some writers have done, that 
the bare recollection of them, alone, Is sufficient to enable a per- 
son to carry the whole of spherical Trigonometry in his mind; for^ 
besides their XKOt being applicable to the two cases in which the 3 
sides, or the 3 Z% of a a are given, a number of other particulars, 
not easily reniiiefribered, are equally necessary to be known, respect- 
ing the faHing of the perpendiculars within or without the a% and 
the auctions of the sides and angles, before a complete solution 
of them can be obtained. 
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mate^y connected with the inveutipn that has g^i^ 
him such just celebrity. 

The works of Briggs, abready mentioned» al^jd 
greatly contributed to the advancement of this branch 
pf the science^ both by the assistance which they 
ai^rded to the practical calpulator^ in, many intricate 
and abstruse computations^ and by the numerous 
ifflipravements and discoveries of a higher kind, with 
which th^y abound- The method, in parti^uUr, 
wWch he appears to have first used in raising lo- 
garithms from thehr differences, and his skilful appl^ 
cation of analytical principles to several oth^r snhr 
jects of di^icult investigation^ entitle him toxank wi(^ 
tl^e first matheniaticians, of the ^ge in which he Uvejdf 

The logarithmic cujcv^ Ukewisen an4 tho?e pf ^ 
siipilar kind, which first began tobp intrpduced abo^t 
^l^s tinie, greatly facilitated the conception of th^ 
Uijuinber?, by exhibiting sonie of thjeif most renw^^ 
abfle properties in a mojce peyspicuons. way than <;oirt4 
1^ done by the abstract methods of investigatWW 
j^^i|>loyed by Napier and others* And though^ tljy^ 
doctrine itself has no necessary connexion with these 
or any other geometrical figures, it was from this 
spnrce tK^t the new and advantageous mode of* ^-r 
pressing logarithms by series was fin^t derived^ 

This happy improvement, which was introduced 
into the science about the year 1668, by Mercator . 
and Jatt^* Gregory, who were led to the disicovpry 
of some of the most simple forms pf these series by 
contemplating the nature of the hyperbola, was soon 
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afterw^Urds extended to the trigoncrm^tHokl fiart 
€f tiie tul^ect, or the arithmetic of sines, ad it is 
now fr^qisetxtly called ; which Newton, Leibnitz^ the 
BerfiouQlS) and others, enri<died with siinilar for^ 
iHulaB ; and bj this means assim^ated the prindf^es 
of logarithms and trigonometry with those of the 
new calculi, of which they were the inventoft and 
improvers. 

The expcmential formulae, also, for the sin^s and 
cos&ies of arcs, which were first given by Demoivr^ 
have greatly contributed to the progress of the ana- 
fytical branch of this subject, by abridging its (^ra- 
tions, and shOTtening the labour of investigation ; 
and though some writers, who appear to be unac- 
quainted with the way in which imaginary symbols 
arise, have represented sll expressions of this kind 
as nugatory and absurd, yet their commodious fonot 
and the ease and certainty with which they can ht 
applied in many intricate inquiries, will always cause 
them to be regard^ by the skilAil analyst as an im* 
portant acqidsition to the jscience (r)« 

Many other improvements, of more or less import- 
ance, have since been made, both in the practical 
and theoretical branche^^ of this subject, by later 
writers^ but of these^ none have proved of such 



{r) Lagrange, one of the most profound analysts of the priesent 
1^^ r^gacds the exponential foroiulsd of Deinoivre^ here alluded 
tp, f(^ expressing the sines and cosines by means of certain ima?* 
^Aary ^nctionft of the arcs, as one of the greatest a^j^ytical dig* 
coveries of the 17th century. 
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general advantage to the science as the substitution 
of the analytical mode of notation in the place of the 
geometrical; /which useful change was first intro- 
duced by Euler ; who, besides this simplification of 
the former methods, has developed and extended, in 
his numerous works, almost every part of the trigo- 
nometrical analysis ; which, under his masterly hand, 
assumed the form of a new science. 

With respect to the projection of the sphere, which 
is also a branch of science intimately connected with 
this subject, little more is known of the early part of 
its history than what can be collected from the writ- 
ings of Ptolemy, w]io in his treatise on the planisphere, 
3S well as in his geography, has left us a number of 
propositions relating to the stereographic method, as 
it is now generally called, of representing the surface 
of the sphere upon the plane of one of its great cir? 
cles, and its application to the construction of maps 
and charts (s). 

-■ It is evident, however, that Ptolemy, whose work 
^bove mentioned is the oldest of the kind that we 
now possess, was not the author of this mode of pro- 
jection, as he has commonly been thought to be } 
^nce it appears from a letter, still extant, addressed 



(s) It may here be observed, that the term Stereographic, which 
denotes solidity, or a projection of three dimensions, is an impro- 
per appellation ; and though the word is of Greek origin, its appli- 
cation to this subject is modern, having been first proposed and 
employed by .Aguilon, in his Optics, printed at Anvers, l6l3; be- 
fore which time it had the name of Planisphere. 
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by Synesius, a disciple of the celebrated Hypatia, 
and afterwards bishop of Ptolemais in Libya, to 
Paeonius, on his sending him a silver astrolabe, that 
the method of exhibiting the surface of the sphere in 
this manner, upon a plane, was known at an earlier 
period, and had been particularly employed, for geo- 
graphical and other purposes, by Hipparchus, to 
whom he expressly ascribes the invention. 

But though the foundation of this doctrine was 
established by the ancients, they appear to have been 
unacquainted with some of its most important prin- 
ciples ; as it was not known to Ptolemy that all the 
circles of the^ sphere, excepting those whose planes 
|)ass through the eye, are, in the stereographic me- 
thod, projected into circles ; or that any two pro- 
jected great circles make the same angle, by their 
intersection on the plane of projection, which the 
original circles make on the sphere. 

The first of these remarkable properties was, in 
fact, for a long period within the reach of mathema- 
ticians, without their availing themselves of it. For 
ApoUonitis having demonstrated, in his Conies, that 
the subcontrary section of a cone is a circle, the 
only thing that remained to be done was to prove 
that the plane of projection, in this method, forms 
a subcontrary section in every cone, the vertex of 
which is the eye, and the base a circle of the sphere ; 
but, easy as this step appears, it was not achieved 
till fifteen hundred years after the time of Hipparchus. 

It is uncertain, indeed^ by whom^ or at what time, 



tbede two useful propositions were first introduced 
into this branch of the subject, as the latter is not to 
be found in the large treatise of Clavius on the astro- 
labe ; and though the former is distinctly n>entioned 
by Jordanus in his Planisphere^ printed at B41e in 
15S6, the first clear and rigorous demonstration of it, 
by means of the subcontrary section, was given by 
Commanding in his Commentary on the Planisphere 
of Ptolemy, published at Venice, 1558. The same 
obscurity also attends whatever relates to tb^e origin 
and progfess of the prtbogiraphic and gnomonic^l 
projections, of whiqh no account is to be found i9 
any of our mathematical histories, though the theory 
and practice of these methods have been an^ly 
treated of by several writers, who have neglected,^ 
with singular indifierence, all inquiries concerning 
the aut^Qrs and improvers of thes^ useful inventions. 



ADVERTISEMENT 

TO 

THE SECOND EDITION- 



Bbforv the time of the first publication of the pre- 
sent performance, no work of a similar kind had ap- 
peared, in this country, which could be considered 
SiH partaking, in any degree, of the great discoveries 
and improvements which had been made, in the sub- 
ject here treated of, within the last fifty years. 

The author was therefore induced to lay before 
the public an additional treatise on this useful and 
interesting branch of knowledge, that should be more 
conformable, both in matter and method, to the pre- 
sort state of the science ; and from the favourable 
reception it has met with, he flatters himself, that 
the undertaking has not been regarded as either 
useless or unnecessary. 

A careful revision, however, of the several parts 
of the work, appeared to the author to be still want- 
ing ; and he has accordingly made such alterations 
and improvements in the present Edition of it, with- 
out materially departing from his original plan, as 
he trusts will render it still more deserving the public 
favour. 

Among other things, of this kind, that might be 



mentioned, nearly all the practical questions before 
given, many of which had passed, in the same state, 
from one work to another, for more than a century 
past, are here reproposed with new data; and in 
every case, where it was judged necessary, both the 
examples and the rules upon which they depend, 
have been carefully attended to, and reduced to their 
most commodious and approved forms. 

The analytical part of the work, also, where the 
author first introduced to the notice of the English 
student, the many elegant theorems and formulae, 
with which Euler, Delambre, Legendre, and other 
eminent mathematicians have enriched the science, 
is here considerably improved; and, though com- 
prised within a short compass, will, it is conceived, 
be found to contain all the most i 
principles of this extensive and ii 
analysis. 

J.; 

Royil MiUtaiT Academy, . • 

Oct. i;th, 1613. 
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PLANE TRIGONOMETRY. 



Plane Trigonometry is the science which treats 
of the analogies of plane triangles, and of th? me- 
thods of determining their sides and angles. 

It also comprehends whatever relates to th^ pro- 
perties and i^ions of certain right lines Orawn in 
and about a circle, called sines, tangents, &c. 

The sides of plane triangles are estimated in feet, 

yards,, chains, &c; or by abstract numbers, accord-^ 
ing to the purpose intended. 

A right lined angle is measured by an arc of a 
circle contained between its two legs, and having 
the angular point for its centre (a). 

Every circle is supposed to be divided into 360 
equal parts, called degrees; each degree into 60 
equal parts, called minutes; each minute into 60 
equal parts, called seconds, &c. 

So that a semicircle, or half the circumference, qon* 



{a) It is proved by Euclid, and in b. yi. prop. 24 of my Geo- 
metry^ that an§^e8 at the centres of equal circles (and conse- 
quently at the centre of the same circle } are proportional to the 
arcs on which they ^and; and in b. viii. prop. 6, that the cir« 
comferences of diffiefrent ckdes, or any similar parts of them^ 
are as the radU of those circtit ; firom whiefa properties, the reai* 
son for assuming arcs of circles as the measutes of angles, witt 

be sufficiently evident. 

B 



tains 180 degrees ; and a quadrantf or fourth port of 
the circumference^ 90 degrees : also a sextant is an 
arc of 60 degrees, and an octant an arc of 45 degrees. 

An angle is likewise said to be of as many degrees, 
minutes, seconds, &c, as there are divisions of this 
kind contained in the arc, or part of the circum- 
ference, by which it is measured (A). 

Hence, a right angle, being measured by a quarter 
of the circumference, is 90 degrees ; an obtuse angle 
is greater than 90 degrees ; and an acute angle less 
than 90 degrees. 

Degrees are marked at the top of the figure, or 
figures, by which the arc is denoted, by a small % 
miputes by \ seconds by '^ &c. 

Thus, SS"" 28' is 39 degrees, 28 minutes; and 
47" 12' 19'' is 47 degrees, 12 minutes, and 19 se- 
conds. 

The condipiement of an arc is the difference be- 
tween that arc and a quadrant, or 90>; and the sup- 
plement of an arc is the difference between that arc 



(b) From this method ofestimation,itis plain that an angle maj 
be of any magnitnde less than 180 degrees $ and that it Is the 
aidne thing Whether the circle whuAi is described from the an- 
gtdar pwnt be kurger or smaller, as the aracontained between the 
two legs is always the same part of the whole circumference. It 
may also be remarked, that it is not the angles of triangles them* 
selves that are employed m calculation, but certain lines called 
tfiie staeB, tat^ents, &c of tbpse angles ; as the hitter can always 
be tmifeMd with the sidts cf .the triangle, hmg qu^titie^ of 
the same kind, whidi is net the cfwe with die angleis or arcs by 
Macb they are measured. 



andasemicircte^ar 180^. Thtis^B & is the comf^e- 
ment of a b ; and b a is its supplement {c). 




In like manner, the complement of ap angle is 
the difference between that angle and a right angle, 
or 9Cf'9 Mid the supplement ^f an angle in >th& differ- 
en^e'^betweeti thelt angle and two H^t i&ngleSy or 1 8(K 
Thus B o c is the complement of a o b^ and B o a is 
its supplement. 




The sine of an arc i^ a right. line drawn from one 
extremity of the arc perpendicular to the diameter 
which pas^e^ through the other extremity. . Thus b d 
4s the sine of A B, or of b a. 




The cosine of an arc is the i^e of the complement 

' (c) The coBi(deiiieDtii oommmi totwo wca, or ang^eiy whidi are 
tiie supplemeiits of each otber. Thnsi b c is die oomplement of 
A B or of B a; but in most practical questiont, it is usually under-^ 
sleod to be whit any acule angle, or an arc, wants of go*. 



4^ 

of that, arct or the part of the diameter which Hes he^. 
tween the centre of the circle and the: sine. Thus B:iy. 

« 

or its equal o d, is the cosine of a b or of b a^ or the 
sine of its complement b c* 




The tangent of an arc is a right line drawn per- 
pendicular to the diameter, at one extremity of the 
ate, and terminated by a right line drawn from the 
centre through the other extremity. Thus a e is the 
tangent of a b, or of b. a. 




ITie cotangent of an arc is the tangent of the com- 
plement of that arc. Thus c e is the cotangent of 
A b, or of B fl, or the tangent of its complement b c* 




»' 



Tlie secant of an arc is a right line drawn from 
the centre, through one extremity of the arc, and 
terminated by the tangent, or a lipe drawn perpen^ 



dicukr to the diameter at the other extremity. Thus 
o JB is the secant x>f a b, or of b a. 




The cosecant of an arc is the secant of the com- 
plement of that are. Thus o 2 is the cosecant of 
A B, or'cif B a, or the secant of its complement b c. 




The versed sine of an arc is that part of the dia- 
meter which lies between the beginning of the su*c 
and the sine. Thus a d is the versed sine of a b^ 
and n a is the versed sine of its supplement b a. 




The coversed sign of an arc is the versed sine of the 
complement of that arc. Thus c e is the coversed 
sine of A b, or the versed sine of its complement b c. 




The diord of an itrc is a tight line joining t^ 
extremities of that arc. Thus a b is the chord of Ibe 
arc A B, and b a is the chord of its supplement (d). 




"^fhe cochor4,.af. m .^? i* the ^hord of .the jcom* 
pieoiient of that aijc. Thiis-^ c is the .cochord .of a Bf 
or t^iexhord of. its cmnplement ^ c f and b^d ^,the 
chord of the supplement of c B» 
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Una* here ^esciibi^d/'beloit^ equdly lo mt 
aSgle ^ to the arc by \vliich it is measured^ and, 
except the chords and versed - sities, they are ail 
common to two arcs or angles which are the si^ 
plements of each other. 

So that if the sine, tangent^ &c of any arc or 

angle above 90^ be required, it is the same thing as 

i>   1 1 i.i III  J   .1   .■> 

(d) The sine or cosine of any arc or angle can never exceed 
the radiu8» and the 8ecan| and cosecant are never less than the 
radios ; but the tangent and cotangent admit of all possible de- 
grees of magnitude. 

It may likewise be remarked that the chord of 60^, the sine and 
versed sine of go% and the tangent of 45* are all equal to the ra- 
dius, whatever may be the magnitude of the circle ; also the sine 
of 30% and the cosine, or versed sine> of 6(ff are half the radius, 
and the secant of A/ k double the radius.. 
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IQ And the ttnei tangent, &c of its supplement, or 
iiidiatit wants of 180^. '' 

rItmsLy also be xemarked, that these Unes are called 
the natural sines^ tangents, &c of the arcs or anglei 
to' which they belopg; ,and the logarithms xif the num- 
bf^ by whic^.tib^ are represented, are the logarith* 
miq sines, tang^ts, &c. 

And as One or othpr of these make a part of every 
t^gpjioifietnQal operatiiHi, they have been calculated 
to a given radius, for every degree, minute, &c of the 
quadrant, tod i^ged in tables for use^ 

Whence, by the help of such a table, the sine, tan- 
gent,. &c of any sifc or angle may be found by in- 
q>ipction i and, vice versa, the arc, or angle, to which 
toy sine, tangent, &c belongs. 

Upon these tables, also, and the doctrine of si« 
H^i^ triangles, depends the solution of the several 
cases of plane Ixigonometry, which may be per« 
formed either by the natural or logarithmic sines^ 
ttogmts, &c, as occasion requires. 

But the logarithmic sines, tangents, &c, are those 
most commonly used ; as the calculations, in this 
case, are aU performed by adding and subtracting 
only, instead of multiplying and dividing, as is re- 
quired by the natural sines, &c (e). 

{e) The sine, tangent, kc of any arc or angle being of the same 
magnitude as the sine, tangent^ Hcc of its supplement^ it is plain 
that a table of these lines-made for erery degree, minute, &c of 
the quadrant, or go% will serve for the whole circle. 

It is also to be observed, that^ in every such table^ the natural 
sines, tangents, &c are usually cfldculaled to radius 1 ; but in order 
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In every plane triangle, three things must be givep 
* to find the rest ; and of these iiiree. one at least 
must be a side, because the same angles arecommon 
to an infinite number of triangles- 
. .These circumstances having been stated, it may be 
o)^rved, that all the varieties that can possibly hap- 
pen in the solution of plane triangles, are comprised 
in the three following cases : vi^. 

1. When two of the three given things are a sid^ 
and its opposite angle. 

2. When two sides and their included angle are 
given. 

3. When the three sides are given. 

Each of which cases may be resolved, either by 
geometrical construction, by arithmetical computa- 
tion,* or instrumentally. 

In the first ^of these methods, the triangle is con- 
structed by laying down the sides from a scale of 
equid parts, and. the angles from a scale of chords, 
or a protractor, and then measuring the unknown 



timt the logarithmic sines, tange»t8> ice. may be all positive, diey 
are calculated to radius lOOOOOOqooo, or 1 with 10 ciphers, the 
logarithm of which is lO, so that the latter are the' logarithms of 
the former with 10 added to the index. 

And as the natural sines, tangents, &c of any angles, or arcs of 
different circles, are proportional to the radii of those circles, their 
values may be readily found, or made to correspond to any radius 
whatever. 

Such circumstances as relate to the state of the sine, tangent^ &c 
with respect to their being positive or negative, will be noticed in . 
another part of the work, as they do not interfere with the com- 
mon practice. 
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^parts, by the same scale or instrument from which 
the others were taken. 

. In the second method, having stated the prc^ortion, 
according to the proper rule, multiply the second and 
third terms together, and divide the product by the 
first, and the quotient will be the fourth term required, 
for the natural numbers. Or, in working by loga-- 
rithms, add the logarithms of the second and third- 
terms together, and from the sum take the logarithm 
of the first; then the number answering to the re- 
mainder will be the fourth term sought. 

In the third method, or instrumentally, as suppose 
by the logarithmic lines on one side of the common 
two. foot scales, extend the compasses from the first 
term to the second or third, as they may happen to be 
of the same kind ; and that exteht will reach from 
the other term to the fourth term required, taking 
both extents towards the same end of the scale. 

The second of these methods, however, or that in 
which the operatioq is performed by logarithms, is the 
one generally employed ; the other two being chiefly 
of use as checks on the calculations, or, in certain 
^mple cases, where a near approximate value of the 
quantities to be determined is thought sufficient (/ )• 

But it may here be remarked, that when one or 
more logarithms are to be subtracted, in any operation, 

{/) In working any question by logarithms^ it is not always neces- 
sary to make an accurate construction of the figure, as the learner; 
should accustom himself to such as are readily formed foy the pen, , 
and used only for the purpose of guiding him |n the calculation. 
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'A will be better to write down their compkmchU^ or 
what each of them wants of 10, instead of the loga* 
rithms themsely€^s, and theti add thetn all tc^ether, 
abating as many tens in the index Of the ^um a» 
there are logarithms to be subtracted. 
Thus, if titielog^rithm to b^ subtracted be 3;493S75&, 
it is the samethingasto^dditscomplement6.506724S^ 
and then abate 10 in the index of tlie sum ; and if 
the logarithm be 9w0743S60, it is the same as to ad4 
its cotoplemerit 0.9256740, and abate 10 as before; 
observing th^t the readiest way of dokig this, is tO 

begin at the left hand and subtract each .figure of the 
logarithm from Sf, except the last significant figure^ 
on the right, which must be subtracted from 10. ! 
Jf the ind<$x pf the logarithm, whose complement 
^ is to be taken, be greater than 1 0, writte down what 
it wants of 19, and take the mt of tjie figures frqia 
9 as before}, observing, after the addition is made^ 
to abate SO from the indfex of the sum. And if the 
logarithm of a decimal, which has. always a negatii^e 
inde:x, is to be subtracted, add the index, considered 
as affirmative, to 9; and then find the complement Of 
the rest of the figures as usual ; and abate 10 in tb^ 
index of the sum. 

Thus, the complement of the logarithm 12.4907327 
is 7.509267s ; and the complement of the logarithm 
2.5972648 is 11 •4057352^ (^). 

ig) The truth of thig method of computation, which arises from 
adding the complements of the logarithms instead of subtracting 
the logarithms themselves, may be rendered obvious as follows : 

When the index of the logarithm (l) is under 10^ or between 
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^X ,^ » '\» ■*. 



PB0PEBTIE8 OP PLANE TRIAKOLSS, BBQtTIRED \1Si THE 

PRACTICAL PART OP THE SCIENCE. 

» 

'1. The sum of all tbe three angles of any phme 
t](ik^gle is equal to two right an^St or 180<> {fi), 

2/ Tlie greater side of any plane triangle, is dppo^ 
site to the greater ^i^lef and the less side to the 
less angle. 

3. The sum of any two sides of a plane triangle is 
greater than the third side ; and the difference of 
any two sides is less than llie third side. 

4. The triangle is equilateral, isosceles, or sea*- 
lene, according as its three angles are all equalj^ or 
only two of them equal, or all three unequal. 

5. The angles opposite to the two least sides of ^ny 

——  -^— — — —  I .^— ■———■— —i^^^^———— 1 1 

10 and 2O5 which is as far as any practical use of the tables 
extends, it is plain that — l s (10 — l) — 10; or— jL= (20«-L) 
—^209 agreeably to the rule. . . 

But if the index of the logarithm (l) to be subtracted be ne« 
gativCt let it be denoted by i, and the decimal part by d\ then 

-.L== — (— f + iO==+tV.rf=?(9+»)x(l— <0--lO,whichis, 
also, the same as the rule. 

The method of obtaining the complement^ by beginning at Ihe 
left hand, and subtractmg each figure of the logarithm, except the 
last, from g, is the same in e&ct as subtracting them from 10 m 
the. usual way, and is merely employed upon this occasion as being 
more commodious. 

(A) Since the sum of all the three angles of any plane triingle is 
iSOPy if one of the acute angles of «a rightomgled triangle be sub* 
txaeted from 90^, the remainder will be the other acute an^le. 

In Ifte manner;^ if the sum of any two angles of a plane triangle 
be taken from 180^, it will lea?e the third angle; and if acy one tif 
Ae tll^e angles be taken^from 180^ it will leave the smn of the 
odier two* 
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plane triangle are acute ; and if there be an obtuse 
angle^ it will be opposite to the greatest side. 

6. A perpendicular drawn from the opposite angfe 
of any plane, triangle to the longest side, will faU 
within the triangle ; and the greater segment will 
lie next the greater side, and the least segment next 
the least side (i). 

7. In any isosceles plane triangle, a perpendicular, 
drawn from the vertex, will bisect both the base and 
the vertical angle. 

8. In a right-angled plane triangle, the hypothe-^ 
nuse is equal to the square root of the sum of the 
squares of the other two sides j and either of the sides 
is equal to the square root of the difference of the 
squares of the hypothenuse and the other side. ' 

Note, also, that if the half difference of any two 
quantities be added to their half sum, it will give the 
greater of those quantities j and, if it be subtracted 
from the half sum, it will give the less. 

CASE I. 

When two of the three given things are a side and 
its opposite angle, to find the rest. 

(0 Besides the case here mentioned^ "which is sufficient for aU 
practicU purposes, it may be further observed, that if the angles at 
the bast be both acute, the perpendicular will fall within die tri- 
fUdgle ; Vut, if one of them be obtuse, it will fall without the trian- 
gle, on t^e side of the obtuse angle. And in either -of these cases, 
as in the former, the greatest, segment will lie next thegfeatest 
side, a»d the least segment next the least side. 
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RULE. 

The sides of any plane triangle are to each other 
as the sines of their opposite angles ; and vice versa : 
—That is. 

As any side is to the sine of its opposite angle, so 
is any other side to the sine of its opposite angle : or 
as the sine of any angle is to its opposite side, so is 
the sine of any other angle to its opposite side. 

Hence, to find an angle, begin the proportion with 
a side opposite to a given angle ; and to find a side, 
begin with an angle opposite to a given side. 

Note. When two sides and an angle opposite to 
one of them are given, to find the rest, the question 
is sometimes ambiguous, or will admit of two dif- 
ferent answers. 

Thus, if the given angle be opposite to the least of 
the two given sides, the angle to be found, by the 
rule, may be either an acute angle or its supplement ; 
but, if it be opposite to the greater side, the required 
angle will be acute (Ar). 



(k) The ambiguity in this case does not arise, as has commonly 
been thought, from the required angle being found by means of 
its sine, which is the same both for an acute angle and its supple* 
ment, but solely from circumstances attending the construction of 
trian^es from gi?en data« For if the side c a» in the following 
figur^e, be proposed of such a length that it shaU be lessihan c b; 
and greater than a perpendiciyar drawn from c to the opposite 
side, it must nece^sarih/ cut the indefinite line b a a in twio pointts 
wbile^jb all other cases, it will either fall short of it, or touch it only 
inone; point. Hence, when c a is proposed less than-c b x sin b, 
the triangle is ipapossible : when it is greater than c b dierecanb* 
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EXAMPI^I. 



In the plane triangle a b c, 

/•AC 248 ^ Yards. Required the 

Given< b c 354 > other parts. 



(zB4r36' 




BY CONSTRUCTION. 

1 • Lay down the line b c s 354, from some <^on- 
venient scale of equal parts ; and make the z b = 
4 r 36' by a scale of chords, or other instrument. 

2. With the centre c, and radius 248 (a c) takei^ 
from the same scale of equal parts, cross b a in a or 
n, and join c a or c a, and a b c, or a b c, will be the 
triangle required. 

Then the ^ 'c and a, fiieasured by the scale of 
chords, and the side b a» or b a^ by the scale of equal 
parts, will be found to be as follows, viz. 



zc 29i 
or 67 



o 



o 



ZA71i" 

or 108 i" 



AB 1854 
or 343} 



only one triangle ; and if it fall between these limits, the triangle is 
ambiguous, or admits of two difierent aliswers. 

Thus, in the above figure, where the least side a c is ofvpoute 
to the given acute angle b, it is evident that either a b c or a b c 
my be the triangle sought. But when the given angle is right or 
obtuse, it will be opposite to ihe greatest side ; and* in this case 
diere can be no ambiguity; for that neither of the otheir angles vfloi 
be obtuse, and the geometrical construction will accordingly give 
•nly one triangle. 
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BT CAICtTLAItOK* 

As side ac ... 248 - - - - 8.8944517 

7.6055483 
Is to sine /b .. 41' 86' - - 9.8221198 
So is side B c . . 354 . . - - 2.5490033 
To sine z a 71° 23' or 108* 3/ 9.9766714 

41°86' 41° 36^ 
Sum 112* 59' or 150° 13' 

Subtract 180*^ Of' 180' O' 

Leaves 67° 1' or 2gp 47' / c , 

I 

I 

Then, 

: Sine z b 41»36' 9.8£2ll98 

0.1778808 

: Side a c 248 3.3944517 

::Sine zc 1|9»47'- ----- 9.6962012 

: Side a b 185.58 2.26 85321 

Or, 

: Sine zb 41^36' - 9^8221198 

0.1778802 

: Side a c 248 - - ^ 2.S944517 

: :Sine z c 67^ 1' r 9^9640797 

: Side a b 343.88 2.5364il6 

INSTRUMENT ALLY. 

In the first proportion, extend the compasses £rom 
248 (a c) to 354 (b c) upon the line of numbers, and 
that extent will reach, upon the sines, from 41 t^ ( z b) 
to 71i*, for the z a. 

In the 2d proportion, extend from 411* ( 4 b) to 
Sdr'' or 67^ ppon the sines, and that extent will reachf 



a- 
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upon the line of, numbers, from 248 to 185|9 or 
34^5 for the side a JB,. or a b. . . , 

EXAMPLE lu 



*,!. 



\ 




y In the plane triangle a 9 c, 

fAB337- ^ 

Given < b c 1 97 ^ Ans 
^ (/c 90 - 

<' Required the other parts. 

EXAMPLE III. 

In the plane triangle a B c, 



Cb c 310 * ( AC 281.73 

il zB 62° 9' 



Given< /B 62° 9' Ans.< a b 209.95 
t^c. 41° 13' , tzA 76° sa' 

Required the- other parts. ' 



EXAMPLE IV. 

In the plane triangle a b c, 

Ca^b217 rzAl04'47' 

Given ^ a'c 305 Ans.-J -^c 30* 12' 

(z B 45° (b'^c 417.03 

Required the other parts. 



EXAMPLE V. 



On the plane triangle a b c, 

f a'c 3S9 fAB 305.69 

Given< b c 516 | or 516.82 

( z B 37° 9' Ans.^ z c 34° 8' 

or 71° 84' 



Required the other parts. 



z A 108° 43' 
or 71° IT' 
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CASE II. 

When two sides and their included angle are given, 
to find the rest. 

RULE. 

As the sum of any two sides of a plane triangle, 
is to their difference, so is the tangent of half the 
sum of their opposite angles, to the tangent of half 
their difference. 

Then the half difference of these angles, added 
to their half sum, gives the greater angle, and sub- 
tracted from it gives the less. 

And as all the angles are now known, the remain- 
ing side may be found by Case i. 

Note. Half the sum of the two opposite, or un- 
known angles, is found by subtracting the given angle, 
from 1 80% and dividing the remainder by 2 (/). 



(/] Instead of the tangent of half the sum of the two unknown 
angles, we may use the cotangent of half the given angle^ or 
the tangent of half its supplement, which are all equal to each 
other. 

It may also be further observed with respect to the general solu- 
tion above given, that when the triangle is isosceles^ the aqgles at 
the base are each equal to the complement of half the given angle, or 
that at the vertex ; and consequently, in this case, the third side 
may be found directly by Case i. 

Also, if the angle included between the two given sides of the 
triangle be a right angle, or 90^, the; third side, or hypothenuse, 
may be found by extracting the square root of the sum of th^ 
squares of ihe other two sides. 

C 
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EXAMPLE. 

In the plane triangle a b c, 
GiveniB c 3S^| ^'^'' Required the rest 




BY CONSTRUCTION. 

1. Take b c =* 2384 from a scale of equal parts ; 
and set off the z b = 35^ 46' by a scale of chords^ or 
other instrument. 

8. Make a b = 108S by the same scale of equal 
parts, as before^ and join a, c, and a b c will be the 
triangle required. 

Then, the several parts being measiu'ed, we shall 
have z A =12U% z c = 22i% and side a c = 1630 
feet. 

BY CALCULATION. 

: A B + B c 3466 3.5898286 

6.4601714 
: AB'-BC 1302 S.1146110 

: : Tan. ^ 7£» 7' - - - - 10.4912414 
: Tan. ^ 49" 20' .... 10.0660288 



immm^m 



Sum isr 37' iLA 
Diff. 22" 4r / c 



1^ 
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Then, 



Sine / A HI" 27* or 58» 33' - 9.990q978 

0.0690022 
Side B c - - 2384 - - . - 3.S773063 * 
Sine zB . . 35° 46* - . - 9.7667739 
Side AC-- 1630.3 - - - - 3.2130824 



IKSTRUMEMTALLT. 

In the first proportion, extendfrom 3466 (a b+b c), 
to 1302 (aB'^ Bc) on the lipe of numbers, and that 
extent will reach, on the tangents, from 72® T' (the 
contrary way, because the tangents are set back again 
fix)m 45®) to beyond 45^; which being set so far back 
from 45^ falls upon 49T^ the fourth term. 

In the second proportion, extend from 58t® ( / a) 
to 35^" ( -^ b) on the sines, and that extent will reach, 
on the numbers, from 2384 (b c) to 1630, the fourth 
term, or side a c. 

EXAMPLE 11. 

In the plane triangle a b c, 

(A'^BgO? (ic 96^44' 

Given^B*b512 Ans.^ za 34** 6/ 

(zB 49^10' (a^c 691.02 

Required the other parts. 

example hi. 
In the plane triangle a b c, 

VB 780 fzA52° 9' 

J^c 1004 Ans.^ iLC 37*' 51' 

^b90* ( AC 1271.4' 

Required the other parts. 

c2 
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EXAMPLE IV. 

In the plane triangle a b c^ 
(a^ 530 TzA 80^55/ 

Given^ b^ 830 Ans.^ z.c 39 5- 

(z.b6o> (a'c 727.94 

Required the other parts. 

EXAMPLE V. 

In the plane triangle a b c, 

f aS 406 ( /.c 6r 45' 

Given< b"c 359 Ans.-^ z a 5^"" 55' 

( z b 57^ 20* ( X c 369.29 

Required the other parts. 

CASE III. 
When the three sides are given, to find the angles* 

RULE. 

Make the longest side the base, and let fall a per- 
pendicular upon it from the opposite angle. 

Then, as the base, or sum of the segments, made 
by the per{)endicular, is to the sum of the other two 
sides, so is the difference of those sides to the differ- 
ence of the segments of the base. 

And half this differerice, added to half the base, 
will give the greater segment, or that next the greater 
side ; and, subtracted from it, will give the less. 

Whence, in each of the right-angled triangles,^ 
fonned by the perpendicular, two sides and an angle 
opposite to one of them will be known ; and conse- 
quently the other angles may be founds by Case i. 

Or either of the angles may he found at one opera- 
tion, by the logarithmic formula given in Case vi, of 
the Table for oblique-angled plane triangles,, p. 33. 
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EXAMPLE I. 

In the plane triangle a b c, 

r A^ 467) 
Given< A^ 352 vYards. Required the 
(^ B '^ 698 3 angles. 




BY CONSTRUCTION. 

Take b c = 698, by a scale of equal parts, and with 
the centres F, c, and radii 467 and 352, taken from 
the same scale, describe arcs intersecting each other 
in A ; and join a b, a c, and a B c will be the triangle 
required. 

Then, by measuring the angles with a protractor, 
or by the scale of chords, they will be found to be 
nearly as follows, viz* z a = 11 6^©, zb = 27°, and 

z c = sr. 

BY CALCULATION. 

Having let fall the perpendicular a d, it will be 
: BCorBD+Dc698 - - - 2.8 438554 

7rr56l446 
: AB+AC - - 819 - - - 2.9132839 
: : AB /^AC - - 115 - . - 2.0606978 

: BD/^DC - - 134.93 - - 2.1301263 

Hence ^+"":^^ 416.46 = b d 
And ^2zl!19i = 381.53 « c d 

2 
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Then, in the tri^gle a, a s, right z.* ato, 

A B 467 - - - - 2v6693l69 

B D - - - - - 416.46 - - - 4.6195733 

: Sine ^b - - - 90P - - - - lO.OOOOQOO 

Sine Z.BAD - 63" 6" - - - 9.9502564 

90" (y 

26» 54' / B 

And, in the triangle a c d, right z " at d, 

AC ----- 352 ... - 2.5465427 

DC 281.53 - - - 2.4495247 

; Sine zD - - - 90» - - - - lO.OooooOO 

Sine /CAD - 63" 6' - - - 9.90298gO 

- 90" 0- 
36°54' zc 
Also 63" 6' / B A D 
And 53" 6* / c A D 
Makes 1 10° ir abac 
.Whence z b=26° 54', z c=36o 54', and z b a c= 
116^12'. 

INSTRUMENT ALLY* 

In the first proportion, extend from G98 (b c) to 
819 (ab+ac) on the Kne of numbers, and that ex- 
tent will reach, on the same line, from 115 (a b'^a c) 
to 135, the difference of the segments of the base 
(bd^^dc). 

In the second propprtiori, extend from 467 (a b) 
to 416 (bd) on the numbers, and this extent will 
reach, oa the sines, from 90° ( ^ d) to fiS'^Tzr ( ^ b ad). 

In the third proportion, extend from 352 (a c) to 
28 U (d c) on the numbers, and that es^tentwill reach, 
on the sineBi from 9(y ( / d) to SS^to ( ^ c a d). 






^ 



EXAMPLE U. 

Ilk the pliffie tmagle a b c» 

A^750 r^A SOP 2' 

Given^ a"^c 340 AnsJ zb ac» 7' 

(b^592 (zc 103*55' 

Required the angles. 
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fA. 

Given-^ A*^c 



EXAMPLE III. 

In the plane triangle a b c, 

500 ( JLA 53* 8' 

300 Ans.^ z B 36° 52' 

400 ( z c 90*^ 

Required the angles. 




EXAMPLE lY. 

In the plane triangle a b c, 

rA'^760 
Given J a^ 429 Ansu 

Required the angles. 

EXAMPLE V. 

In the plane triangle a b c, 

/ Ta"^ 1002 rzA 133^46' 

Given<A^1960 Ans.^ zb dO'59' 

(bc2750 (zg 15M5' 

Requireci the angles. 

EXAMPLE VI. 

In the plane triangle a b c, 

r a'b 169 (ia90p?9' 

Given J a'c 169 Ans J / b 44* 4ff 

(B^DS40 {/c44''46' 

Required the angles* 
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These three problems include all the cases or va- 
rieties of plane triangles, as well right-angled as ob- 
lique, that can possibly happen j : but the following 
theoretn, for right-angled triangles, will Sometimes 
bfe found more convenient in practice, than the ana- 
logy which is furnished by the general rule. 

THEOREM, OR CASE IV. 

In any right-angled triangle. As radius is to the 
tangent of either of the acute angles, so is the leg. 
adjacent to that angle to the leg opposite to it ; and 
vice versa. 

Or, As radius is to the cotangent of eilfaer of the 
acute angles, so is the leg opposite to that angle to 
the leg adjacent to it ; and vice versA (m). 

It may also be observed, that as the sine of either 
of the acute angles of a right-angled triangle is equal 
to the cosine of the other, the latter ipay be used 
instead of the former, whenever it renders the opera- 
tion more simple. 

EXAMPLE t. 

In the right-angled plane triangle a b c. 

Given 4 ^ ^ ^?7 . „, I Re<l»j«d the other 
t /B 54 17 > parts. 




(m) To this we might also have added the following analogy: As 
radius is to the secant of either of the acute angles, so is die leg 
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BY CONSTRUCTION. 

Make B c = 327, and z b = 54* 17' j then raise 
the perpendicular c a, meeting b a in a ; and a b c 
will be the triangle required : in which a b is found 
to measure 560, a c 454^, ,and ^ a, which is the com- 
plement of z b, 35h\ 



Bt CALCULATION. 

Rad. or sine - - - 90' - - - 10.0000000 

Tan. zb 54* lY - 10.1432626 

: Side b c 327 - - 2.5145478 

le A c - - - . - 454.79 - 2.6578104 



^Sine ^AOT cos. -^ b 54* 17' - 9-7662473 

Side BC 327 - - 2.5145478 

: Rad. or sine/ c - 90' - - - 10.0000000 
Side A B - - . - . 560.14 - 2.7483005 

And 90* -- 54« 17' ^ 35' 43' ^ a. 



INSTRUMENTALLY. 

Extend the compasses from 45* to 54 J® ( / b) on 
the tangents, and that extent will reach from 327 (b c) 
to 454t, on the line of numbers, for the side a c. 

And the extent from 54t* (^a) to 90* on thfe 



adjacent to that angle to the hypothenuse. * Or^ As radius is to the 
co6ec£int of either of the acute angles^, so is the leg opposite to that 
angle to the hypothenuse. 

But the rule fpr this case is as readily performed by the sines 
and cosines, which are always to be found in the logarithmic ta- 
bles, where the secant is frequently omitted. 
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siness, will reach from 327 (b c) to 560, on the line 
of numbers, for the hypothenuse a b. 

EXAMPLE II. 

In the right-angled triangle a b c, 

r- (b'c520 ("a'c 550.85, 

^*^®" 1 / A 43» 21' Ans J a'^b 757.52 

( / b 46° 39' 

To find the other sides and an^e. 

EXAMPLE III. 

f- In the right>angled triangle a b c, 

^. f A<J307 C£.ji9& 6 

ijiven I ^^ ^gj ^jjg 1 tA59S, 54' 

(^a''b 521.05 

To find the other sides and angles. 

EXAMPLE IV. 

In the right-atigled triangle a b c, 

r- AH S^^ *9^ C^c 607.62 

^^^^^t^A51^7' Ans. ^ A^ 780.58 

( ^ B 38' 53' 

To find the other sides and angle. 

To these rules it has been judged necessary to 
add the following tables, which contain the solutions 
of* all the cases of plane trigonometry before given j, 
together with such additional formulffii for the tan- 
gents, as are better adapted, in certain instances, to 
the producing oi accurate results than those derived 
from the sines and cosines in the former analc^es. •• 

Tftie reason of this deficiency of the sines and co- 
sines, in the cases alluded to, is^ that if an arc near 
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90^ is to be found by means^ of its sine ; or a very 
smdl arc, or one near 180\ by means of its coisiney 
the variation of tbei^e lines is so small, that they wiU 
not change in the tables for many seconds. 

Thusi if the log-sine, or log-cosine, of a required 
arc should come out 9.9999998, this number, in the 
tables, is the sine of an arc fr<Hn 89** 56' 19^ to 80° 
57' 8" or the cosine of an arc from a' 52" to S' 41' ; 
and consequently it is impossible to say what arc or 
angle, between these limits, is to be taken, owing to 
the tables not being continued to more than seven 
{daces of decimals. 

An error also, of an opposite kind, will arise in 
finding ards near 90° by their tsmgents, or those near 
O*' by their cotangents, as the largeness of the loga- 
rithmic differences, in this part of the quadrant, will 
render the method of determining them by propor- 
tional parts, incorrect, when they are to be found to 
seconds, by the common tables, or to parts of se- 
conds, by Taylor's tables. 

But in all other cases, the magnitude and great 
variation of the logarithmic differences render the 
use of the tangents preferable to that of tlje sines or 
cosines ; besides which, the above error, in the use 
of the common tables, may always be avoided, by 
subtracting the log-tangent, or Idg-cotangent, from 
20, and then finding the corresponding arc, or angle, 
in the first part of those tables, where it is usually 
given to seconds fov the fibrsf two or three degrees of 
the quadrant. 



28 

To this we may further add, that when a sine, co- 
sine, &c of the kind here mentioned enters into the 
cfalculation, as one of the data, it is rather favourable 
thaa otherwise to the accuracy of the result, or the 
value of the thing sought ; as any small error in the 
given arc, or angle, will not much affect the tabular 
value of its sine or cosine. 

Note. C L is used, in the following formulas, to 
denote the co-log, or the complgjnent of the com- 
mon tabular logarithm of the number answering to 
the letter or expression to which it is prefixed* And 
the sign r^ expresses the difference of the two quan- 
tities between which it is placed, when it is not known 
which of them is the greater. 

SOLUTIONS OF ALL THE CASES OF RIGHT-ANGLED 

PLANE TRIANGLES. 




!• Given the h3rpothenuse and either of the oblique 
angles, to find either of the legs. 

RULE. 

sin given z Tits oj^. leg 



;iven z Tits oj^. 

or '\ 

jiven ^ (^ its adj*. 



As rad : hyp : : _ 

' cos given ^ /its adj*. leg 

e Bin. A c COS. b , c sin. b c cos. a 

a =1 or -* ; o = or 
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La = LC + h sin A (or lcos b) — 10; hb =: lc+ 
1, sin B (or l cos a) — !©• 

4 c* sin. 2 A c^Bin2B 

Area A = — or — - — • 

L area = 2lc + l sin 2a — 10,60206X)0 ; or 2lc 
+ L sin 2b— 10.6020600. 

II. Given the hypothenuse and either of the legs, 
to find either of the oblique angles. 



RULE I. 



As hyp : rad : : given leg 

Or, 



C sin its opp. z 
: J or 
f cos its adj^ z 



Sin A (or cos b) = — ; sin b (or cos a)= — • 

L sin A (or l cos b) i= € l c + l a j l sin b (or l 
cos a) —Chc^hb. 

If A be near 90^ find ^ b, which is its complement, 
and the contrary when ^ b is near 90°. 

RULE II. 

Tan I A = rV^;tan|B = r^^. 
L tan i A ^ ; 

€L(c + fl) + L (c— o) + 10 

L tan J B = — i ^^Y^ ' • 

Where J a, or J b, is always less than 45*. 
Area A zi -^ V {c+a) (c-a) or - ^/ {c-i- b) (c-^b). » 

L area = f (l (c + a) + l (c — a)} + l a — 
.3010300; or J (l (c + A) + h (c — 6)} +Ld-. 
.3010300. 



III,' Given the hypothenuse and either of the legs, 
to find the other leg. 

RULE I. 

Find either of the oblique z • by Case ii. ; and then 
the required leg by Case i. _ 

RULE II. 



a = \/(c+*) X (c-6) J h — v/(c+flr) X {c^a) 
l{c+^)+l(c— A) - L(c+fl)+L(c— a), 

La = Y ; \J) = ^ 



IV. Given either of the legs and either of the ob- 
lique angles, to find the other leg. 

RULE. 

C tan / adj ^ given leg 
As rad : given leg : : ^ or : req"*. leg. 

\^ cot z opp. given leg 

Or, 

6 tan A 6 cot B « u tan B a cot a 

a = or : 6= or • 

r r ' r r 

Lfl = l6 + L tan A (or l cot b) — 10 ; lJ = La + 
L tan B (or l cot a) — 10. 

A ^ ft* tan A d^ tan B 

Area A= — —. — or — - — 

2r 2r • 

Larea 5= 2Li + l tan a — 10.3010300} or 2l a 
+ l tan B — 10.3010300. 



V. Given either of the legs and either of the ob- 
lique angles, to find the hypothenuse. 



I 

I 



$t 



RULE. 



As sia / 0pp. given leg^ . . , . . , . , „ 
Or cos ^ adj'. given leg 5 "S^^®" ^®S • • rad . hyp. 



Or, 

ra rh 

C = -r 



sin A (or cos b) sin b (or cos a) 

L c = C L sin A (or € L cos b) + l a = € L sin b 
(or C L cos a) H- L ft. 



VI, Given the two legs, to find either of the ob- 
lique angles. 



RULE. 



C tan its opp. z 
:< or 

(^ cot its adj^z. 



Aj either leg : rad : : other leg 

Or, 

Tan A (or cot b) = -r~; tan b (or cot a)=— • 

L tan A (or l cot b) =Cl6+ l«; l tan b (or i. 
cot a) == € L fl + L ft. 

If A A be near 9(A find Z.B, which is its comple- 
ment ; and the contrary when z b is near 90^ 

Area A = i ^ ft ; i. area = l a + l ft — .3010300. 



VII. Given the two legs, to fihd the hypothenuse. 

RULE I. 

Find either of the oblique ^* by Case vi. and then 
find the hypothenuse by Case v. 
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RULE 11. 

which formulae do not admit of convenient loga- 
rithmic expressions. 

SOLUTtONS OF ALL THE CASES OF OBLIQUE-ANGLED 

PLANE TRIANGLES. 




L Given a side and two angles, to find either of 
the other two ?ides. 

RULE. 

Find the third, or remaining z ,' if necessary,^ by 
subtracting the sum of the two given z • from 1 80^ 

Then, 
As sin z opp. given side : given side : : sin z opp. 
required side : required side. 

Or, 

6 Qin A 

«=-; 

La = Cl sin b+l sin a+lJ — 10. 

Either of the other sides may also be expressed in 
the sameform, by taking the side and angles which are 
similarly situated with respect to the side whose value 



is touglit. And the same maj be observed in all the 
other cases, where only one side or an angle is exhi- 
bited by the formula* 

AreaA=— — : — sin(A+B). 

2r8inB ^ ' ^ 

tarea:^€Lsin b + Lsin (a+b)+ LsihA+3Li 
— 20.saiosoo, 

11. Given two sides and an angle opposite to One 
of them, to find the other angles. . 

RULE I. 

As side opp. given z* : sin given z. : : other side : 
sin its opp. L • 

^ Which z is acute, if it be opp. to the least. of the 
two given sides ; but, if it be opp. to the greater, it 
may be either an acute ^ or its sup\ or else a right 
angle. 

The 3d, or remaining ^ = 180^— sum of the othcjr 

tuTo ^•. 

Or, 

ci. a Bin B 

innASS-*'^-^-^ 



h 
L sin A s € L 6 -f xa + !« ^ii^ ^ -^ 10. 

RULE II. 

Let € L 6 4- La 4- L sin B ~ 10 = l tan f . 
Then, L tan (45»^iA) = ">+'• *^^(^'-»h 

Where are f can never exceed kJi^\ and z a, which 
is found by subtractiis^ S (45^#m|a) frotai 90^, is sub^ 
ject to the SMie aolfoigdl^ as in rule i. 



S4 



Note. In this, and the following case, the given 
sides and / must be so taken, that the result^ found 
by rule i, or the 1st part of rule ii, shall not be 
greater than radius, otherwise the A is impossible. 



III. Given two sides md an angle opposite to one 
of them, to find the remaining side. 

- RULE. 

Find the other two jL* by case ii, observing that 
they will be equally subject to the ambiguity there 
mentioned ; and then find the remaining side by case i. 

Or, the side, and area, may be found by the fol- 
lowing formulae : 

_ ^ cos A j- v/r»a^^6«8io» a 

r 

AreaA — ^ ^^ a (& cos a j- ^t^tx^^i^sin^Ay 

But neither of these admit of convenient logarith- 
mic expressions. 

If the triangle be isosceles, or have a = b, the rule 
will give c = — cos a, or l c = l a -f- jl cos a — 
9.6989700 ; and the area of the A = -r- sin 2 a, or 

JSf* 

L area = 2i^ + l sin 2a — 10.3010300. 

IV. Given two sides and their included angle, to 
find the other two angles. 

RULE. 

As sutri of the two given sides : their difierence : : 
cot I included ^ :tan J difference other two / ■. 
Which i di£ferenc9r added^ to the complement of i 
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the given z , gives the ^ opposite the greater of the 
two given sides ; and, subtracted from it, gives the z 
opposite the less. 

Or, 

Tan4(B.x.c)=^cot^A. 

L tan J (b>x/c) = C l (6 + c) + l (6 /x/c) + l cot 
J A - 10. 

Then, (90*^ — 4 a) + i (b /n/ c) = z opp. greater 
side ;- and (90* — ^ a) — j (b /%/ c) = z.opp« less side. 

If the values of 6, c, in this case, should be given 
in logarithms, instead of the natural numbers, as is 
sometimes the case in astronomical calculations,, the 
following formulae will be found more convenient in 
practice than that given above. 

Let € L greater side + jl less side = l tan ^ ; in 
which case arc (f ) is always less than 45^ 

Then, 

L taa I (b /n/c) = l cot J a + l tan (45** — j) — 10. 
Where (90^ — } a) + J (b.^ c) = z opp. greater side, 
and (90^ — j a) — i (b'^c) =» z opp. less side, as 
before. 

Or, either of the two z • may be found by the fol- 
lowing formulae : 

r sin A r sin A 

Tan B =^i.)„eo.Ai t«»c=r(l)»c7I 

6 sin A . c sin A 



Sin B = V*« + c«— — COS Ai sin c = '^ A«+c» 

T T 



2bc 

cos A 



Di 
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But llitoe do not admit of ccmvenknt logioritiimic 
expresflocms. 

A . 6 c sin A . 

Area A = — - — , 
L area =L6+^c + Lsin a — 10.3010300. 

V, Given two sides and their included angle, to 
find the other side. 

RUL£. 

Find the other two / * by case iv } and then the 
remaining side by case i. 
Or, the side maybe found by the foUowingformute: 



Or, 



But these do not admit of convenient logarithmic 
expressions. 
If the^ be isosceks, or hiive it ^ ^, th6 nAfe \idll give 



y I . Given the three sides, to find either of the angles^ 

RULE i. 

As the longest side, taken as a base : sum of the 
other two sides i i difference of thijTse Hides : ^iifer- 
^nce of the segments of die base, made by a perpen- 
dtcidar hom the opposite ^ • 

Then, 4 this lliiference added to > the Ibtttse,' gives 
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Ih? groater segment, or th(it next tli0 greater aide ; 
and subtracted from it, gives the less. 

And as the perpendicular divides the A i^to t^fo 
right-angled A*, in each of which the hypothenuse 
an4 a leg are known, the angles may be found by 
i^ase IK of right-angled triangles. 

KPLP II. 



Tan J A = r JWtEKEMzH, 

Where s denotes the sum pf the three sides a^b 4-c j 
and i z A is always acute. 

Or, the latter of these two formulae may be ex- 
presfsie4 ii^ words at length, a^ Ibllows : 

A44 together the log. of \ the sum of the three 
sidep, 9^nd the log. of the difference between this t sum 
and the side opposite the ^ sought, and find the com- 
plement of their sum, by subtracting the index from 
1 9, and the rest of the figures frOm 9, as usual. 

Then to this pomplen^ent add the logarithms of the 
differences between th^ said | sum and each of the 
other two sides, and the result, divided b^ S, will 
give the tangent of i the required angle. 

Are» A = iy(»+cy^fl^"Xa'Tr (^^cTT 
Or, ^4 ^ X {is^d) X ir^^b) X (t* --e). 
Larea = l{j.is ^hii$ r^-ay ^ h(rs — b) + 
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To the formula above given, we may also add th6 
following: 

Sin 4 A - r^^EKEMEIi cosiA *rA/E^zI>. 

be be 

Or. 

L sin ' A = ^^^ + €^g + ^(i«-*)+^a«~g) 

"^ 2 

^ 2 

The former of which, or that for the sine, must be 
used when 4 a differs considerably from 90% and the 
latter when it is near 90*^. 

It may likewise be observed, that when the A is 
isosceles, or has 6 = c, we shall have 

Or, Lsin yA=€l6+I'^— .301300, and l cos 
^ A=4 €l2A + ;{l(2A + a) + L(fi*-fl)} 

And if the A be equilateral, having each of its 
sidies = fl, we shall have area A = I o^VS; or l 
area = S l fl — .8684993. 

We may here also subjoin the two following for- 
mulae : 

S'^ ^ == ^ y 2bc '^ ^^^ ^ =K— T6T-> 

which have been found highly useful in many trigo- 
nometrical investigations. 

MISCELLANEOUS EXAMPLES. 

1. How many inches does an angle of V^ subtend 
at the distance of six miles ; supposing the object to 

be perpendicular to the horizon ? 

Ans. 1 i inch nearly. 



2. The hypothaiuse <^ a right-angled triangle 
being 13 feet 10 inches, and the base 9 feet 7 inches^ 
it; is required to imd the perpendicular. 

Ans. 9 feet 1 1 y^ inches. 

3. The hypothenuse of a right-angled triangle be- 
being 6395 feet, and one of the acute angles 39^50' 38", 
it Js required to find the two legs. 

Ans. 4097.262 and 4910.035 

4. The hypothenuse of a right-angled triangle 
being 19630Q4O, and one of the legs 19630000, it is 
required to find the two acute angles. 

Ans. 6' 56"4. and 89^ 53' S'^f 

5. If the base of an oblique-dangled plane triangle 
be 60, and the other two sides 30 and 40, what is its 
perpendicular altitude ? Ans. 17.77561 

6. If the base of a plane triangle be 60, and the 
other two sides 30 and 40, what are the lengths of 
the segments of the base, made by a line bisecting 
the, vertical angle ? Ans. 34.28571 and 25.7 1428 

7. Supposing one angle of a plane triangle to be 
139^ 54', and the two sides about that angle in the 
ratio of 5 to 9, it is required to find the other two 
angles. Ans. 26^ O' lO^'f and 14' 5' 49"f 

8. The sides of a plane triangle being 14373, 13172, 
and 1 1845, it is required to find the three angles. . 

Ans. 69° 54' 10", 59*23' 19", and 50^ 42^31^' 

9. If the three angles of a plane triangle be 104** 
42^ 15", 49' 24' 5^ and 25" 53* 40r, and the side op- 
posite the greatest angle 476.75 yards, what are the 
other two sides? Ans. 215.2533 and 374.2469 



 



I0« If the 8i<feft c^ a ^EM tmag^ be in prqiortion 
t0 each otheir as if ti and if what are the angles ? 

Ans. 38^44' 39'', 44° S' 41", and lOS*' 1 1' W 

1 1 • In a right-angled plane triangle, the three sides 
viTB 3, 4, and 5, from which it is required to fmd the 
angles- Ans. 36* 52^ 1 1^|, 53^ 7' ^S^'i, and 90* 

1 2. In an oblique-angled plane triangle, the three 
sides are 4, 5, and 6, what are the three angles? 

Ans. ir 24' 34''-iV, 55*46' 16"^%, and 82* 49' p^'A 

IS. There are three towns, a, b, and €, the di- 
stance of A from B is 5 miles, of b from c 9 miles, and 
of c from A 7 miles, what are their respective bear- 
ings from each other? Ans. ^ a 95*^ 44' 21", z c 
33' 33' 26^; zbS0°42' 13^ 

14. How must three trees, a, b, c, be planted, so 
that the angle at a may be double that at i, and the 
angle at b double that at c ; and that a line of 100 
yards may go just round them? 

Ans. A B 19.80621, A c 35.68958, ands c 44.504 18 

OF THE M£NSURATI0K OF HEIGHTS AND 

DX8TANC£$. 

The m«easuring x^f heights and distances d^ends 
upon the use of certain instruments for taking an- 
gles, and the rules of Plane Trigonometry, already 
delivered ; which being sqiarately or jointly applied, 
as the case may require, will resolve most questions 
of this kind that can occur in practice fjp)^ 

^— — — — l|  ■■■III I II i— ■— i—— — ^fcM— — — — ^— — — — ^Mi— n^— — ^^»^ 

(p) Horizontal and vertical angles are usually taken with a 
theodolite fiimnhed with one or two tiekAcopes, and a yertlcal' 
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In additton, howei^er, to the properties of plwe 
triangles, given in page 1 1 ^ it may be necessary to 
li^ down a few others relating to angles, parallel 
lines, &c. which in several instances will be found 
dp great use in facilitating both the constructions 
and calculations, 

L The two angles, which are made by one right 
line meeting another, are together equal to two right 
angles, pr 180\ 

2. If two right lines intersect ^ch other, the ver- 
tiod or c^osite angles will be equals 

3. If a right line intersects two parallel right lineSt 
it iriakes the alternate angles equalf and the outward 
angle equal to the inward opposite angle, on the same 
side. 

4* If o9e siid^ of a plime triangle be produced^ the 



arc ; and if the circles of the instrument are about 3^ inches ra- 
dius, the observed angles may be read off to half a mioott. 
But if the angles are oblique to the horizon, they must be taken 
with a sextant^ or Hadley's quadrant^ which is to^be held in 
such a position that its plane may pass through both objects and 
the eye of the observer ; and when altitudes are determined by 
this instrument, it is done by reflecting the object from an artificial 
horizon. 

Short bases^ for temporary use only^ are commcmly measured 
wiAirpJs, or Gunter*s chain, of 66 fe^t in length ; but ibe conmion 
50 or loo feet tapes are better a4apted for es^pedition. With these 
lines, when the ground is tolerably level, and the direction, or 
d^pufnenf, of the base pretty correct, the error in dtstanoe. will 
pc(^tHib}y beabout 3 ipch^ in 5p feet, or -^ of the whole |«e^re- 
xaent, as long as the tapes are kept dry. 
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outward angle ;will be equal to the sui^ of the two 
inward opposite angles. 

5. All angles in the same segment of a circle, or 
which stand upon the same arc, are equal. . 

' 6. An angle at the centre of a circle is double that 
at the circumference, when they both stand on the 
same arc. 

7. An angle in a semicircle, or that which stands 
upon half the circumference, is a right angle, or 90*. 

'8. If a right line be drawn parallel to one of the 
sides of a plane triangle, it wijl cut the other two 
sides proportionally. 

It may also be remarked, that some of the simplest 
cases of heights and distances, may be resolved with- 
out the assistance of trigonometry, or of any instru- 
ment for taking angles, by one or other of the fol- 
lowing methods : 

1 . By the property of similar triangles ; from which 
it is known that objects are in proportion to each 
other as the lengths of their shadows. 



a- 



l-^ 



Thus, if the height of the pole a c be 10 feet, the 
length of its shadow c b 8 feet, and the shadow c b, ' 
of the object a c, 50 feet : , 

Then 8 (c6) : 10 (ac) : : 50 (c b) : 62i feet z= 
height A c« 
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2. Another method is by means of two poles of 
unequal lengths, set up parallel to the object, so that 
die observer may see the top of the object over the 
tops of both the poles. 




Thus, let the length of the pole dehe 6 feet, that 
of the fdlefg 8 feet, their distance asunder e g 10 
feet, and the distance e c, of the shorter pole frpift 
the object, 190 feet* 

Then the triangles d hf and rf k a being similar, 
dh ox eg\hf\ \ dm or ec : k a; or 10 : 8 — 6 : : 
190 : 38 feet = A k. Hence ak + kc = ak + 
rf 4? =: 38 + 6 r: 44 = a c. 

3. A third method, is by viewing the image of the 
top of the object reflected from some smooth surface, 
as a mirror placed horizontally, a vessel of water, &c. 

A. 




Thus, let B be the reflecting surface, at the di- 
stance of 94 feet from the bottom of the object a c ; 
and let a person at d, 6 feef; from b, with his eye 
5t feet above the ground, view the image of the tpp 
of the object at b. 
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* 

Then, because, from the principles of opties, the 
angle of inqidence a b c, is equal to thq angle qf re- 
flection F B n^ the triangles b n f, b c a, will be simi- 
lar ; and consequently bd:df::bc:ca; or^: 
5i : : 94 : 86| feet z= a c. 

4. A fourth method, is for the observer to fix a 
pole upright in the ground, by trials, so that having 
laid himself on his back, with his feet against the 
bottom of it, he may see the top of the pole and that 
Qf the object in th^ same right line. 

4- 




c..-"' 



B 



In which case the distance f d from the foot of 
the pole to the eye of the observer, wiU be in pro- 
portion to the height of ^the pole c d, as the whole 
distance f b is to the height of the object a b. 

And if the he^ht of the pole c d be equal in length 
to the observer f d, the distance f b will be equal to 
the height of the object a b. 

practical qusstions« 

1 • Having measured a distance of 220 feet, in a 
direct horizontal line, from the bottom of a steeple, 
I then found the angle of elevation of its top to be 
46* 3d ; required the height of the steeple (y). 

(q) In Mauduit*^ Trigonometry (Crakell's Trans, p. 182.) it is 
shown that the error of any altitude a c is to the error ooimnitted 



4» 



.^' 




As rad or sine - - - 9(y - . - . lO.OOOOOOO 

Is to ft c 220 feet - 2.3424227 

So is tan z A Ac - 46" 30' - - 10.0227500 

To height a c - - - 231.83 feet 8.365172T 

which added to the height of the instrument b b^ will 
give the whole height AC. 

S. It is Required to find the perpendicular height 
of a hill, the angle of deVation of which, taken at 
die bottom, was 46^ !</, and 1 10 yards fbrther off^ 
on ft Ifevel with the bottom, and iti the same verticsd 
plahe with the former, 29"^ 56\ 

A 




in taking the Z ^ & c, as double the height a c is to the sine of 
double the observed /, xbc. Whence die ertorthat may arise in 
taking the altitude lef ka object, by a se)Ltant, Or theodolite, wiD 
be the least possible when the sine of double the observed Z is thd 
greatest possible ; which is when it is 45^. So that in finding alti« 
tudes, the observed Z should be taken as near 45^ as can con- 
veniently be denei At an exact altitude of 45^, if an error of I^ 
be made in the determination of the observed Z ^ the error in alti- 
tude will be TTTT P<u^ o^ ^6 whole ; and if the observed Z be 
greater ot less than 45^ the error in altitude will be increased in 
the rarid «yf rtditit to the ime of double the said z . 
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* 

/ABC ----- 46* 
Z, A DC 31° 

Z D A B 15" 

As sin / D A B - - 16* W ' - ' 9.4464591 
Is to D B 110 - - . - 2.0413927 

So is sin z D - - - 29* 56' - - - 9-6980936 

To A B 2.292927a 

Then, 

As rad, or sin - - 90° - - . - 10.0000000 

Is to A B 2.2929272 

So is sin / B - - - 46" IC - - 9.858 15a5 

To height AC -- l4l.6l -- 2.1510777 
3. It is required to find the perpendicular height 
of a cloud, or other object, when its angles of eleva- 
tion, as taken by two observers at the same time, on. 
the same side of it, and in the same vertical plane,, 
were 64** 10' and 35" 25'; their, distance asunder, 
being half a mile, or 880 yards. 



/ I 

' *■ 



z. A B c ----- 64M0' 
z ADC - - - - . 35° 25' 

/DAB 28" 45' 

As sin / DAB-- 28" 45' - - - 9.6821349 

0.3178651 
Is to opp. side d b - 880 - - - - 2.9444827 
So is sin / A D c - - 35" 25' - - 9.7680671 

.To opp. side a b - - 1060.29 - - 3.0254149 



4^ 



Then, 

As rad, or sin ii c - 90* .... 10.0000000 
Is to opp. side a b . 1060.291 . 3.0254140 
So is sin z A B c - 64! 10' - - 9>954274l 

To height a c - - . 954.31 yds. 8.9796890 

4. From the top of a tower, 125 feet high, which 
lay in the same right line with two trees, I took the 
angles of depression formed by lines conceived to be 
drawn from my eye to the bottom of each tree, and 
another line parallel to the horizon, and found them 
to be 56*^|. and 40j : what is the distance oSf the two 
objects (r) ? 




.•V 



/7 



y 



l^-l 



1 
1 



As rad, or sin - - - - 90** - -  

Is to A c 125 feet 

So is cot z A B c - - 560 15' - 

To B c 83.522 . 

Then,. 

As rad, or sin - . - - 90*» - - - 

Is to A c 125 . . 

So is cot /ADC . - 40^30'. . 

To DC - - 146.351 . 

83.522 

Dist. D B 62.829 



10.0000000 
2.0969100 
9.8248926 

1.9218026 



10.0000000 

9.0969100 

10.0685011 



i.k^a* 



2.1654111 



(r) An angle taken from the top of any object^ or the one usually' 
called the angle of depression, is that which is made by a right line 
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6. Wanting to know the breadth of a river, I mea- 
sured a distance of 120 yards in a straight line by the 
side of it, and at each end of this line, I found the 
angles subtended by the other end and a tree, close 
by the opposite side of the river, to be 51® 4^ and 
78 50 : what is its perpendicular breadth ? 







i\ 



V 
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/ B - - .- - 51« 45' 
/ C - - - - 7S«' 50' 

130° 35' 

ISQP (y 

z. B A c - - • 49* 25' 
As sin / B A c - 49° 25' - - * 9-8805052 

0.U94848 
IdAOBC .... 120 .'..-. 2.0791812 
So is sin 4 c - - 78'» 50' - - - 9-9916991 
TOAB - - - - 8.1908751 

•Then, 

As sin z » ... 90° 10.0000000 

Is to A B * . - - > 2.1903751 

So is sin z B - - 61* 45' - - - - 9.8950450 

To breadth a d - 121.74 - - - 2.0854201 



Mta 



passing from the eye to the object and another line drawn parallel 
to the horizontal plane. Thus, E a b is the Z of depression of the 
object By which by the nature of parallel Ibes is equal to the 
Z ABC; and its complement is the ^ b a c. 
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6. Waiting to find the height of au obelisk, stand- 
ing on the top. qf a declivity, I measured from its 
b(^om a distance of 60 yards, and there found the 
a^gle formed by the plane ^nd an imaginary line 
drawn to the top of the object to be 45 i^ ; and after 
measuring on, in the same direction, 40 yards further, 
the angle, formed as before^ wap only 24^ 45' : what 
was the height of the obelisk ?. 




/iACD - - 45'' 30' 
Z A B c . . 24'' 45' 

• ^^^ 

Z. B A c - - 20° 45' 

Then, in the triangle b a c, 
As sin Z.BAC - - . 20" 45' - - 9-5493602 

0.4506398 
Is to opp. side B c - 40 yards • 1.6020600 
Soissiiiz-ABC -- 24° 45''-- 9.6218612 
To opp. side a c - - . 47.868 yards 1.6745610 

In the triangle a c d. 
As sum sides c a, c d 107.268 - - 2.0304378 

7.9695622 
Is to di£ sides c a, c d 12.732 - • 1.1048966 
So islam | sum L 'a, d 67° 15' - .- 10.3774391 
To tan J diff. z • A» D 15° 48' - - 9^ 18979 

And &r 15'- 15'' 48'=51'' 2/ Z c A d. 

E 



\ 



d 



60 



Lastly, in tjie i»ame tritatgh a c 0, 

Is to opp. side c D * 60 yards - - 1.778151S 
So is sin z c - » -^ 45° 30' - - 9.855242! 



To height A p - l^'l^lJI^^ 



I I ( 1 1 1 n r> 



1.7381508 



I i * * 



7. Wanting to know the height of «i inac^ili^bte 
object, 1 took its angle pf elevation, at the least di- 
stance I could from its bottom, which was found to 
be 574°; and going 105 yards further, in a right 
line, the angle was then found to be only 32i° ; re- 
quired its height, and my distance from it at the 
first station, the instrument Feing 5 feet above the 
ground at each x^servation. 




^ACDt 



57^ 45* 

- - - 32^ 30" 
25° 15' 



Then in the triitngle a b c. 
As sin Z. B A c - - .' 25° 15' 

Is to opp. side b G ^ 105 - 
So is sin z. B - *» - 32^ SO' 
To opp. aide ^ c 



9>g299890 
0.3700! lb 

2.021 189* 

9.730^166 



^ i. I. • 



2.i2i4itfa 
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And, 11^ tnMgle a c b, 
A^sinZD .-. . 90'' - . - . lO.OOOOOOO 

Is to opp. side ac - 2.1214168 

So is sin z c - - - 57^ 45' - ^ 9>9272306 
To opp. side ad - - 101.85 - - 2.0486474 

1.66 
100.19 yds. height a d. 

JLaistly, in the same triangle a c d. 
As sin z D - - - - 90"" - - . - 10.0000000 

Is to opp, side ac -------- 2.1214168 

So is cos z c - . - 57'' 45' - - 9-7279276 
To side c d - - - - 70.574 yds. 1.8486444 

8. Wanting to know the height and distance of 
the object o, on the top of a hill, I measured from 
the' lotion b, a base b c of 1 30 yards, up sloping 
ground, directly from o ; and having set up a staff 
B £^ of an equal height to that of the theodolite a c, 
I found the angle of elevation o a g, at the station c, 
to be .27° 10', and the angle of depression o ae, of 
the top of the staff is, 8° 45' ; and at the station ^ 
.the angle of elevation o e f, was 39° 40' : required 
the horizontal distance b h, the height o h, and the 
height c D of the station c above b» 




Here, according to the question, we have the fbU 

B 2 
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Z:OAG = 27*10' ZAEF=m°15'sup*^GAE 

^OAE= 8° 45' zoEF= 39° 40' 

Z.OAE = 35° 55; ZOEA = 131° 85 ' 

131° 35' 180° 0' 

35° 55' 167° 30' 

167° 30' 1 2° 30' ^ APE 

Then, 
: SinZAOE .. 12° 30' '- - 9.3353368 

0.6646632 

i AE ISO 2.1139434 

::SinzoAE -- 35° 55' - ' 9.7683480 
^ g 2.5469546 

: Rad, or sin Z E F o 90° 10.0000000 

. oj. 2.5469546 

: : Sin z OEF . - 39° 40' - - 9.8050885 
: o F - 224.91 - - • 2.3519931 

: Had, or sin - - - 90° lO.OOOOOOO 

. o E - - - - 2.5469546 

: t Cos Z o E F . - - 39° 40^ - - 9-8863616 
: EF, orBH .-. 271.21 -- 2.4333162 

: Rad, or sin - - - 90° - - - - 10.0000000 
; AEorCB---- 130 - - - - 2.1139434 
: : Sin z c B D or G A B 8° 45' - - 9-1821960 
: c p ..-...: 19.776 - - 1.2961394 

And if £ r, or F h; the height of the theodolite, be 
added to o f, it will give the height of o above the 
horizontal line d h. 

It may here be further remarked, that in . certain 
trigonometrical operations, when a base is meawO'ed 
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on sloping ground, it is sotnetimes necessary to re- 
duce it to the corresponding horizontal line ; which 
may be done thus. 



H o 



'••••»»•»••••«•••••. 



i ....-4b 



■R: 



Let A B be the measured base, o b a theodolite, and 
A R a staff equal in height to the instrument : also, 
suppose H o B to be the angle of depression of the top 
R of the staff, below the horizontal line ho; then, if 
c o be perpendicular to h o, the line a c, which is 
parallel to h o, will be the horizontal base correspond* 
ing to A B. And, by case i. of right-ai^led triangles : 

As rad : a b : : cos h o r (or b a c) : a c {$). 

A A B X cos H O R 

Or, A c = ; • 

' rad. 

It also frequently happens that the angles sub- 
tended by distant objects, lie in planes oblique to 
the horizon, in which case they may be reduced to 
the cori\>sponding horizontigd angles, as follows : 




(«) If A B be 300 yardfl^ and the z of depression ho a 5% tite 
horizontal line a c will be 298*9 yards, differing from the mea- 
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Let A c be aay two poiats in the horisoat^ piaoe 
A :» C) € B a distant spire^ or other objecti e a Cj e^c a^ 
the oblique angles, taken at a and c> alid e a b^ ecBy 
the angles of elevation. 

Then, 

Cos z. elevation e ah : cos given z ^ a c : : rad. 
or sin 90*^ : cos reduced z. b a c 

AvA GOft L elevation e c b : co& given z, ^ c a : : 
rad. or sin 90° : cos reduced z. a c b (*)i 

inired Uiae a s by <ni3y 1-^ yacds; sa thai, except in cases wbeve 
great aocuracy is required, a reduction of this kind seems un- 
necessary, when the measured base is inclined to the horizon in 
ft small angle. 

(e) ¥6r hy right z« AV « ^ « ^ A^ — A B^= f c' *- CB^% 

hence, ^o, e a^ -^ ie €^ => a b^ ^ c 9?i and by adding, A c' to 
both sides of this equation, and then dividing each of them by 

2 A c, we shall have " = • 

2 A c 2 AC * 

feut by ^B.demonstratbn of Theorem iv. in Plane Trigono- 
metry, Part 2, it is shown that cos b A c = r f — :^ 1^ } - 

. X 2a<S X AB /' 



2a« X AB 

. /f A" + a C — C C'\ 

and coi « A caBri -'— ^ — -- — h ^ 

\ 2ACXeA / 



e A^ + A c' — c C*' 



Hence a b cos b a e == e a cos e \ c; or cos b a c s cot 

AB 

fAC. 

But, by right z*A', tfA:AR::r:coseAB; and consequently 
e A r 



A B cos e A b 

Whence, by substitution, we have cos b A c = • 

cos e A b 

And in the same manner il may be shown that cos a c b 
r cos e c A 

tosttt 



\ 



j^a9 4 A tf C will be rl^uced ta /: ABCy by talking 
4. BAe-f^ i: ACBffom ISO^ Andif AC beaknown 
base^ the horizontal distancea a b^ c b^ may be deter*- 
mioed by case i. of oblique-angled triangles. 

But if it should be required to reduce the angle 
A e c, taken at the top of any eminence e b, to its 
corresponding horizontal angle abc, by employing 
only the observed angle and those of depression, it 
may be done by the following rule : Sin i a b c = 

/ sin ^ (a e c 4* f A B — g c b) sin 4- ( A g c -i- e c B — g A b) 

V COBfABCOSCCB 

Where ^ a b, e cb, are the angles of deprasHon ef 
the two distant objects a, c, a ^ c the observed angle^ 
and r = rud, or sine 90° (u). 



i^>^*>^ni-^H#'«— wa«aM*v^taw<pi«^i^r— «M«tBWMi*^ 



(«) In the A A B c, we have, by the demonstration of the last 

, , /A B* -f B C« — A C«\ \ 

probleitty cos a B c = r ( -^r J> or, A c* = A B« 

^ A p X B e COS ABC , . 

4- B c* — ; and m A a e c, cos Aec 

' r 

^A*+^C" — ACV , . . « 2eAX^CC08AeC 



^ ), or A c'ss ex* + ec* 

2eA X ec / r 



-!•—*•*»-•# 



Whence^ by expiaKty and transposition^ e a"* — a b* + e c« 

2eAX6CC08Aeo 2ab X BC cos abc- 
«> B c* =  > ' I  '^- — ' f or, (be* 

r r ^ 

cause both e a* — a b% and e c* -^ b c* ^ c b"*) it will be 

^axcccosa^c ABXBCCOSABC 



tf A Sin e A B 
But, by Hane Trigonometry, e b = — \9 

£ c sin ^ c B e A cos cab , < c cos ecB 
or, , A B :^ : , and b c ss 



. , . . ^. eA xecstneABsiofeB ^AX^ccosAec 

vbeoce^ by substitution, . . 



P* 



eA X^C eOB tf AB OOStfCB cos ABC • 

% o  —  9 or, r snn « A » «m # c B 
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The $ame formula may also be applied to th6 re- 
ducing an angle £ c n, subtended by any two distant 
objects £ B, DA, when taken at a point c in the hori- 
zontal plane a b c, by using only the observed ailgle 
and those of elevation. 




f* co^ A e c — cos CAB COS e c B COS A B c ; and consequently, 

( r cos A g c — sin g A B s in ec B\ 
cos f A B cos e c B y* 



cos A BC 



But since, by Article 20. Part 2. cos a B c = . ' ^ 

w^ shall have sin* -J-abcs: — (r — cos a b c) ss — 



r* cos A g c -— r sin e A b sin e c B 



cos « A B COS e c B y ^ 

r CQS ^ A B COS ecB -l-rsin^ABsin^cB — r* cos a B c 



)=7 



cos e a B cos e C B 
r f r* cos (e A B — e c b) — r* cos a g c 



29) 



( 

(by Article 20) ~| 

f* f cos (eAB — <?cb) — cos Aecl „ * ., 
= — 4 ^ ' J. = (by Article 

% ( COSfA9COS«CB J . . 

r* sin 4- (« A c + e A3 — ^c b) sin 4- (a e c + ^ c b — e a b) 



) 



COS « A b cos e c 



} 



cos e a b cos e c b 
Whence, sin 4 a b c 



ysin 4- (eAC -|-«AB-^ecB) sin-^(Aec-fgCB — ^ab) 
• cos e a B cos e c B 
as by the rule. 

And in the same manner it may be shown for the following 

^ , . ^ /r cos E c o — sin B c B sin D c A\ 
formula, thai cos b c a = r ( — 1 

\ cos BOB cos I> C A, / 

iknd the sin ( B c A as it is there given. * • 



through the atmoi^phere, being continually bent 
dowm^ards, and eoming to the eye in the &tm of 
a curve, instead of proceeding In a right line. 

Thus, if E be the place of the observer's eye, e h 
the horizontal plane, and o any elevated distant ob- 
ject, this object will not appear in its true place at o, 
but will be seen in the direction e t, which is a tan^ 
gent to the curve at the point e j and therefore th^ 
apparent angle of elevation t e h will be gre^tter ihm 
the true angle of elevation o e h, by the angle t b o, 
coiisidering eo as a right line {v). 




Various trigonometrical problems may also be 
formed from the different situations which objects 



(<d) Thig kind of refracUo«, whlcb is called terrestrial^ ip oriet 
to distiogui^h it from that wliidi affect^ the altitude^ of the hea- 
▼enly bodies, is not constant at the same elevation and distance; 
bat is fdund to vary wi& the density and other changes in the 
stmospliere. At the distance of 6 or }0 mile^y it i^ some^il^seit jw> 
more than about 30^; but^ la particular stsit^s of the ah-* it biui 
been found to amount to upwards of QJ, Maskelyne makes it iV of 
Ae intermediate arc c i? (See fig. to dip of horizon) between the 
<»bBerrer and the object : Bougiier ^» Legnidre -^ asA Geo^ B#]r 
^m T to ^9 ; which aUowances diffi^ |oo mich firom mAk f (b^ 
for any reliance to be |}aced on them. 



may be supposed to have with respect to each other j 
but, in general, these are only applications of the 
preceding rules. 

As, for instance, the distances of the most remark- 
able places in a town, or of several villages from each 
other, the plan of a camp, or of a country, &c. may 
be taken from what has been already explained. 




Thus, if A, c, D, £, B, H, G, F, &c. bc scvendobjects, 
the situations of which are to be laid down in a map* 
or plan \ choose a convenient situation a b for a base, 
from which you can see all the objects, and let it be 
as long as possible, in proportion to the most distant 
of them. Then, from the extremity a, measure the 
angles e a b, dab, cab, &c. h a b, g a b, f a b, &c. 
And from the other extremity b measure the angles 

C B A, D B A, £ B a, &C. F B A, G B A, H B A, &C« And aS 

the common base a b, and the several angles of all the 
triangles are now known, the sides a c, a d^ a s, &c> 
and consequently the points c^ n^ e, &c. may be de- 
termined by the first rule in plane trigonometry. 

But, in order to insure the accuracy of the opera* 
tion> the objects c» n^ £, &c. should be all intersected 
from some third station o, in the base a b ; or other- 
wise the figure may appear, in the plottiiJig of it, to 
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be right, when it is not so, and there will he no 
means of knowing whether the angles have been 
justly talcen, without going over the work again. 

A measurement may also be carried on, or the 
distance of any two remote places niay be found, by 
means of a series of triangles, formed from a measured 
base, in a manner similar to that generally practised 
in taking the trigonometrical survey of a country. 



Thusi let A B be the measured base, and c, d, any 
two objects that can be seen from the stations a, b; 
then if the angles c a b, c b a, d a b, d ba, be taken 
with a theodolite, or other instrument, we can thence 
find the sides c b, c a, D b, d a ; and the angle b d a. 

Also, knowing the angles dab, cab, we know 
their diflFerence dac; froni which, and the two sides 
c A. DA, we can find the side c d, and the angles 
A D c, A c D. And if E, T, be any other two objects, 
visible from c d, we can determine the lengths of the 
sides D E, D F, and the angles at s and d in a similar 
manner. 

And in the same way the operations may be con- 
tinued from one base to another to any distance ; but* 
in order to render the conclusion more accurate, the 
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mensuration dlichild he carried on from on^ base to 
the next hy different setd of triangles,, all leading to 
the same two objects, and then taking the mean of 
the results. 

The distances from the first stations to the last, may 
ako be readily determined ; for the two sides d f, p a, 
and the included angle f d a being known, we can 
thence find the side a f ; and from the sides d b, D F, 
and the included angle b d f, we can find the side b f* 
. It will he proper, however, in examples of this 
kind, to find every angle of the triangles by observa- 
tion, if the situations will permit, as the (UjOTerence 
of their sum from 180° will enable us, in some mea- 
sure, to judge of the accuracy of the work. All the 
principal distances should also be laid dpwn from a 
scale of equal parts ; because a triangle can be more 
accurately constructed by means of its sides than 
from the angles (w). 



(to) After carrying on a series of triangles, in the manner here 
described, to some distance, it is customary to find, by an actual 
measurement, the interral of two objects whose distance ha9 bieea 
previously obtained by calculation^ iu cfrder to determine the error 
of the calculated distance : which line, so measured, is called the 
BoMCofVerificatum* 

A survey of this kmd is at present carrymg on in this coivstry, 
from a base of 27AQ6x i^^^» ^^^ measured on Houndow He^k; 
from. which it appears, that by continuing the measurement to 
Salisbury Plain^ through a tract of near 60 miles,. the dista^c^ of 
two objects was there found, by calculation, from Uie meaM 
result of several series of triangles, to be 96S74,4 feet; and, b/ 
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Wh«n this pftft of tiMi work ift &iil»ed» i^ Stance 
A F may be reduced to the meri^Kan k $ j aiid the 
length of the corresponding are a m^ of that ckele, 
be determined, as follows : 

Let p be the point of the' hotizoa where the sun 
Mtil, and take the angle cab; then supposing the 
iMitude of the place a to be known, the sun's ampli- 
tude o A N can be readily found, arid consequently 
tSie diflference of these angles » a n. 

Hence, drawing b », f m perpendicular to the me- 
i4dian, we have b a, a tj, and the angle b a w given ; 
from which the angle a b ^, and the sides a n and b n 
may be found j also, if from the angle a b c there be 
taken the^ an^e a b n, the remainder, added to c b f, 
idll give the angle f b u j from which, and the side 
F B, we can find f w, or its equal m n ; and thence the 
whole meridional distance, or length of the arc a m. 

This being done, the difference of latitude between 
the two stations a and f may also be easilydetermined; 
for by taking, with a proper instrument, the true ze- 
nith distances of a star, at each of these places, their 



4tmt»i 



^^b«»i^^M*«Mfc— <■*— **>*'i^***^****  ' ■! I» «■ 



ttftotual raeaimreineiit^ it was f(mnd to be sGSfAS, differing but 
fittle more than an inch from the computed distance. 

Ite area, or codtjent, of any extent of land, measmred in this 
imy> may be fbund thus:-^Apea of the Aabcs4.ab XBCX 
gb il A B c,. radnis being unity ; area ofscDss-^cB XBD xsut 
£' OB d; area of b B b =< 4- B B x B £ x sin z bb d; area of 
BB9 SB 4>B« xbfxbib^bbf; and thus we may proeeed for 
.any BWBber af «te^tes lata wMdi llie n^ole is dmded. 






m 

f 

^Ub^etice vtiBi give the dtfierence of latitude sought ;. 
and by jwroceeding in a (Similar way, the same may 
likewise be determined between a and either of JJie 
other stations (ct); 

It also sometimes happens, in making a survey, 
that the distance between two objects c, d, having 
been determined, it is required to find the distance 
A B of two eminences a, b, which are conveniently 
situated for extending the series of triangles. 




Th&lR is done by measuring the angles c a 0, c A b; 
Id ^c, ]> B A : and as there are ncyt si^cient data in 
any of the triangles to compute the othe^ parts, we 
mast assume a value for a b, and tiience coimpate 
the value of c b, as ra the last preposition. Then, as 
tiie computed value of c d is to its true value, so it 
the assumed value of a b to its true value (^). 

Military sketches, or small surveys, where much 
stoeuracy is not required, may also be takefii by menu 



I (9) For a more ample detail of particulars respecting this part of 

die isiibject^ liee tr^onomUrk de CagnoK, ad fijth. and ihe TtaitS 
A&kdmc and Trati dtTapographk de Pmnani. 

(y) For, by changiag the value of a b while the angles et A ai^d 
B remain the same, the whole figure will continue similar to itself; 
and consequ^ndjr a b wfll vary it the stene proportion as c d. 



of a pocket compass, fitted to the top of a staff^ 
which being stuck in the ground, so that the needle 
may play freely, the angular distances, or bearings, 
must then be taken from the magnetic meridian. 
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Thus, let N s represent the needle, or magnetic 
meridian, n the true north point, and e, w, the east 
and west points ; then, if the sights of the compass 
be directed to the object a, and the angle n o a, for 
example, be 40^ the object is said to bear n. w. 40®; 
und if the sights, when directed to the object b, make 
the angle N o b 110*', it is said to bear n. £. 1 10**. 

ITie compass will, likewise, be found useful in re- 
connoitring a country with a map or plan, when the 
direction of the meridian is laid down, and we know 
the magnetic variation ; and, in such cases^ a dis- 
tance may be measured by pacing, in order to adapt 
a scale to the plan or sketch. 
' Note. The variation of the magnetic needle is, at 
this time, between 23*^ and 9A^ westward, at London* 



MISCELLANEOUS EXAMPLES. 

1. Af B, the top of a castle, which stood on a hill 
mear the sea shore, the z. of depression h b s, of a ship 
at anchor, was S^ 4', and at r, the bottom of the 
a^Ue^ its depression jn r s was 4"^ 46', required the ho- 
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rizontal distance of the vessel, and the height of the 
building^ above the level of the sea, supposing the 
ctotle itself to be 68 feet high. 

Ans. AS I£891.6l feet, and ab 1142.986 feet. 




2. Wanting to know the distance between two 
objects A, B, which could only be seen from* a par- 
ticular place D, I set up two poles at c, £, and took 
the z * A D c 89^ 10', A D B 720 35', and b d e 54° S&. 
I then measured a distance d e of 216 yards, and 
another d c of 200, and took the z.Vb e d 88** 3 V, 
and D c A 50^ 27 : required the distance a b. 

Ans. A B 367*56 yards. 




3. Wanting to know the distance between two 
inaccessible objects a, b, I measured a base c i> of 
500 yards: at c the z. b c d was 48^ 2(y, and the z. 
A c B 47» 48'; and at d the z c D a was 54"" 19' and 
zADB 47* 15'; required the distance a b. 

Ans. A B 742.682 yards. 



06^ 




4. Wanting to kQow the distadce a c of a hill from 

the station a, and also its height o c, we measured a 

base A B of 376 yards» on ground neairly level, and at 

the extremities a, b/ observed the horizontal angles 

1 A o 43^ 17', and a bo 76"^ 29', and at a^ the angje^ 

of elevation o a c was 4^ 41': requirechthe distance 

A c, and height c o. 

Ans..A c 431.698, o c 35.382 yards. 

o 



B 




6. At a mile-stone n on the ascending road n s, I 
observed the angle s n w between the next mile-stone 
s and the windmill w, on the top of a hill, and found 
it to be 47* 36', and the angle of elevation w n p was 
3** 47' ; also at the mile-stone s, the angle n s w was 
9r 5': from which it is required to find the hori- 
zontal distance n p, and the height p w. 

Ans. N p 2659.492, and p w 175.8662 yds. 
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6. Wanting to know the height of' a castle c e, 
standing upon a bill, and the ground not permitting 
me to retreat from it in a right line, I measured a 
base D A of 57 yards, and at d took the angles c d b 
59^ c D E 26% and a d c 72* SO', At a I also took 
-iht angle cad %b^ SO' r from which it is required to 
find the height of the castle c e, arid that of the hill 
B E, above the level of the first station d. 

Ans. c E 40.38671, b e 25.8431 yards. 




7. It is required to find how far the Peak of Tene- 
riffe can be seen at sea, supposing its height a b to be 
2 miles, and the radius of the earth d c 3979 miles. 

Ans. dist. a c 1 26.2036 miles. 



' / 




S. From a window a, near the bottom of a house, 
which seemed to be on a level with the bottom of a 
^church c i), I took the z of elevation cad of the top 
of the steeple eqiud to 40*»2r, and from another 
window B, 20 feet directly above the former, the z. of 
elevation c b E was 37* 36'^: from which it is required 
to find the height and distance of the steeple, 

Ans. t D 213.8357, a d 251.7008 feet. 

?2 
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9' Being at the station a» on an horizontal plane,, 
and wanting to know the height of a tower c n, placed 
on the top of an inaccessible hill, I took the angle of 
elevation p a e, of the top of the hiU, equal to 40^ 1^^ 
and of the top of the tower c a e equal to 51® 13'; 
then, measuring on, in a direct line from it, to the 
distance a s of 1 10 yards, I found the z of elevation 
of the top of liie tower c b e to be 84** 45* : wkat 
then h its height? Ans. height c d 55. 1337 yds. 




10. Suppose A and c to be two stations on sloping 
ground, o an object on the top of a hill, and the z.* 
o c A, o A G« measured with a sextant, to be 78o 83^ 
and 64® 1 1' respectively : also, suppose the z of ele- 
vation at A is T 36', and at c 6® 22'; what are the ho- 
rizontal distances and height of the object, a c being 
430 yards? Ans. a o 686.848, c b 632.891, 

o B 70.61731, o G 91JS4509 
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11. Wanting to know the distance between two 
inaccessible objects h, m, and also their heights M n, 
H p, we meamired a base a b of 680 yards, on ground 
nearly horizontal, and at the extremities a, b, todc 
the following angles : 

^ (bam 4(^26' ^ Tabh at 26'^ (mae 7** 58' 

:^^MABS7^3(y^^nBM79r 7'^ (HBP3''4r 

From which it is required to find the heights and 
distance. 
Ans. HM 1335.38 yds. mr 202.7 185, and hp 69.668 



^ 




12. Knowing the distance of two inaccessible ob- 
jects c, D, to be 2860 yards, and wishing to determine 
the distance of two other objects a, b, I took the angles 

c A D 49"" 20', CAB 88^ 39V d b c 53' 16' and d B a 
84° 39' } from which it is required, by means of an 
assumed distance, to find the true distance a b. 

Ans. A B 3080.49 yards. 




/ * - * 

13. In the year 1784, a bas^ b c being measured 
on Blackheath, of a mile in length, the angles of eleva^ 



7« 

tion of Lunardi'& balloon were taken, at tlie ?aine 
time, by observers placed at its two extremities and 
in the middle ; the one at b being 46^ 10', that at 
p 55° 8', and that at c 54** 30': required the height o a 
of the balloon (y). Ans, o a 1.04298 miles. 



. / 



1 4. Supposing it were possible to see a light-house 
or other object a, in the horizon, at the distance of 
1 80 miles, it is required to find its height a b, the 
circumference of the earth b c d being 25000 miles. 

Ans. 4-ny miles nearly, being about the height of 



(y) As the height o A» in this question, cannot be detennined 
by any of the direct rules before given, it will be proper to show 
hdw the formula for the solution of it is obtaineil; which may 

be done thus : By case iv, of right Z * A"*, a b = — ^ 

r 

O A cot O P A O A cot O C A • - , ,. , 

A p = , A g =  ; And by a weil-knowD 

prop, in Geometry, a b« + a c* = 2 a p* + 2 b p«, or a »• + 

^ a . ^ «•« 1 ... OA* COt^ O B A 

A c* — 2 A p' = 2 B p'; hence, by substitution, — . — 

O A* cot* OCA : 2 O A* cot* O P A 

+ 13 '^' -: = 2 B p% or o A* 

2f*BP« 

= — ^a ,: ' ' " — TT » ^Pd consequently 

cot* O B A + cot* O C A — 2 cot* O P A ' ^ -^ 



O A 



^ ^^'BP* 



.a. 



cot* o B A + cot* OCA — 24:ot* P A 



71 

Chimborazo, the highest monntain of the Andet^ and, 
probably, in the world. 




/ » 



16. Suppose o B to be an object standing 0n the 
horizontal plane ab c, and that a c is a measored 
base of 260 yards, at the extremities of which a, c, 
the following angles have been taken, o a c 54^ 46^, 
o c a 63' 54', and the / of elevation o a b 6*" 42' ; it 
is required to find its height o b, the reduced z a b c, 
and the horizontal distances a b, c b. 

Ans. A B 264.2875, c b 240.0887, OB SI. 0466 yds. 
and z A B c 6l® 50f. 




16. At the top of a tower c l> 160 feet high, I took 
the angle a c B, subtended by two distant objects a, b, 
69® 37 9 also the angles of depression c a d 1° 46^ 
and c B p 2^ 1 7', from which it is required to find the 
reduced / a d b, and the distances a b, b j>, D a« 

Ans. z A D B 65* 43', B B 4012.76^ D a 5187.408, 
A B :5342.65S. 
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17. At the point c in the horizontal plane A b c, I 

took the angle e c d 58** 20' subtended by the tops of 

two towers, whose heights da, b b, were known to 

be 169 and 213 feet respectively, and also the angles 

of elevation d c a 3"^ 1 8', and-E c b 4' 21^ from which 

. t is required to find the distances c a, c b, and a b. 

Ans, c A 2930.993, c b 2800.125, a b 2801.2579. 




c A 

1 8. Observing an object o a at a distance, I took 

its angle of elevation o b a at the place where I stood, 
and found it to be 50° 23'; I then measured a distance 
p B of 60 yards, in the most convenient direction the 
ground afforded, and at this station found its elevation 
o p A to be 40° 33'; after which I measured on, in the 
isame line, 50 yards further to c, and at this place 
found its elevation o c a to be 30° 40^; from which 
it is required to determine the height of the object, and 
its distance from each of the three stations B, p, c (z). 
Ans. a b 65.417, a p 92.368, a c 132.573, and 
height o A 79.029. . 



(x) The height o a, in this question, may be obtained in a si- 
milar manner with that of the balloon, in quest. 14, as follows : 
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19* Observing three objects a, b, c, whose distances 
asunder are known to be as follows : a b 5307 yards, 
Bc 702^ yards, and a c 3556 yards/ 1 took their 
angles of position from the place where I stood d, 
which was furthest from the object a, and found the 



By case iy» right z ' A% ab 

o A cot o c a 
jand AC=: 



O A cot O B A O A cot OP A, 

t 9 A P =:  

. - r r 

. But, by case vi, of oblique / ^ A\ 



P* + A P* "~ A B* 

COS B p A = r X 9 and cos c P a, or its equal 



—cos B P A = - r X 

^ C P* + AP*— AC' 
CP 



2BPXPA 
C ^* + A P*— A C* 



2CP X PA 



• Hence^ 



P*+AB*— AB« 
BP 



J or/ by transposition and addition, c P 



X AB'+ BPXAC*— (CP + BP)X AP* = (CP + BP)XCPXBP. 

And consequently, by substitution, c p x + b p 

O A« cot* OCA , V O A* COt« O P A , 
X p (CP + BP) X J3 5=(CP + BP) 

X c P X B P ; or, by reducing and simplifying the equation 

r»(cP4-BP)xcPXBP ; 



o A« =s 



CP cot* OB A + BP cot* OCA-«(CP + BP) COt^OPA 



«r,OA=r / 



(CPH-BP)XCPXBP 



CPC0t*OBA + BPC0l*OCA— (CP + BP)COt*OPA» 

by which formula the height o a may be readily computed^ 



r^ 
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it ADC to be 17° 35', and bda 86° 21'; required 
my distance from each of the objects. 
Ans. D B 8544.854, da 1 1369.175, dc 9916. 558 yds. 

A 







. ^ SupposiBg the objects a, b, .c, as seen from the 
poiat D, which is the nearest to a, to stand as in the 
figure below ; and that their distances are a b 5307, 
B c 7022^ and a c S556 yards, the angle bda being 
27* 13^ and^ d a 29** 25'; it is reqpiired to determine 
the distances d a, d b, d c. 

Ahs. D A 3494.058, d c 6158.059, d b 8167.893 
yards. 




Si. Supposing the three objects a, b, c, as seen 

• * 

from a point n, within the triangle, to stand as bdow; 
and that their distances are a b 5307, b c 7029, and 
A c 3556. yards, the angle B d c being 122** 87', and 
ADC 131° 54' ; required the distances d a, d c, and 
JO B. Ans. D A 870.925, d b 5007.778, d c 3914.7»8 
yards; 
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22. Supposing the objects a, b, c, as seen from a 
point D, in the line a b produced, to stand as in the 
figure below ; and that their distances are a b 5S07f 
B c 7022, and a c 3556 yards, the angle b d c being 
1 8** 7^ it is required to find the distances da, d c, d b. 
Ans. D b 4481 ,997, n c 11142.11, da 9788.997 yds. 




23. Supposing the three objects a, b, c ; as seen 
from a point d, in the base b c, to stand as below ; 
and that a b is 5307, a c 3556, and b c 7022 yards, 
the angle a d b being 108^5' : required the distances 
D A, D c, and D b. 

Ans. D b 3761.025, DA 2754.544, and d c 3260.975 
yards. 



» I 
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24. Supposing the three objects a, b^ c, to be in a 
right line, as below; and that their distances are a c 
1297f A B 7022, and b c 5725 yards, the angle ado 
being 19*" lO' and bdc 8V 13': required the di- 
stances D A, D c, and D B. 

Ans. D A 3604.086, d c 2879.22, d b 5249.771. 




25. At a certain place in the county of Kent, the 
fort on Shooter's Hill bore from ,me n. b. 444^^; and 
after going 15 miles in the direction n. w. 69}% I 
perceived the fort again, which now bore n. e. 67t^: 
required my distance from it at each station. 

Ans. A c 26.5773 miles, and b c 35.4352 miles; 



/ 




26. Being at a certain place a, St. Paul's church 
c, at London, bore from me n.e. 15t°, and after tra- 
velling 20 miles further to b, in the direction n. w. 
42i% it bore n. e. 51i°: required my distance from 
it at the last place of observation. 

Ans. B c 28.6052 miles. 
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27* From a ship at sea a, I observed a point of 
land c to bear n. e. 103^'', and after sailing 13 miles 
in the direction n. e. 40i° to b, it bore n. e. 141i^^: 
required the distance of the last place of observation 
from the point of land. Ans. b c 18.099 miles. 

B 




98. Coasting along shore, I observed two head- 
lands, the 1st, B, bore n. w. 13^^ and the 2d, c, n.e. 
36® 56'; then steering 12 miles in the direction n.e. 
17** 52', the 1st headland bore n. w. 68f*, and the 
3d N. E. 70 45' : required the bearing and distance 
of the two headlands from each other. 

Ans. dist. b c 17. 178 miles, and bearing of c from 
B, N. E. 95** 58jf. . 
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29. Let A, c, be toy two points in the horizontal 
plane a b c, distant from eafch other 62T feet, and e b a 
distant spire, or other object ; then, having the oblique 
^•eAC 5T l^' ecA^Sff taken at a and c, and 
the z* of elevation eAB 15*" 12^ ecB 13° 45': it is 
required to find the height of the object e b, its di- 
stance from each station, and the reduced angles a cb, 
B AC Ans, ii A c B 48' S' 49"i / b a c 55* 5 1' 4'\ 
A B 48 1.473, C B 534.8 1 1, height e b 130.867. 




30. Wanting to know my distance from an object o, 
on thje other side of a river, and having no instrument 
for taking angles, I look two stations a, b, 400 yards 
asunder, and then measured a c, b d, each 100 yards, 
in a direct line from the object: I also found the dia- 
gonal A D to be 450 yards, and B c 460 : required 
the distance of o from each of the stations a» b. 

Ans. a o 444.5657, B o 415.571 1. 




31. The side a b of a^regul^ pentagon being 180 
toises, the face of the bastion a c 50, and the perpen- 
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dicular k l 30, it is required to find, by trigonome- 
trical calculation, all the other lines and angles of 
the fortification, supposing the lines of defence a h, 
B G, to be equal to the lines drawn from the salient 
angles a, b, to the shoulders i>, c* , 



A 




K 




Vt> 


e7 


A 
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\ 
\ 


\ 


V 
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These lines and angles, when found, may be com- 
pared with those determined by construction in 
Muller^s Elements of Fortification ; or with a Table 
of the various dimensions of such plans, given by 
Robertson, at the end of his Navigation. 

Note. A number of other questions might have 
been given, in this part of the work, relating to the 
reducing of angles, taken at a small' distance from 
one of the stations, in certain geodetical operations, 
to be true angles at that station, which reduction 
becomes necessary when the centre of the instrument 
cannot be exactly placed in the vertical line oc- 
cupied by the axis of a signal, and in other similar 
instances : but as the error arising from this cause, 
which seldom amounts to more than a few seconds, 
is commonly neglected, except in cases where the 
greatest accuracy is required, the reader ia refen^ed 
f(Mr ftirther particulars on this head, to the works id] 
CagndU and Piiisfant^ before mexktiot^^ 



SPHERICAL TRIGONOMETRY. 



Spherical Trigonometry is the science which treats 
of the properties and relations of spherical triangles, 
and of the methods of determining their sides and 
angles. 

.1'. A sphere, or globe, is a solid contained under 
one uniform round surface, which is every where 
equally distant from a point within it, called its 
centre 5 as a b c d» 




2» A diameter, or axis, of a sphere, is a right line 
passing through the centre, and terminated on each 
side by the convex surface } as a b. 




3. A great circle of the sphere, is that which divides 
the suiface of it into two equal parts ; and a small 
^circle is that which divider it into two unequal parts. 



^1 

Thus A B c is a great circle of the sphere, and d £ f 
a small circle it). 




4. Hence, also the plane of any great circle passes 
through the centre of the sphere, and divides the 
solid into two equal parts ; as a b c d. 




6. The poles of any circle, are the two extremities 
of that diameter, or axis, of the sphere, which is per- 
pen4ic;uUr to the plane of that eircle ; thus p, p are 
the po^ pf ^ circle a b c. 




6» Hence, either pole of any circle is equidistant 
from every part of its circumference ; and if it be a 



(t) Small circles of the sphere are not used in trigonometriciil 
coiiipatatiolity on acc6unt of the diverfity pf their radii; but it 
may be obfenred, that any arc of a great circle, is to an lurc of a 
•mall circle, of the same number of degrees, as the radius of the 
sphere is to the sine of the distance of the small drde from its pole. 
Thus A B : c 9 : : rad of the sphere :'sine of PC. (fig. to def. Q.) 



, \ 
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great circle^ its pole is SO* from the ciretimference ; 
thus if A B be an arc of a great circle* p A is equal to 
p B, being each quadrants ; and in the smkll circle 
c D, p c is equal to p b. p 




7. A spherical angle, fs the inclination, or openings 
of the arcs of two great circles of the sphere, which 
meet each other in a point on its surface ; as a b c» 




8. The measure of a spherical angle, is the i^c of 
a great circle, drawn at the distance of 90^ from its^ 
angular point, and intercepted by its two legs ; thus 
if B A, B c, be quadrants, A c will be the measure of 
the angle a b Cr 




9. A spherical triangle, is a portion of the surface 
of a sphere, contained by the arcs of three great cir* 
cles ; as a B c. 




] 0. A ifigbt-abgled spherical triangle, is that which 
has a right angle, or one ^ 90^ ; aa a ^ c. 




1 i. A quadrantal spherical triaf^gje^ is that whjch 
has one of its sides a quadrant, or 9(f ; as a B c« 




is. An oblique-angled spherical triangle, is that 
which has each of its sides, or angles, greater or lesa 

than 90° ; as a b c. 

>  • 

A* 




16, A gteat circle of the sphere Js perpendicular 
to another circle, when its plane is perpendicular to 
the plftne of that circle, and vice versd ; tihus the 
circle p b p is perpendicular to a b c. 
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14. Any two sides, or angles, of a spherical triangle 
are said to be Uke^ or of the same kindy when they ai^ 
each equal to, each greater, or each less than 9(f. 

16. And if one of the sides, or angles, be equal to, 
or greater than, 9(f , and the other less, they are said 
to be unttie^ or qf different kinds. 

AXIOMS. 

1. Every section of a sphere, by a plane passing 
through H, is a circle. 

2. The centre of a sphere is the centre of all its 
great circles, and its axis is the common section of 
the planes of all the great circles which pass through 
its two extremities. 

3. A great circle can be drawn throu^ any two 
points on the surface of a sphei'e. 

4. All parallel circles of the sphere have the same 
poles } and no two great circles can have a common 
pole. 

5. Any two great circles of the sphere cut each 
otiiw twice, at the distance of 1 80% and make the 
angles at each point of section equal. 

i6. . A( great cijrcki, whi(^ ptAsee trough ike poles 
of My^Qtiim foircl^ ^nirts it at^igfat ar^es; and* «f 
a great circh tcuifmy other mmh at tright #Q|}les« k, 
will pass through ks p(4ea(¥)« 



(u) Most of the princif^es, here laid down as axioms, will be 
rendered sufficiently evident, by considering the position and na- 
ture of the circles usually drawn on a common' globe. The 6th 
in particular, which is, perhaps, not quite so obvious, may be 
readily conceiTed, from obserying that all the meridians pass 
through the north and south poles, and are perpendicular to the 
equator, and to all the pandleb of Altitude. 



GENERAL PROPERTIES OP SPHERICAL TRIANGLES. 



h Any side^ or angle, of a spherical triangle, is 
less than a semicirde^ or 180^. 

S. The greater side of any spteeirical tniiigle, is 
appooite to the greater angle, and the l^ss^side to the 
less angle. 

5. The sum of any two sides of a spheriqal trian- 
gle, is greater than the third side ; and tiieir dtfR^ 
ence is less than the third side. 

4. The differoQce of any t?wo sides of a spherical 
triangle is Jess than a semioirele, or 18(f ; and the 
stun of the diree sides is less than S60^ 

5. The sum of 1^ three Migles of any spherical 
triangle, is greater than two right-angles, or 18€^; 
and less than six right-angles, or 540^ 

6. The sum of any two angles of a spherical triangle, 
is greater than the supplement of the third angle. • 

7* If the three sides of a spherical triangle be equal 
to each other, the three angles will also be equal ; and 
vice versd. 

d. If any two sides of a spherical triangle be equal 
to each odier, their opposite angles will also be equal, 
snd vice xetA. 

9. If the sum of any two sides of a spherical tri- 
angle be equal to 180^, the sum of their opposite 
angles will also be equal to 180® ; and vice versA. 

10. If the three angles of a spherical triangle be 
all acute, or all right, or all obtuse, the three sides 
will be, accordingly, all less than d0*9 or all equal to 
90% or all greater than^O''; add vice venk 
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1 1. Half the sum of any two sides of a spherical 
triangle, is of the same kind as half the sum of their 
opposite angles ; or the sum of any two sides is of 
the same kind, with respect to 186°, as the sum of 
their oppiosite angles. 

To these may also be added the foHdwing piroper# 
ties erf the polar triangles ; by which the data> in any 
case, fiiEHiy be chwged from sides to angles, and from 
an^tes to ;sides. 

If three arcs of great circles be described from the 
imgular points a, b, c, of any spherical triangle a b c, 
as poka, pr .at 90"^ distance frcnn them, the sides and 
angles of the. new triangle o f e, so formed, will be 
the supplements of the opposite ingles mA sides of 
|hei <?thgr J ^ and vice versa. 




r<<7 ^ rjE 

Thus, DE=180°-c; EFsslSO'— A} fd=180Vb; 

and D=18u''— BC; £=180°— AC; f=180°— ab. 
Also, A,B.??18e°— f; b.c=,180°j-d; ac=180°— e: 

and A=180°— FEj B=180°wpoj c=180°— de 

OF THE 
AMBIG^qOUS CASES OF SPHERICAJC* TRIANGLES. . 

Any three of the six parts of a spherical tria^ngle be- 

(v) The dispovery pf this useful property of the polar triangle 
ii comnionly attributed to Lansberg, who first gave it in his Geo" 
jmetria TriavgulqrimifMA^ in 1591. 
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ing given, the rest may always be found ; except thait 
in what are usually called the two ambiguous cases ^ die 
^taaresometimesinstifficientfor limiting thetriangle. 
These cases are, when two sides and an angle op- 
posite to one of them, or two angles and a side 
opposite to one of them, are given, to find the rest; 
in which instances there may be two triangles having 
the same data ; and, consequently, if there be no 
other restriction or limitation, either of them wiU 
ansFer the conditions of the question. 




^c 

Thus, in the triangle a b c, let there be given the 
two sides a b, a c, and an opposite angle b ; then if 
A c can be drawn equal to a c, there will, evidently, 
be two triangles, a b c^ and a b c, which have the 
same given parts ; whence the other angles may be 
either AC B,(= AC c) or its supplement acb; or bag, 
or B A c ^ and the remaining s^de will be b c or b c 



A 




Also, in the triangle a b c, let there be given the 
two angles b and acb, and an opposite side a c ; 
then if AC can be drawn equal to Aq, and i^a^ b c, 
be continued till they meet in n^ there will foe two 
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tmngle. a b c, and a d c. which Ime the »i«e given 
parts ; whence the other sides may be either a b, t»: 
its supplement A D ; or bc or dc; and the remaining 
angle will be b a c or d a c. 

But as A c cannot, in all cases, be made equal to 
A c, the question may be limited, or not, according 
to the conditions of the data } whidi circumstance 
may be readily known, by considering that half the 
«um of any two sides of a spherical triangle is of the 
same kind as half the sum of their oj^osite angles, 
and taking the triangle accordingly. 

Or, since the greater side of every spherical tri- 
angle is opposite to the greater angle, if only one of 
the values of the angle or side first found, or its sup- 
plement, agrees with thTs theorem, the triangle is 
limited, being that to which this value belongs. But 
if both the values are in conformity with the rule, 
the triai^le is ambiguous (w). 




(o) Delambre^ p« 469 Trig, de Cagnoiif Ist edit, and p. 100 
Tablet des Log, de Borda^ has given a theorem for determining^ 
it priori^ whether the A be ambiguous or not; but It is easy, to 
show thiEit the rule is not general. 

Legen^re also, p. 402 Eliwienis de Giom, 4th edit, and LaeraiXf 
p. 68, EUments de Trig. 2d edit, hove pointed out all die cases 
«iriiach furnish eidier one or two solutioils; but tbey are tdl> 
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If the triangle a b c be ri^it-angled, or quadrantal^ 
there will be only one ambiguous case ; which is when 
a side a c and its opposite angle b or d are given, to 
find the rest. For, if c be a right angle, it is plain 
that the hypothenuse may be either a b, or its supple- 
ment A o, and the remaning side and angle either b c 
and b A c, or their supplements c d and cad. 

Also, if A b be a quadrant, it is evident that the 
hypothenusal angle may be either a c b, or its sup- 
plement A c D, and the remaining side and angle 
either bc and bac, or their supplements cd and 
cad. And as the greater side in each of the trian- 
gles A b c, A D c, will be opposite to the greater an- 
gle, the question, in either of these cases, will always 
admit of two solutions. 

OF RIGHT-ANOLBD SPHERICAL TRIAK6LJCS. 

The different cases or varieties that may happen 
in the solution of right-wgled spherical triangles, 
in which two things, together with rthe right angle, 
are always ^ven, to find a fourth, are, in ^, sixteen. 
But if these be restricted to such as depend upon 
the same principles^ they may be reduced to six ; or, 
when prqperly combined, to the three fbllowing ge- 
neral formulse, which can be more easily remembered 
than if they were expressed separately : 

oumcrouf lo be remembered without lefipff noe to the table ; and 
ere,, indeed, of Iktle practical use, as the ambiguity, when an 
example is proposed in numbers, can always bo rtadily discor^red 
from the known affiicttons oi the sides and angles. 
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{sm Its opp. I X sin hyp. 
or 



cos its opp. leg X sin other z 
2. r X cos eith. z == J or 



cot its adj^ z. x tan other leg. 

i tan its adj^ leg x cot hyp. 

icQS one leg x co» other leg 
or 
cot one / X cot other z.. 

And^ in order to apply these forms to every case of 

right-angled spherical triangles, by converting them 

into analogies, it will be sufficient to remark, that any 

one of the terms on one side of the equation, is to 

either of the terms on the other side, as the remaining 

i)ne of the latter is to the remaining one of the former j 

observing, at the same time, that when a leg or an 

angle is said to be opposite to another angle or leg, it 

willbeadjacent to the remaining one ; and vice vers4 (a:) . 

Affections of right-angled spherical 

triangles. 

L The leg^ are of the same kind as their opposite 
angles ; and conversely. 

(or) In plane trigonometry, the knowledge of the three angles 
is only sufficient for determining the ratio of the three sides, and 
not their absolute . values* But^ in spherical' trigonometry, .where 
the sides are all arcs of great circles, they can be obtained from 
the three angles, without any other data. 

Another remarkable diiference between plane and spherical tri- 
gonometry isj that in the former, the third angle may always be 
determined from.the other two; whereas in the iateer^'ail the three 
an^s lure indep^ndeat^of each. other, and must, therefore, be 
found separately. 



r2. The /hypothenuse is less or greater than 90*^, 
According as a leg and its adjacent angle, or the two 
legs, or the two angles, are like or unlike. 

5. A leg is less or greater than 90^ according as 
its ac^acent angle and the hypothenuse, or the oth^ 
leg and the hypothenuse^ are like or unlike. 

4, An angle is acute or obtuse, according as its 
adjacent leg and the hypothenuse, or the other angle 
and the hjrpothenuse, are like or unfike. 

OTHER PROPERTIES OP RIGHT-ANGLED SPHERICAL ' 

TRIANGLES. 

U If the hypothenuse be 90°, one of the legs and 
its opposite angle will be each 90° ; and die other 
leg and angle wiD be both measured by the same 
number of degrees. 

2. And if a leg, or an angle, be 90°, the opposite 
angle, or leg, and the hypotlienuse, will be each 90° ; 
and the other leg and angle will be both measured 
>by the same number of degrees. 

3. If a leg be less than the hypothenuse, their sum 
will be less than 180° ; and if it be greater than the 
hypothenuse, their sum will be greater than 1 80° (y ). 



(^) Properties similar to this, and the following one^ are given 
by CagnoU, p.:244> Traiti de Trig.j and hyMatkelyne, in his Intro- 
duction to TayloT^s Logarithms; but they are so expresserl, in each 
of these works, that, if follon^ed without any other restriction, they 
would frequently lead to an imposatbie triangle. The same observa- 
tion may also be applied to the two corresponding properties of 
quadrantal spherical triangles. 
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4. If a leg be less than its ophite angle, their sum 
will be less than 180^ } and if it be greater than its op- 
posite angle^ their sum will be greater than 180^ 

5. The difference of tiie two oblique angles is less 
than 90^ ; and their sum is greater than 90% and 
less than 270% 

6. The three sides are either all equal to, or all 
less than, 90^ ; or two of them arfe greater than Qif^ 
and the other less (z). 

The six cases of right-angled spherical triangles, 

before mentioned, may be ranged as follows : 

A leg and its opp. jl ' 
A leg and its adf • z 
The hyp. and a leg 
The hyp. and an z 
The two legs 
The two z • 

CASE I. 

When a leg and its opposite angle are giveni, to 
find the rest. 

1. Tojind the other kg. 

As rad : tan giv. leg : : cot opp. or giv. z. : sin 
other leg. 

Which leg may be either an arc less than 90% or 
its supplement. 



Given 



to find 
parts. 



the other 



(z) A right-angled Bpherical triangle may have either, 

1. One right Z , and two acote, or two obtuse Z'; 

2. Or two right Z \ and one acute, ot one obtuse Z ; 

3. /Or all its three z' may be right z'* 



as 

^ To jmd the other I . 

As COS given leg : cos qpp. or giv. z : : nul : sin 
other dL: \ . 

Which z may be either m acute z , or its supple- 
mept. 

S. To find the hypothenuse. 
As sin giv. z. : sin opp. or giv. leg : : rad : sin hyp. 
Which hyp. may be either an arc less than 90^ or 
its supplement. 

JSXAMPJUES. 

h In the right-angled spherical triangle abc, 
having the leg b c 42^ 25^, and its opposite z a 46^ 
SO', to find the rest. * 

BT CONSTRUCTION. 




1. D^ipiQiibe the circle a i> a isf with the cb«rd of 
60'' } aojd idiaw the di^met^rs a a, n £/, at rigbt an- 
glep l;o; ?aph othen 

a. Set 4he semit^Qgei^t of the complement of the 
angle a (43'' 30') from o to m^ and through the three 
points A^rrij ay describe a circle. 

.8. &om o as a centre, vrith die semitangent of 
the^eomftlemeot of b.c (47^ 35') as ^ radius, describe 
an arc, cmtting the circle a ma m b. 
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4. Through the poiMs o, B, dtaw the line ob ci and 
ABC, oraBCy will be the A required, each having the 
same data ; which shows this case to be ambiguous* 

To .measure the required parts. 

1. Set ofFthesemitangent of the given z a (46^ 30^ 
from o to p; and take c p equal to the chord of 90^. 

2. Through the points b, />, draw the line np ^ r, 
cutting the circle in n and r. 

3. Then p w, taken on the scale of chords^ gives 
the z. B 68^ 48', a r, taken on the same scale, gives 
A B 68° 25', and a c on the same scale is 60° 6>. 



By CALCUMTIOK. 

i Rad, or sin - - - 90° 

Tan B c 42° 25' - - - 

: Cot z A - - - - 46* SO* ... 

Sin AC 60° & 55" or 1 19° 53' 5" 

Cos B c - . - - - 42° 25' ... 

Cos / A . .  - 46° 80' ... 

: Rad, or sin » - - 90° - - . - - 

Sin / 'b.68° 48' 45" or 1 1 1° 1 1' 15" 

Sin / A .... 46° 30' - . - 

Sin B c 42° 25' - - . 

: Rad, or sin - - - 90°* 

Sin A B 68° 25' 3" or 1 11° 34' 57" 



10.0000000 
9.9607842 
9.977250O 
9.9380342 

9.8682088 

9.8378122 

10.0000000. 

9.9696034 

9.8605622 

9.8289930 

10.0000000 

9.9684308- 



INSTRUMENT ALLT« 

1. .Extend the compasses froin.46° 30' to 42° 25' 
on the line of tangents, and that extent will reach, 
on the sines, from ^° to 60° 6*^ the side a c. 
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2. Extend from 47° 35' (the cooap'. of b c) to 43° 
SO' (the comp'. of z a) on the sines, and that exteiut 
Avill reach, on the same line, from 90° to 68" 48' the 

/ B. 

3. Extend from 46° 30' ( / a) to 42° 35' (b c) on 
the sines, and. that extent will reach, on the aame 
line, from 90° to 68° 25', the side A b {a). 

1 . 

2. In the right-angled spherical triangle a b c, 

(.„ f The leg B^C 15^ 9' CAC 36<» 52' 44" or 143« / l^iT 

^ • 1 Itebpp. z A 24° 17' AnsJ i^yo^Af^f or 109M2'2a^ 
^Required the other parti. I a*B 39* 27' 24*^ or 140° 32' 36" 



3. In the right-angled spherical triangle a b c, 

P„ f The leg B^b 97** 2(f fAc45^ 33' 39" or 134*' 26' 21" 

^ • 1 Its opp. z A 84*^45' Ans J Z B 45° 47' 4(5" of 134^. 12' u" 
Required the other parts. t a"^ 84° 52' 2?" or gfi"* 7' 88" 
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(a) In following the three general rulesi which have been gtven 
for right-angled spherical triangJes, the proportioii i^ed in |he cal- 
culation is not always that which is adapted to the instrumental 
solution ; but the former may be easily reduced to the latter by 
proper substitutions : Thus^ since rad : tan b c : : cot a i sin a c 



r* 



by the first formula, if < be put in the place of its equals cot a/ 

the proportion will become tan. a : tan b c : : rad : sin a c^ which 
is that applied to the instrumenjt ; and, if thought necessaryf will 
equally serve for the numeral solution. 

It may also be observed, that, in the instrumental computation, 
when the extent on the tangents reaoi^es beyond the line, it must 
be set as far back as it reaches over ; the method of doing which 
may be seen in the solution of case iv. following ; where it is more 
fully described. . 
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4. In the right-aagled sphericil triangle a js c, 

p„ / The leg a^ 38« 51' rn% 6(f 15' 40* or i ly 44' a(/' 

^ • i Its opp. Z B 4a* 51' Ant J z a 70" 17' 3" or loy 42' 5?^ 
Required the other parts. LZb 67"* 16' 28' or lia"" 43' 32^ 

Note. Several of the problems^ given in this part oi 
the work, may often be more conveniently resolved by 
means of some of the formulfle in the table of cases^ 
page 156et seq., where ^e limits of the data, and other 
circumstances, are more particularly pointed out. 

u CASE II. 

When a leg and its adjacent angle are given, to 
find the rest. 

1 . Tojind the other leg. 
As pot given /. : sin adjacent, or given leg : : rad : 
tan other leg. 

Which leg is like its opposite L . 

£• Tojind the other l . 
As r$4 : sin given ii : : cos adjacent, or given 
leg : cos other z. . 

Which L is like its opposite leg. 

8. Tojind the hypotkenuse. 

As tan given leg : cos adjacent, or given L : : 
rad : cot hyp. 

Which hyp. is less than 90® if the given leg and L 
are like j but greater than 90® if they are unlike. 

EXAMPLES. 

1. In ihe right-apgled spherical triangle, abc, 
having the leg a c 54® 46', and its adjacent angle 
A 47^ SS^ to find the rest. 
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BY eONSTRUdTIOK. 




1 .. Besctihe the circle a i>ad with thechord of 60'' ; 
and dfatrthe diameters a iz, d J, at right m^glesfto 
each other. 

SL Set the aemitangent of the oonqd;ement of the 
angle a (42'' 4') from o to m^ and through the poiito 
A, m^ fl, describe a circle. 

3. Set off A c (54*^ 4^S) by the scale of chords, and 
imM CO, cutting the circle a m tf in b; then a B c 
iwU be the triangle required. 

To measure the required parts, 
I. Set off the semitangent of the given L a (47® S^G) 

from o to p^ and make c p equal to the chord of 90^. 
2; Through the points b, p, draw the line np^r, 

cutting the circle in r and n. 

3*. Then p n, taken on the sqale of chords, gives the 

L f64* 38', A Vy on the same scale, gives A b 64® 40', 

and o B, taken on the line of semitangents, and then 

subtracted firom 90°, give& b e 49® 8'. 



^ 



BY CALCULATION. 
Cot ii A 47° 56* - 

Sfir A 54*46" - 

; Rad, or shi - - - 90^ • -^ - 



9.9604535 

le.oaeoDoo' 

9i9S66&r^i 



Which md»»aewbei Bniaqp like ^^^^^0^2 a. 



H 
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Rad, or sin .. -90*' 10.0000000 

Sin z A - - - 47" 56* - - - 9.8706179 

: Cos A c 54° 46* 9.7611063 

Cos Z B . - - 64° 38' 31" - 9.6317242 

Which L is acute, being like its opposite leg a c. 

Tan AC - - - 54° 46* - - - 10.1510145 

Cos Z A - - - 47° 56* - - - 9.8260715 

: Rad, or sin - -90° ..... 10.0000000 

Cot A B .... 64° 40' 34" - 9.6750570 

Which side is less than 90°, because a c and z.' a 
are like. 

INSTRUMENTALLY. 

I. .Extend the compasses firom 90*^ to 54° 46'. (a c) 
on the lines of sines ; and this extent will reach, on 
the tangents, from ^T 5& ( z. a) to 42° 8', the leg b c. 

8. Extend from 90° to 47° 5& ( z a) on the sines, 
and this extent will reach, on the same line, from 35° 
14' (comp*. of A c) to 25° 22', the complement of Z. b. 

3. Extend from 90° to 42° 4' (comp*. of L a) on 
the sines, and this extent will reach, on the tangents, 
from 35° 14' (comp*. of a c) to 25° 20', the comple- 
ment of A B (i). - ' 



(b) If be substituted for cot a in the first statins: of the 

^ ' tanA ^ 

numeral calculation of this case, it will become rad tsin a c : : 

tan A : tan B c ; and if — : l^e put for taa a g» in the Aird 

^ cot AC *^ 

- • • • 

stating, it will becpme rad : cos a : : cot A c*: cot A b; which are 
the proportions, adapted, to the; in^trumeptal^olutibn; 
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S. In the right-angled spherical triangle a b c, 

n Ur^r. S The leg ^-'c 36*" 52' f b c 1 5" 8^ 45" 

uiven ^ j^g ^^, ^ ^ 2^0 jy/ ^jjg 1 ^3 ^Qo 47, 2g« 

Required the other parts. i ^^ 39° 26* 40" 

3. In the right-angled spherical triangle a b c, 

r-.v^r. i The leg a'c 76" 20' f b c 91° 17' 1 1* 

^*^®^ t Its adj'. ^ A 91° 15' Ans..j Z b 76^ 20; 12* 

Required the other parts. I a''b90° 18' 14" 

4' la-the right-an^^d spherical triangle a b c, 

r.- „ CThelegift: 119° 6 ( a^b111°36'46" 

^iven ^ j^ ^y /: B 44° 37' ,Ans.^ Z^Al09j58'24" 

Required the otiier parts. • (. a 6 40 4o 



. CASE III. 

When the hypothenuse and a leg are given, to find 
the rest. 

1. Tojind the opposite L . 

As sin hyp. : rad : : sin giv. leg : sin its opp. L . 
Which L is Kke its opposite leg. 

2. Tojind the adjacent L. 

As rad : cot hyp. : : tan giv. leg. : cos its adjS L . 
Which L is acute, if the hyp. and given leg are 
' like J but obtui^e, if they are unlike. 



^ J 



3. To ^d the other leg. 

As cos giv. leg : rad : : cos hyp. : cos other leg. 
Which leg is less that 90° if thie hyp. and given leg 
are like ; but greater than 90° if they are unlike. 

H 2 



f 
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SXAMPI^ES. 

1. In the right-angled spherical trian^e a b c> 
having the faypothenuse a b 65^ 50', and the leg b c 
4S^ SO', to find the rest. 

BT COfJSTRtJCTJQW* 




1 . With the chord of 60° describe the circle a d a ef^ 
and draw the diameters a ^, d </, at ri^t angles to 
each other. 

2i Set off the hyp. a b (65** 50*), by a scale of 
chords, eaeh way, from a to m ; and draw d m, cut- 
ting A a in s. 

3. Through the points m, s, m^ describe a circle j 
and from o, with the semitangent of the complement 
of B (47^ 40') as a radius, intersect the former circle 
in B. 

4. Describe a circle through the points a, b, tf, and 
draw o B c ; then a b c will be the triangle required. 

To measure the required parts, 
1. Measure the distance; o r^ in degrees^i pmt sq^ 

of semitangents, and set off its complement on the 

same scale, from o to ^. 
% Through the points b, p, draw the line b p n,^ 

cuttmg the circje in n ; atid take c p ^qual to the 

chord of 90^ 
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5. Then p », ou the scale of chords, gives Z b 
■65° 52', o r, taken on the scale of semitaingents, attd 
then subtracted from 90°, gives /. a 47° 34', and a c, 
<on the scale of chords, is 56° 2S'. 

BT CALCULATION. 

X SinAB 65° 50' 9.9601655 

: Rad, or sin - - 90° ... - - 10.0000000 

/: Sin B c - . - - 42° SO" - - - , 9.8283006 

: Sin Z A ... 47° 34' 20" 9.8681351 
Which z is acute, being like its opposite leg b c. 

: Rad, or sin - - 90° - ... - 10.0000000 

z CotAB -... 65° 50' .-- 9.6519742 

; : Tan b c - - - - 42° 20' - - - 9-9595156 

i Cos Z B - - - - 65° 52' 20" . 9^114897 

Which z is acute, because a b and z b are like. 
: CosBC -... 42° 20* --- 9.8687851 

; Rad, or sin - - 90° 10.0000000 

: : Cos A B - - - - 65° 50' - - - ^.6121397 
: Cos A c ... - 56° 25* 20" 9-7433546 

 I >i 

Whid& sicCe is kssr than ^O^^because ab ands c are like* 

INSTRUMENTALLY. 

1. Extend the compasses from 65° 5(f (a b) to 90P 
on tbe sines, and that extent will reach, on the same 
Mne, {tmt4^ 30' (b c) to 47^, the z a. 

H. Extend' from 65° 50' (a b) to 42° 20' (b c), on 
thertangents, and that extent will reach, on the sines, 
' ftmn 90° to 24° 8.', the complement c^ z b. 

3u Extend from 47^ 40' (comp*. of bc) to 90° oil 
the sines, and that extent will^ reach; on the same 



J 



102 



line, from 34° 10' (comp*. of a b) to 24° 8', the com- 
plement of a c (c). 

2. In the right-angled spherical triangle a b c, 

^. i The hyp, A B S7^ 25' fZA21^59'l8" 

Given 1^^ ^l^ ^^ jgo g. ^^3 J ^^b72°13; 7] 

To find the other parts. (a^c 35^21' 4" 

3. In the right-angled spherical triangle a b c, 

^. CThehyp.AB 37^10' r z a119^59'29" 

^'^^^ JThe leg B^ 148° 27' AnsJ Zb144^ 5; 8]; 
Required the other parts. (^ a cl 59 1 4 42 

4. In the right-angled spherical triangle a b c, 

A 54° 6' 48" 

B 64° / 9" 

Required the other parts. f ^^ 49^ 20' 35" 



^. CThehyp.AB69°27' 

^^^^^ i The le^ A^c 57° 24' Ans 
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CASE IV. 

When the hyjiothenuse and an angle are given, to 
find the rest. 

1 . Tojind the opposite leg. 

As rad : sin hyp. : : sin giv. L : sin its opp. leg* 
Which leg is like its opposite z. . 

2. Tojind the adjacent leg. 

As cot hyp. : rad : : cos giv. L : tan its adj'. leg. 
Which leg is less than 90° when hyp. and given L 
are like ; but greater than 90° when they are unlike. 



(c) By frubstituting 



for cot A B» in the second stating 



tan AB 

of the numerical «olutiony it will become tan A B : tan A c : : rad : 
£011 9 for the instrumental solution* 



• 3. Tojind the other L . 

As cot giv. z. : rad : : coa hyp. : cot other z. . 
Which z is acute when hyp. and given /, are like j 
but obtuse when they are unlike, 

EXAMPLEB. 

1. In the right-angled spherical triangle abc, 
having the hypothenuse a b 65^ 5\ and the angle a 
48"^ 12', to find the rest. 

BY CONSTRUCTION, 




\ . With the chord of 60^ describe the circle a d a d^ 
and draw the diameters a a^ d (^ at right angles to 
each other. 

i2. , Set off o m equsd to the semitangent of the 
compleBQent of the z a ^41^ 48'), and through the 
points A, 972, a, describe a circle. 

3. Set off the semitangent of the L a (48^ 12') from 
to py and take a r, on the line of chords, equal to 
A B (65"^ 5'). 

4. Through the points r\ jo, draw the line rBpn, 
cutting the circle Amain b, and the former circle 
in n ; then, thrcHigh the points 6, b, draw the line 
o c, and a b c will be the triangle required. 
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To measure the requktd parts. 

1. Set off c p equal to the chord of 90""^ then p», 
takem on the scale of chords, will give z b (64° 4(6') ; 
and A c, on the same scale, is 55° 7'. 

2. And if o B be taken on the line of semitangents, 
and then subtracted from 90% it will give b c 42° 32'. 

V% CALCULATION. 

Rad, or sin - - - 90° . r . , IOjODOOOOD 

Sin A B 65' 5' - - - 9.9S75697 

:Sinz.A ... 48° 12' -- 9-8724337 ' 

Sin B c . . r r . 42° 32' 19" 9-8300034 
Which side is acute, being like its opposite z a. 

CotAB ..... 65*5' -. - 9-6670214 
Rad, or sin - - . 90° - r . - 10.0000000 

: Cos ZL A 48° 12' - - 9- 8238213 

Tan AC ..... 55° 7' 32" - 10.1567999 
Which sideis less than 90°,because ab and z a are like. 

CotZA . . 48" 12' - - 9-9513876 

Rad, or sin ... 90° - - - - 10.0000000 

i Cos A B 65° 5' - - ' 9-6245911 

Cot/1 B 64P 4^ 14" 9-6732035 

Which z is acute, because a b and z a are like. 

INSTROMENTALLY. 

1. Extend the compasses from 90° to 6$" 5' (ab) 
on the sines, and that extent will reach, on the saoie 
line, from 48° J2' ( z a) to 42° 32', the Jeg b c 

2. Extend from 90°, on the sines, to 4 1° 48' (co»P'- 
of z a) } then apply this extent from 45° on the tWi- 
gents, towards the left hand, And, l^eepine tbe latter 
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point of the compasses fix»dt turn the other leg, and 
extrad it tin it reaches to 65^ S' (a b); iirhich last 
extent will reach from 45® to 55^ 7', the leg a c. 

3^ Extend from 24® 55' (comp*. of a b) to 90® on 
the sines; then apply this extent from 45® on the 
tsutigents, baxJcwards, on the left hand^ imd keeping 
the latter point of t^ie compasses fixed, turn the other 
leg till it reaches to 41® 48' (comp*. Z. a); and this 
extent will reach from 45® to 64® 46', the ^ B j the* 
divisions, in this case, falling as much under 45® as 
they would have fallen beyond it (d). 

2. In the right-angled spherical triangle a b c, 

Given iThehyp.A^39®2r 
^^"^^ tThe^A . • 27® 12' Ans 



Required the other parts. 




B^fc 16® 53^ 4" 
AC 86® 11' 58" 

z,B68®8nr 



3. In the right-angled spherical triangle a b c, 
Given ^ The hyp. a^ 79° 25'^ ^ f bc 41® 22' 14" 

\1 



c 75® 50' 
B 80® 3 1' 43" 



tTheziA - -42® 15' Ans. 
Required the other parts. 

4. In the right-angled spherical triangle a b c, 

«^« 1 The hyp. a^b 98® 20' f B'fc 105® 20' 1 1" 

^^^ t The Z B. - 5r 43' Ans.^ ac 56^46^1/^ 

Required the other parts. ( Z a 102® 55' 14" 



ijS) By putting 



tan^A 



for cot A B in the second numeral 



stating, it will become rad : cos A : « tan a B ; tan a C ; aud Jf 
^^ be put fi>r cAt 9 in thf third stalipg^ il will hacqm^ cos ab : 

md ::«fitA 2 |anA; dUchaMlheflMaQi^ adaptod^o thaia- 

BtrumffQl^ MObOiQB. 
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CASE V. 

- When the two legs are given, to find the rest 

\. To fnd either of the L\ 
As tan one of the legs : rad : : sin other leg : cot 
its adjacent z. • 

Which L is like its opposite leg. 

2. To find the hypothenuse. 
As rad : cos either leg : : cos other leg : cos hyp. 

Which hyp. is less than 90° if the legs are like ; but 

,< • 

greater than 90° if they are unlike. 

EXAMPLES. 

X 1 . In the right-angled spherical triangle a b c, 
having the leg a c 52° IS*, and the leg b c 42° 1/, 
to find the rest. 

BY CONSTRUCTION. 




1 . From o. as a centre, with the chord of 60^ de- 
scribe a circle, and draw the diameter e c. 

2. Set off c a (52° IS*) from the scale of chords, 
and make o b equal to the semitangent of the com-* 
plement of b c (47^ 4B'). 

3. Draw the diameters Aa, jyd^ at right angles to 
each other, and through the points a, b, ^, describe 
a circle ; then b b c will be the triangle required. 
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To measure the required parts. 

1 . Take the measure of on in degrees, on the 
scale of semitangents, and set its complement, on 
the same scale, from otop. 

2. Through p, b, draw the line mp b r, cutting 
the circle in m and r ; and set off c p equal to the 
chord of 90°. 

3. Then p w, taken on the line of chords, gives 
the z B 62® 27' ; a r, on the same line, gives a b 
63® 2'; and on, taken on the line of semitangents, 
and then subtracted from 90°, gives z a 49°. 

BY CiLCULATION. 

: Tan AC 52° 13' - - 10.1105786 

: Rad, or sin - - - 90° - - - - 10.0000000 

: : Sin bc - ... ... 42° 17- - - 9-8278843 

: CotZB - - . . . 62° 27' 19" 9.7173057 
Which z is acute, being like its opposite leg a c. 

4 

: Tan b c .... - 42° 1/ - - 9-9587542 
Rad, or sin - - - 90° - - - . 10.0000000 

: Sin A c . ' 52° 13* . - 9-8978103 

Cotz A 49° 0' 25" 9-9390561 . 

Which z is acute, being like its opposite leg b c- 

\ 

: Rad, or sin ... 90° - - - - 10-0000000 

i Cos AC -...- 52° 13' -. 9-7872317 

., : : Cos B c 42° 1/ . . 9-8691301 

.-, CosAB 63° 2' 45" 9-6563618 

' * ' 

Which side is lessthan 90°, because a c and b c are like. 
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IM8TRUM£NTALLY« 

1 . Extend the compasses from AA"" 17' (b c) to SO** 
on the sines, and this extent will readi, on the tan* 
gents, from 52*" 13' (a c) to 68^ 27', tbez b (^)- 

2. Extend from 52° IS' (a c) to 90% on the sines, 
and this extent will reach, on the tangents, from 
42° 1/ (b c) to 49°, the L a. 

3. Extend from. 90°, on the sines, to 37° 47' 
(comp^ of A c), and this exteM will te^^dt^ on tbe 
same line, from 47** 43' (comp^ of b c) to 26*" 58', ' 
the complement of a b. 

2. In the right-angled spherical triangle, a b c, 

4-«..« i The leg a c 29° iT f Z. a 67° 17' 28" 

uiren -J The leg b^ 49° 27' AnsJ zb 36^ 25' 44^ 

Required the other parts. t ^ ^ ^^ 27 S3 

S. In tke right-angled spherical triangle a b c, 

^ . f The leg a'S 76* 25' f z a 38° 18' 17" 

Oiven ^^g j^g j^.p g^ gj, ^\ ^3 gjo 37.4g» 

B«quired the other parts. (.ab79 15 51 

4. In the right-ai^ed. spherical triangle a B c^ 

/-;«.« 1 The leg A c 9r 29' (" ^ a 104? 5' 2" 

Uiven l^g jgg jj.^ jQ^o J 2- ^„g 1 ^ J, 97° 15*25^ 

Required the other parts. I ^"^ SS^Kno* 



will   ' I ■■>' 



f 

(e)^ By aubstituting '   for cot ^ b in the first logaridiQiic 

stating^ ftad for col a itt the second, the two analo^eB be- 

come flULB^Cr tad: : tan AC : tan b, and sin ac : rad: : tanBC; 
tm Af iifcifh flR tb)fe «Miiii:lh« iMtowi^^ 
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"" CASE VI. 

When the two oblique angles are given, to find the rest. 

1. To find either of the legs. 

As sin one of the given z : rad : : cos other / : 
cos its opposite leg. 

Which leg is like its opposite z . 

2. To find the hypothenuse. 

As rad : cot either z : : cot other z : cos hyp. 
Which hyp. is less thim 90^ when the given z • are 
like ; but greater than 90^ when they are unlike. 

EXAMPLES* 

1. In the right-angled spherical triangle abc, 
having the angle a 48^ V3', and the angle b 64^ S/, 
to tod th^ rest. 

BY CONSTRUCTION.. 




1« Dmenbe the circle e d e c with th^ chord of 60^ ; 
and draw the diameters b e» d c, at right angles to 
eBfih other, 

2. From e, with the chord of z b (64^^ 27'), set off, 
each way, e i, e ^ ; and from o take o n equal to the 
semitangent of the complement of that angle. 

8.^ Through the points *, nj 6, describe a circle ; 
and from o^ with the semitangent of z a (48"^ 1 SO 
describe the B^cecp CfsMing tiie fbrmer m p. 



/ 
\ 



1*0 

4. Through p o, draw the diameter p s, and another 
A a, at right angles to it. 

5. Set off o 772 equal to the semitangent of the com- 
plement of L A (41° 47'); then through the points. 
A, m, a, describe a circle, cutting d c in b ; and a b c 
wiU be the triangle required. 

To measure the required parts. 
Through the points p,B, draw the line pBr, cutting 
the circle e d e c in r j then a r, taken on the chords, 
gives A B 64° 42', A c on the same scale is 54° 39V 
and o B, taken on the line of semitangents, and then 
subtracted from 90"^, gives b c 42° 23'. 

BY CALCULATION* 

Sin Z A .... 48° 13' - . - 9.8725466 

Rad, or sin - . - 90° 10.0000000 

: Cos Z A .... 64° 27' - - -. 9-6347780 

Cos AC 54° 39' 42" 9.7622314 

Which side is less than 90°, being like its opp. z b. 

Sin Z B .... 64° 27' - - - 9-9553073 

Rad, or sin - - - 90° - - - . - 10.0000000 

: Cos Z A - - - - 48° 13' - - - 9.8236800 

Cos B c - - . . . 42° 23' 35" 9.8683727 

Whicb side is less than 90°, being like its opp. z a. 

Rad, or sin ... 90° - - . . 10.0000000 « 

Cot Z A .... 48° 13' - - - 9.9511334 • 

: Cot Z B - I - - - 64° 2/ - - - 9.6794708 

Cos AB 64° 42' 42" 9-6306042 , 

Which side is less than 90% because z. ' a and b are like. 



Ill 

INStRUMENTALLT, 

1. Extend the compasses from 48° 13' ( z a) to 90® 
on the sines, and that extent will reach, on the same 
line, from 25"* 33' (comp*. of L b) to 35"* 21', the 
complement of a c. 

2. Extend from 64° 27' ( Z b) to 90° on the sines, 
and that extent will reach, on the same line, from 41° 
4/ (comp*. of z a) to 47° 37', the complement of b c. 

3. Extend from 48° 13' ( z a) to 25° 33' (comp*. of 
Z b) on the tangents, and this extent Will reach, on 
the sines, from 90° to 25° 18', the complement of 

2. In the right-iangled spherical triangle a b c, 
Given I The Z A 24" 30' f a c 36° 4' 28" 

wiven j The ^ 3 y^o ^^, p^^\ b c 15° l' xT 
Required the other parts. t a b 38° 40" 52" 

3. In the right-angled spherical triangle a b c. 

Given / The / A 39° 12' r a c 77° 31' 12* 

ijiven j The ^ B 82° 9' Ans.-j b c 38° 31' 5 1" 

Required the other parts. Iab80°16' 2" 

4. In the right-angled spherical triangle a b o, 

Given I ^ ^ -^^ ^^^^^ 8' f^c ,27° 46- 5" 

oiven^i^^ ZB 31° 20' Ans.-j b c 120° 8', 5" 

Required the other parts. Cab 116° 22'*25" 



(/) The analogy for obtaining the value of a b by the instru- 
ment, is got by substituting -^ for cot a, in the numeral solu- 
tion/ which- th.en becQ^es tan a : cot b : : rad : cos a b. 
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OF QUADRANTAL SPHERICAL TRIANGLES^ 

The different cases, or varieties^ that may happen 
in the solution of quadrantal spherical triangles, in 
which two things, together with the quadrantal side» 
are always given, to find a third, are the same as in 
right-angled spherical triangles. 

And Le the .ide, and angles of any quadnmtd 
spherical triangle are the supplements of the oppo- 
site angles and sides of a right-angled spherical tri- 
angle, described from its angular points as poles, the 
three general formulae which have been given for the 
latter, may be readily converted into the following 
ones, which are equally applicable to all the cases of 
quddrantal spherical triangles : 

sin its opp. side x sin hyp', L , 
1. r X sin eith. l =4 or 



{sm Its opp. SI 
cot its adi^ si 



dj'. side X tan other L 



cos its G^p^ A X sin^ otliier side» 
a.tK co&eilluside= -? or 



{cos Its < 
•^tan its adp. ^ x cot hyp\ L * 

f— cos one z. x cos other z. , 
«r 
—cot one side. x. cok other side. 

Where it is to ba remarked, that the angle, opposite 
the quadrantal side is called the hypothenusal angle, 
and the other parts simply the sides and angles. And 
in applying these forms to practice, it is only necessary 
to attend to the observations thali ftave been already 
made for rigfatfaiigled ^^eviMl trianglem 



im 



AFfBCTtCUf a W 
qUADBANTAL SFH«A|CAL TAIA|I«UW^ 

L The sideft are of the same kind as their cgi- 
poflite aiigles J and conv«sely. 

le^ The hypotiienusal angle is greater or less thaii 
90^ acisording as a side and its adjacent angle» or the 
tfiro sides^ or tiie other two angles,, are like or unlike^ 

3. An angle at the quadrant is obtuse (h: aouto^ 
aeeording as its adjacent Bida and the hypo^enusal 
angle, or the other angle and hyppthenusal aiotf^ 
are like or unlike* 

4. A side is gf eater or less than 90°, accot ding as 
its adjacent angle and the hypothenusal a^g^ Of 
the other side aod the hjrpothenusal angle^ are like 
or unlike. 

OTHER PROPBRTIES OF 
QUADRANTAJ. SPHERICAL TRIANGX'BS* 

1. If the hypothenusal angle be 90^ one of the 
other angles and its opposite side will be each 90% 
and the other side and angle will he both measured 
by the same number of degree?. 

2. If an angle, or a side, be 90°, the opposite side, 
01* angle, and the hypothenusal angle will be each 
90^ i and the other angle and side will be both mea- 
sured by the same number of degrees. 

3. If an angle at the quadrant be less than the 
i^j^othenusal angle, their sum will be less than 180^} 
Slid if it be greater than the byfiotbe^iiisal angle, 
their sum will be greater than 1 80°. 

I 
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4. If a side be greater than its opposite angle, their 
sum will be less than 1 80^ ; and if it be less thian its 
opposite angle, their sum will l^e greater than 180**. 



9. 



5. The difference of the two sides is less than 90 
and their sum is greater than 90% and less than 270^. 

6. The three angles are either all equal to, or all 
less than 90^ ; or two of them are greater than 90% 
and the other less* 

The six cases of quadrantal spherical triangles 
already mentioned, may be ^ranged as follows : 

A side and its opp. z. 
A side and its ady. l 
The hyp*. / and a side 
The hjTp'. L and another L 
The two sides 
The two L ' 



Given 



tafiod the other 
parts. 



CASE I. 

When a side jfind its opposite angle are given, to 
find the rest. 

1. To find iht other L ^ 

As rad : cot giv. side : : tan giv. L : sin other / . 

' Which L may be either an acute L or its supV 

2. To find the other side. 

As cos giv z. : cos opp. or giv. side : : rad: sin other side. 
Which side may be an arc less than 90°, or its sup*. 

3. To find the hypothenusal /L . 
As Irin giv. side : sin opp. or giv. L : : rad : sin hyp*. /:, . 
Which hypothenusal L may be either an acute z , 
or its supplement. 



ii5 

EXAMPLES. 

K In the quadrantal spherical triangle a bc, having 
A c (53^ 58', and its opposite angle b 54'' 19', to find 
the rest, 

BY COi^STRUCTION. 




1. Describe the circle kba^ with the chord of 60**, 
and draw the diameters a /7, b 6, at right angles to 
each other. 

2. Set off Ad, A rf, each way, with the chord of a c 
(6S^ 58'), and take o n equal to the semitangent of 
the complement of that arc (26^ fi'), and o m equal to 
the semitangent of the complement of z» (35*^ 41'). 

3. Through the points b, wi, b, and rf, n, rf, describe 
two circles, cutting each other in c j then if a circle 
be described through the points a, c, a, the triangle 
A B c, or 6 A c, will be the one required, each having 
the same data ; which shows the case to be ambiguous. 

To measure the required parts. 

1. Take o r on the scale of semitangents, and set 

off its complement, on the same scale, from o to p. 

' -- • • 

S. Make op equal to the semitangent of the z b 
(54^ 19'), and through the points c p, c/i, draw the 
lines ce, and of. 

I 2 
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3. Then B s, taken on the scale of chords, gives 
B c 48° 48' J eft on the same scale, gives z c 64° 41' j 
and the coraf^ement of the degrees in o r, taken on 
the semitangents, gives z a 42° 51'. 



BT CALCULATION. 

CosZB . . - . . 54° 19' - - - 

Cos AC 63° 58' 

: Rad, or sin - - - 90° - - - - 

Sin B c 48° 48' 3" or 131° 1 1' 57" 



9.7658957 

9.6423596 

10.0000000 

9.8764639 



Rad, or sin 



90' 



• • w 



- 10.0000000 



TanZB 54° 19' - - 10.1437958 

: Cot A . - - i - 63° 58' - - 9.6888227 
Sin Z A 42° 51' 25" or 137° 8' 35" 9i.8326l85^ ) 

SinAC - - - - - 63° 58' - - 9-9535369 

Sihz. B 54° 19' - - 9.9096915 

: Rad, or sin - - - 90° - - - - lO.OOOOOOO 
Sin I c 64° 41' 6" or 1 15° 18' 54" 9.0^61546 



,j-* 



INSTRUMENTALLT. 

1. Extend the compasses from 35^ 41' (comp^ of 

« 

L b) to 26^ 2' (comp*. of a c) on the «ines, and this 
extent will reach, on the same line, from 90^' to 48^ 
48', the side b c. 

2. iExtend from 63° 58' (a c) to 54*" 19' ( Z b) on . 
the tangents, and tins extent will reach, on the sines, 
from 90"* to 42'' 51', thoz. A. 

' (g) This analogy^ by proper subsUtution, becomes tan a c : 
tan m t rad : sin a, w^t^ is that oted ih the ii^tnHtie&tal aioltt- 
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3. Extend from 6$'' 5df (a c) to 54"* 19' ( Z b) o» 
the sines, and this extent will reach, on the same 
line, from 90° to 64"* 41', the z c. 

2. In the quadrantal spherical triangle a b c, 

^, f The side a c 1 12° 2/ f B c 55^47' 39" or 124® 12' 21" 

^' tTheopp.ZBll7*30' Ans.V Z a52®82' 9''orl27^2f5l'' 

Required the other parts. ^^<^ 7SUl' if or 10(P IS' 33;' 

3. In the quadrantal ^herical triangle a b c, 

p, r The side b c 121** 9' f a c (52® 12' 35" or 117® 4/ 25" 

^ • ITheoppZ A 54® 13' AnsJ Z. B 56® 59' 24" or 1 23® 0'3d" 

Required the other parts. I Z c 71° 25' 30" or 106® 34' SOT 

CASE IL 
When a side and its adjacent angle are given, to 

find the rest. 

* 

I, Toj^nd the other c • 

As cot given side : W adjacent, or given L : : rM : 

taipi ether l* 

v^ Which z is of the s^me kwd as its c^p* side, 

2. To find the other side. 

As rad : sin giv. side : : cos adj. or giv L : cos other side. 

Wliich side is of the same kind as its opp. L . 

3. To find the hypothenusal L. 

As tan given L : cos adjacent or given side : : rad : 
cot faypol^enusal z . 

Which hypothenusal Z is greater than 90^ whea 
die given i^de andzare like; but less than 90° 
whca they «re unlike. 



« 

* 
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EXAMPLES. 

1. In the quadrantal spherical triangle a bc, having 
given the side a c 63^ 58', and its adjacent angle a 
48'' 5i; to find the rest. 

BY CONSTRUCTION. 
A. 




1 . Describe the circle a 6 a b with the chord of 
60'^, and draw the diameters a a, b 6, at right angles 
to each other. 

2. Set off Ail, A {/, each way, with the chord of a c 
(63** 58'), and take o n equal to the semitangent of 
the complement of that arc (26® 2'), and o r equal to 
the semitangent of the complement of z a (47^ 9^)* 

3. Through the points cf, n^d, and a, r, ff, describe 
circles cutting each other in c ; then if a circle be 
described through the points J, c, b, the triangle 
ABC will be the one required. 

To measure the required parts. 

1 . Set off the semitangent of the z a (42® 5 1') from 
o to p ; also take- o m, on the same scale, and set off 
its complement from o to p. 

2. Through the points c, p, and c, p, draw the lines 
c e and s cf\ then b s, taken on the scale of chords, 
gives B c 48® 47' ; ej\ on the same scale, gives L c 
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25" 19*, (or 154° 41' 13"); and the complement of 
the degrees in o m, taken on the semitangents, gives 

/. » 54° 18'. 

BY CALCULATION. 

Rad, or sin ... 90° .... 10.0000000 
Sin A c ..... 63° 58' . . . 9^535369 

; Cos^A 42° 51' - - 9.8651849 

Cos B c 48° 47' 48" 9-8187218 

Which side is less than 90°, being like its opp. Z. a. 

(A): Cot A c .... . 63° 58' . - . 9-6888227 

: Sinz. A ..... 42° 51' . - . 9.8325609 

: : Rad, or sin - . - 90° .... lO.OOOOOOp 

: TanzB .... 54° 18' 47" 10.1437382 

Which / is acute, being like its opposite side a c. 

Tanz.A ..... 42°51' . . 9'9673759 

Cos A c .... 63° 58' . . 9.6423596 

: Had, or sin - - 90° - - - - 10.0000000 

Cotzc 154° 41' 13" 9.6749837 

Which z. is obtuse, because a c and z. a are like. 

INSTKUMEN TALLY. 

L Extend the compasses from 90*" to 63^ 58' (a c) 
on the sines, and that extent will reach, on the same 
line, from 47^ 49' (comp^ of z a) to 41'' 13', the 
complement of b c. 

2. Extend from 90"* to 42'' 51' ( z a) on the sines, 
and this extent will reach, on the tangents, from 63° 
58' (a c) to 54'' 18', LB. 

(h) The two last of these analogies, by proper substitutions, 

. rrad : sin A::t«nAC:tanB> ,. , ^, j^j 

become| ^^^ . cos a c : : cot a : cot c / ^*^*^^ *'^ those adapted 

to the use of the instrument. 
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S. Extend from pO"* to 26^ i! (com|)!. of a c) on fte 
^ines, and this extant will readi on the tangents, fiMH 
47"* 9' (comp*. of z a) to 25"* 19', the comp'. 6fc. 

2. In the quadrantal spherical triangle a b c» 

AdsJ ZBll5^33'-46^ 
flequired the other parts. -( Z c lOfi"* 33' 18" 

9. In the quadrantal spherical triangle- a b c, 

^ ^ f The side Bc 59*" 16' ( a c 136^ 13' 3" 

^^^ lTheadj\ZBl47^ 8'Ans.^ZA 42^23^20" 

Required the other parts. v^^ 5 1*^39' 27^ 



n^»^r. (The side AC 112^2/ 
uiven |Theadj^ZAl2(f 15' 



CASE III. 

Wheh the hypothenusal angle md either- tyf the 
otiber angles are given, to ^nd the rest. 

1. Tojifid the side opposite to the given L . 
As sin h}^'. L : rad : : sin given L : sin opposite or 
required side. 

Which side is like its opposite L . 

S. To find the side adjacent to the given ^ . 

As rad : cot hyp', l : tan given z : : cos adjacent 
br required side. 

Which side is greater than 90° when the given z • 
are like ; but less than 90° when they are unlike. 

3. To find the remaining z • 
As cos given z : rad : : cos hyp*, z : cos rdmstining 

or required z . 
Which z is obtuse wh^i the given z * are like ; but 

acute when they are unlike. 
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1. I^ the quadrantal spherical triangk a b c, 
havlti^ the angk a 42^ 51', and the hyp', angle c 
1 15"^ 19^ to find the rest. 

• BY CONSTBUCTION* 




K Deserve the circle Avad with the chord of 
60^, and draw the diameters xa^nd^ at right angles 
to each Other. 

d. Set off o B equal to the semitangent of the 
complement of L a (47® 9') and through the points 
A, B, Oy describe a 'circle. 

3. From o, b with the tangesrt and secant ^f z c 
(115° 19' or 64° 41') describe arcs cutting each othtt 
in o 5 then from the point o, as a centre, witJi Hic 
radius o r, describe the circle c«r, and a b^c wIR' 

« 

be the triangle required. 

To measure the required parts. 

1 . In o (> set off o p equal to the ^ semitangent of 
L c (115° 19' or 64° 41'), and through j&, b, draw the 
line r s, cutting the circle in r and s. 

2. Then r d, taken on the scale of chords, gives Z b 
54° 19'; c Si on the same scale, ginses c b48° 47'^ and 
A c is 63° 56'. 



g^ 
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BT CALCULATION. 

Sin/ c 115* 19' - - - 9.9561483 

Rad, or sin - - 90° - - - - lO.OOOOOOQ 

: Sinz A 42° 51' - - 9.8325609 

Sin B c 48° 47' 36" 9.8764126 

Which side is less than 90°, being like its opp. c a. 
Rad, or sin - - 90° - - - - - 10.0000000 
Tan/ A - - - - 42° 51' - - - 9-9673759 
: Cotzc - - - - - 115° 19' - - - 9.6749105 

Cos AC 63° 58' \T 9.6422864 (0 

Which side is less than 90°, because the /. ' a and 
c are unlike. 

Cos /.A 42° 51' - - 9.8651849 

Rad, or sin - - 90° .... 10.0000000 
: Coszc .... 115° 19' - - 9.6310589 
Co&ZB - - - - 54° 19' 8" - 9.7658740 
Which L is acute, because the given z ' are unlike. 

INSTRUM ENTALL Y. 

1 . Extend the compasses from 47° 9' (comp*. of 
Lk) to PP"" on the sines, and this extent will reach, 
oil the same line, from 25° 19' (comp\ of ^e) to 
35° 41', the complement of z b. 

2. Extend from Q^M\l c) to 90° on the sines, 
and this extent will reach, on the same line, from 
42° 5 1' ( z. a) to 48° 47', the ^ide b c. 

3. Extend from 64° 41' (z c) to 42° 51' (z a) on 
the tangents, and this extent will reach, on the sines, 
from 90° to 26° 2', the complement of ac. 



«j  



(») This analogy may be converted, as before, into tan c : tan 
A : : rad : COS A c for the instrumental computation; • - 
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2. In the quadrantal spherical triangle a b c, 

^ . ,^„ i The hyp'. / c 102^ 9' f Z. b IIP"* 3 1'29" 

Oiven jxhe/l - - 115M7'Ans.^ bc112^20'35'^ 

Required the other parts. i a c 1 17^ o 59 

3. In the quadrantal spherical triangle a b c, 

rNv^,, I The hyp', ^c 102^ 5' ( z. a 67^14' 5" 

«iven IxheZB .. sr 15' AnU bc 70^ 33' 36" 

Required the other parts. (. ^ ^ Sg"" 19' 38" 

CASE IV. 

When the hypothenusal angle and a side are given, 
to find the rest. 

1. Tojind the L opposite that side. 
As rad : sin hyp\ z. : : sin given side : sin opposite 
or required /: • 

Which jL is like its opp. side. 

2. 'Tojind the i adjacent given side. 
As cot h)^'. / : rad : : cos given side : tan its adj*. / . 
Which / is obtuse when its adjacent side and the 
iiyp*. / are like ; but acute when they are unlike. 

3. Tojind the other side. 
As cot given side : rad : : cos hyp\ / : cot other side. 
Which side is greater than 90% when the other 
ftide and the hyp*. L are like ; but less than 90*^ when 
tHey are unlike. 

EXAMPLES. 

!• In the quadrantal spherical triangle a bc, having 
AC 63^58', and the hypothenusal iic 115'' 19', to 
find the restu 
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BT CONSTRUCTION. 




1 . Describe the cirole knad witb ike cJbor d of 60^, 
and draw the diameters Ae7,D^,at right jL ' toeachother. 

2. Set off A c (63^ 3*') from a scale of chords, and 
draw the diameter c c, und another £^, at right angles 
to it. 

3. Take o n equal to the semitangent of the com- 
^^mnent of the Z c (3$^ 19')# and through tfa^ points 
c, n, Ct describe a circle, cutting the diameter n^ in b. 

4. Then if a circle be deiacribed through the points 
A, B, flf, the triangle a 3 c will be the one required. 

TJo measure the required parjs. 
h Make ojt> equal to the semitangent of the angle 
c (115"* 19' or 64"* 41'), and through p, b, dr^w titie 
line r s^ cutting the circle in r and s. 

5. Then o b, taken on the semitangents, and sub- 
tracted from 90^ gives z a 42® 51'; rD^ on the chords, 
gives /.B 54® 18'; and c^, on the same scale, gives 
cb48®4/. 

by construction. 
Rad, or sin - - - 90° - - - - 10.0000000 

SinZLc 115° 19* - - 9'966l49S 

: Sin A c 63° 58' - - 5^9535369 

Sinz-B 54° 18' 56" g-QOQS^ift 

Wliich jL is acute, being like its opposite side Ac. 
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Cotzc .  - - . 115° 19' - - 9.6749105 

Rad, or sm - - - 90" .... . 10.0000000 

: Cos A c .. - . - 63* 58^ * . . 9.6483596 

Tanz A 42° 51' tT' 9-9674491 

Which /i is acute, because a c and z. a are unlike. 
Cot A c - - - - - 63* 58' - - - 9.6888227 

Cos AC 115° 19* - - - 9.6310589 

: Rad, or »n - - - 90° .... 10.0000000 
Cos BC .... 48° 47' 57" 9.94g236li (*) 
Which side is less than 90% because a c and z. c are 

INSTaUMBNTALLY. 

1. Extend the eompasaes from 9(f to 64° 41' ( i. c) 
on the sines, and this exteht will reach, on the same 
Hud, from 63° 58' (a c) to 54° 18', the /L b. 

i. Extend from 90° to 26° 2' (comp'. of a c) on 
the sines, and that extent will reach, on the tangents, 
from 64° 4 1' ( Z. c) to 42° 5 1', the z. a. 

3. Extend from 90° to 25° 19' (comp'. of z c) <m 
the sines, and this extent will reach, on the tangents, 
from 63° 58' (a c) to 41° 13', the comp*. of b c. 

2. In the quadrantal spherical triangle a b c, 

nu^r. fT*e 8ideAcll4°l/ ( bc115° O'SS" 

^**^° X The hyp'. Z c 102° 9' Ans..J z. b1 16^59' 15* 

Required the other parts. C ^ a 1 17° 37' 58" 

(k) Hiese two analogies are easily converted into the following : 
rad : cos a c : : tan C : tan a 

rad : cos il C : : tan A O : cdt B C9 
which are those used for the bstruiQ^ntal CQmpiitatioD. 



S.^ In the quadrantal spherical triangle a b c> 

p;„„ JThesideBc 79''23' rAc41''32' 6" 

uiven -jThehyp'./.cIOaMa'AmJ z:b40°23'44' 



{AC 



Required the other parta. (. ^ * '^^° ^^' *" 

CASE V. 
When the two Bides are given, to find the rest. 

1 . To find either of the other L '. 
As sin either side : rad : : cos other side : cos op* 
posite or required /.. 

Which ^ is like its opposite side, 
a. Tojind the hypothenusai/.. 
As rad : cot either side : : cot other side : cos hyp'. / . 
Which/ is obtuse when the given sides are like; 
but acute when they are unlike. 

EXAMPLES. 

1. In the quadrantal spherical triangle abc, having 
the side a c 63° ^8', and the side b c 48° 48', to find 
the rest. 

BT CONSTEUCTION. 



1 . Describe a circle with the chord of 60°, and draw 
tJie diameters a a, od, at right angles to each other. 

2. Take a c equal to the chord of 63° 58', and'set 
offc J, c b, each way, with the chord of 48° 48' (c a), 

3. Make o n equal to the aemitangent of the com- 
plement of c B (41" is'), Mid through the points b, «, 
bf describe a circle, cutting d </ in b. 



1*27 

4. Draw the diameter c r, and through the points 
c, B, Cy describe a circle, and through aba another; 
then ABC, will be the triangle required. 

To measure the required parts. 

1. Draw the diameter £ e perpendicular to c c; and 
having taken o m^ in degrees, on the semitangents, 
set off its complement from o to p. 

2. Through^, b, draw BjDr, cutting the circle in Vy 
then r d, on the chords, gives z b 54® 18'; o b, taken 
on the semitangents, and subtracted from 90% gives 
L a42® 51'; and o w, taken on the same line, and then 
subtracted from 90"*, gives L c 64"* 42' or 115'' 18'. 

by calculation. 

Sin b c 48® 48' - - - 9.8764574 

Rad, or sin . . . 90® ... - 10.0000000 

: Cos A c . . . - - 63® 58' - - 9.6423596 

CosZB . -'- . 54® 18' 58" 9.7659022 

Which L is acute, being like its opposite side a c. 

Sin AC - ^ . . . 63® 58' - - - 9*9SS5^69 

Rad, or sin - - . 90® .... 10.0000000 

: Cos B c 48® 48' . . . 9.8186807 

CosZA 42® 51' 21" 9.8651438 

Which z. is acute, being like its opposite side b c. 
Rad, or sin . . . 90® - - - . lO.OOQOOOO 

Cot A c 63® 58'.. . . 9.6888237 

: Cot B c 48® 48' . . . 9.9422233 

Coszc ..... 115® 18' 57" 9.6310460 (0 

Which L is obtuse, because a c and b c are like. 



(/) This analogy becomes tan a c : cot a c : : rad : cos c for 
the iDSirumeDtal computation. 
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IN8TRUMENTALLT. 

1. Extend the compasses from 69^ 58' (a'c) to 41'* 
12' (comp^ of B c) on the tangents, and that extent 
will reach, on the sines, from 90° to 25® 18', the 
complement of /. c* 

2. Extend from 48"^ 48' to 90'' on the sines, and 
that extent will reach^ on the same linei, from 36® 2' 
(comp^ of A c) to 35® 4S'9 the complement of /. b. 

3* Extend from 63® 58' (a c) to 90® on the sines, 
and that extent will reach, on the same line, from 4t® 
m' (coinp*. of B c) to 47^ 9', the complement of 4 a. 

2. In the quadrantal sphedcal triangle a b o, 

Y^. „ f The side A c 109Ma' ( Lc 98® 11' 26" 

uiven I ^jj^ g. j^ g^ J jgo j^. ^j^g 1 ^ B 1 iQO 48' 48" 



Requirad the other parts* (, Z. a 1 13 38 lo 
3. In the quadrantal spherical triangle a B c, 

rur^ i^he side ac 145® 17' { /.o 77® 5' 21" 

uiven IxheaideBc 81® 12' AnsJ ^^ 146® 16' 51" 

aequiwd the other parts.' ( ^ ^ 74® 25^ 4" 

CASE VI. 
When the two angles are given, to find the rest. 

1. Tojind either of the two sides. 

As tan either given L * : rad : : sin other C : cot its 
adjacent side. 

Which side is like its opposite angle. 

2. Tojind the kypothenusal angie^ 

As rad : cos eith. giv. z. ' : : cos other z : cos hjf\ L . 
Which hyp*. L i3 obtuse when the given i ' are HJfe ; 
but acute when they are unlike. 
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BXAMPLES* 

h In the quadrantal spherical triangle a b c, 
hwmg the angle a 4S^ 51', and the angle b 54^ 19'» 
to find the rest* 

BT CONSTRUCTION. 




1. Describe a circle with the chord of 60% and draw 
the diameters a a, b b at right angles to each other. 

2. Set offom equal to the semitangent of the com- 
plement of z. A (47"* 9')> and through the ppints a, m, a 
describe a circle. 

5. Set off o n equal to the selnitangent of the com- 
plement ofZB (35'' 41'), and through the points 
b^ fif B describe a circle, cutting the former in c ; 
then ABC will be the triangle required. 

To measure the required parts. 
Set off o p, o pf equal to the semitangents of the 

Z. * A and Bf and through the point c draw the lin^s 
ers^dfs: then rs^ on the chords^ gives Z.C 115** 

19'; A e, on the same line, gives a c 63° 58'j and b^^ 
givels' B c 48'' 4/. 

BY calculation. 

Ttmr^jL 42^ 51' . - 9.9673759 

Rad, or sfai - - . 90** .... 10.0000000 

t SinZB . 54° 19' - - 9.909S915 

Cot B c 48° 47' 39" 9-94»8156 

Which side is acute, being like its opposite z a. 
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Tan Z. B 54° 19' - - - 10.1437958 

Rid, or sin ... 90° 10*0000000 

: Sin Z A ... - 42° 51' - . - 9-8325609 

Cot AC 63° 58' 11" - 9.6887651 

Which side is acute, being like its opposite L B. 

Rad, or sin ... 90° - -' lO.OOOOOOO 

Cos Z A 42° 51' . . -• 9.8651849 

: Cos Z B 54° 19' - - - 9-7658957 

Cos z. c . . . . 115° 19' 4" - 9.6310806 ('»> 

Which L is obtuse, because the Z. ' a and p are like. 

INStRUMENTALLY. 

1. Extend the compasses from S^ 19' ( ^ ^) *^ 9^"* 
on the sines, and this extent will reach, on the tan- 
gents, from 42° 51' ( z: a) to 48° 4/, the side b c. 

2. Extend from 42° 51' ( Z. a) to 90° on the sines, 
and this extent will reach, on the tangents, from 
54° 19' ( I b) to 63° 58', the side a c. 

3. Extend from 90° to 47° 9' (comp*. of z a) on 
the sines, and this extent will reach, on the same line, 
from 35° 41' (comp*. of L b) to 25° 19', the comple- 
ment of z. c. 

2, In the quadrantal spherical trfangle a b c, \ 

^. CThe Z. A 82° 19' Tbc 82° 38' T 

triven I The /I B 73° 21' Ans.-J a c 73° 29' 29'' 

Required the other parts. , ( Z. c 92° 1 1' 43" 



j(m) The first two of these analogies are convertible into the 

*. 11 . r sin B : rad : : tan a : tan b c > c- ^^.^ :^.^., 

foUow.0g ones : { «{„ ^ . ^d : : tan B : taa a c } f®' "^^ "°'*"- 

mwBtal aoluUen. 
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3. In the quadrantal spherical triangle a b c, 

niNr.r. 5 The z A 104° 19' Tb c 96° 30' 27" 

ijiven l^j^^ ^ ^ j^^o 27. ^^g J ^ ^ j^go 43. jj. 



Required the other parts. ( Z c 102° 46' 47" 

OBLIQUE-ANGLED SPHERICAL TRIANGLES. 

The different cases, or varieties, that may happen 
in the solution of oblique-angled spherical triangles, 
where any three things are given to find a fourth, are, 
in all, twelve ; but, by restricting them to such as de- 
pend upon the same principles^ they may be reduced 
to six. And if a perpendicular be drawn from one of 
the angles to the opposite side, each of these cases, 
except the two where the three sides or the three an- 
gles are given, may be resolved by means of the rules 
already proposed for right-angled spherical triangles. 

Or, all the cases of oblique-angled spherical triangles 
may be resolved, without drawing a perpendicular, by 
means of one or the other of the four following the- 
orems ; which are better adapted to practice, and more 
easily retained in the memory, than the various parti- 
culars which must be attended to in the former me-* 
thod, with respect to the falling of the perpendicular, 
and the species of the different parts of the triangle. 

I. 
Sin either side : sin its opp. /__ : : sin any other 
side : sin ite opp. z ; and conversely. 

II. 

Sin;) . *ii^l 

or \\ sum any two sides : or \\ their diff. : : cot 

Cos J cos J 

c\ diff. 
\ included t • tan J or other two z'* 

\\ sum 

K S 
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III. 
or >-^ sum any two 21 • : <>' f ^ their diff. : : tan i 



Cos 



cos/ 




(i diff. 
included side : tan-< or other two sides. 

ll^sUm 

IV. 

: Rect. sinies of any two sides < . / • i * '*^** 

sin i sum S sides x sin diff. this i sum and 9d side 

or 
cos ^ sum S z. ' X cos diff. this i sum and Sd C 

: cos« i included A {or sin* i included sidej-^ 

To which rules it is proper to add, that in tibe S4 
^d 3d cases, the terms of the proportion may be ta^^ 
either directly, inversely, or alternately; and that^ m 
the 4th case, the first four terms of the two analog^esn 
contained in the rule, are to be used for findix^ 9A 
angle, and the four latter for finding a side. 

It may here also be observed, that the six casfitS; of 
oblique-angled spherical, triangles, alreadymqi\tioii^fldt. 
are as follows : 

"" i 



Given 



Two sides and m/- opp. to one of th§m 
Two z • and a side opp. to one of them 
Two sides and their included z 
Two z • and their included side 
The three sides 
The three angles 



0> 



^5 

o 



CASE!. 
When two sides and an angle opposite to one of 
them are given, to find the rest. 



i 
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1. Tojind the other opposite angle. 

As sin side opp. given z : sin that /. : : sin other 
^ven side : sin its opposite z. . 

Which z. is either an acute z. or its supplementy 
^cording as it makes the greater side opposite the 
greater angle. And if each of them agree with this 
rule, the triangle is ambiguous, or admits of two 
different solutions. 

2. Tojind the angle contained by the given sides. 

Find the z opp. the other given side, by rule i, 
and note whether it be ambiguous or not. 

Then, sin ^ dif. two given sides : sin ^ their sum 
: : tan ^ dif. their opp. z * : cot ^ incliio. z . 

Which ^ Z is always acute \ and if the angle found 
by rule i. be ambiguous, the required angle will be 
ambiguous, otherwise npt. 

3. Tojind the third side. 

Rrid the angle opp. the other given side, by rule i, 
and note whether it be ambiguous or not. 

Then, sin ^ dif. these z • : sin |^ their sum : : tan 
J dif. given sides : tan ^ remaining side. 

Which J sidfe is always less than 90^ ; and if the 
angle found by rule i. be ambiguous, the required 
side will be ambiguous, otherwise not. 

EXAMPLES. 

1. In the oblique-angled spherical triangle a b c, 
having the side a b 68^ S7Vthe side a c 62^ 40'^ and 
the angle B 5 T 2S', to find llie rest. 
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BY CONSTRUCTION. 




sv 

1 . Describe a circle with the chord of* 60°, and draw 
the diameters a tf, d rf at right angles to each other. 

2. Set off the side a b (68° 37') from a to b, by the 
scale of chords, and draw the diameter b J, and an- 
other E e, at right angles to it. 

3. Take o n equal to the semitangent of the com- 
plement of ^ B (38° 32')> and through the points 
B, w, J describe a circle. 

4. Set off the side a c (62° 40'), by a scale of chords, 
from A each way, to A, h ; and make o m equal to the 
semitangent of the complement of a c (27° 20'). 

5. Through the points //, tw, h d.escribe a circle, cut- 
ting the former b n 6 in c ; then, if a circle be de- 
scribed through tlie points a, c, a, the triangle a b c, 
or A B c, will be the one required, each having the 
sjjme data \ which shows the case to be ambiguous. 

To measure the required parts ^ 
. 1. Take ov in degrees, on the semitangents, and 
set off its complement from o to p ; also take op 
equal to the semitangent of z. b (51° 28'). 

2. Through the points c^ p and c, p draw the lines 
€ r, and s^ cutting the circle in r, s, and / ; then r s, 
on the chords, gives the z, c 55° 4' ; o v, taken on the 
line of semitangents, and then added to 90°, gives /lk 
138° 4' J and b /, on the chords, gives b c 105° 45'* 
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And if the triangle a b c had been taken, the angle 
B A c would have been found S" 44', single b a c 24° 
3&., and b c 9" 55'. 

BT CALCULATION. 

: Sin A c -.*.-- 62° 40' - - - 9.9485842 

0.0514158 

Sin z B 51° 28' - - - 9.893343S 

: Sin A B ..... 68° 3/ - - - 9.9690252 
Sin z c 55" a! 45", or 124° 55' 15" 9-9137843 

: Sin ±1^12. 2» 58' 30" . . 8.7151692 

».. .^ 1.2848308 

: Sin -^' + ^^ . • ^65° 38' 30" . - 9-9595107 

: : Tan -"^ 1° 48' 22" . - 8.4987656 



^ot—— • - . 

2 


- . - 61° 2' 12" . . 9.7431071 




2 




122° 4' .24" z A 



And had z c 124° 5^ 15" been taken, the result, by 
the same method, would have given z a, or b ac, 8°44'. 

: Sin^.^ .... 1°48'22" . . 8.4985498 

c4.„ 1.5014502 

Sin ^ .... 53° 16' 22" . - 9-9038989 

: Tan tlSltl . . 2° 58' 30'^ . . 8,7857549 

Tan ~ 52° 53' 13" - - 10.1211040 

2 '■ 



105° 46' 26 " B C. 

And had z. c 124° 55* 15" been taken in this case, 
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the result^ by the same method, would have g^yen 

B c 9"" 55' 44" (n), 

INSTRUMENTALLY. 

1. Extend the compasses from 62° 40' (a c)to 
51® 88' ( z b) on the sines, and this extent will reach, 
on the same line, from 68° 37' (a b) to 55° 4' L c. 

8. »xtcndfrom2°58'(^^!^^)to65^ 
on the sines, and this extent will reach, on the tangents, 
from 1°48' (^^) to 28° 58', the comp'. of ^-z. a. 

3, Extend from 1° 48' (^) to SS"" l& (^) on 
the sines, and this extent will reach, on the tangents, 
from 2° 58' (^-^^^) to 52° 53', which is i side b c. 

• ' ' 

2. In the oblique-angled spherical triangle a b c, 

•(■The side a b 56° 19' ( b c 87* 3* 52" 

Given -J The side a c 114° 12' Ans.-] z c 50° 48' 39" 

,lThez.B - - 121° 50' (.Z A 68° 28' 7" 

Required the other parts. 

S. In the oblique-angled spherical trian^e a b c, 

{The side A c 62° 27' ( ab 116°47'22'' 

The side b c 73° 19' Ans.-] z b 46° 11 '32" 
Thez A - - 51° 14' i Z c 133°23'^tf' 

Required the other parts. 

(n) Tbm example afforcb an opportunity ef remarking, that the 
angle first found, or that opposite the other given side, in this 
case, 1b always either an acute angle or its supplement ; but it is 
evident, both from the construction and calculation, that this may 
not be the case with respect to the remaining side, or the remain* 
ing angle ; for the two values of ^ a are 122^ 4* 22" and 8^ 44', and 
of B c 105^ 46^ 26" and 9° 55' 44% which are not supplemenU of 
«ach other. 
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4. In the oblique-angled q)herical triangle a b c, 

fThe side a b 59" W f .a c43" 18' 36* 

Given ^ The side b c 48° 7' Ans.^ z. a 69" 50' 57" 

(Thezc - 87° 15' ( z. b 52° 48' 58" 

Required the other parts. 

CASE II. 

When two angles and a side opposite to one of 
them are given, to find the rest. 

1 . Tojind the other opposite side. 

As sin £ opp. given side : sin that side : : sin other 
given/. : sin its opposite side. 

Which side is an arc less than 90®, or its supple- 
ment, according as it makes the greater side opposite 
the greater angle. ' 

And if each of them agree with this rule, the tri- 
angle is ambiguous, or admits of two different solutions. 

2. Tojind the side included hy the given L *• 

Find the side opp. the other given angle,, by rule i, 
and note whether it be ambiguous or not. 

Then, 

Sin \ dif. two given /,  : sin ^ their sum : : tan |: 
dif. their opposite sides : tan ^ included side. 

Which ^ side is always less than 90® j and if the 
side found by rule i. be ambiguous, the require 
side wiH be ambiguous, otherwise not^ 

3. Tojind the remaining angle. 
Find the side opp. the other given angjle, by rule r> 
and note whether; it be ambiguous or not. 
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Then, 
Sin ) dif. two given sides : sin } their sum : : tan 1* 
dif. their opposite z ' : dot J included Z . 
 Which i i. is always acute j and if the side, found 
by rule i, be ambiguous, the required angle wilJ be 
ambiguous, otherwise not. 

EXAMPLES. 

1. In the oblique-angled spherical triMigle abc, 
having the angle c 51° 38', the angle a 59° 27', and 
the side a b 6^° 5', to find the rest. 

BY COHSTRUCTION. 



1. Describe a circle with the chord of 60", and draw 
the diameters a o, i>d &t right angles to each other. 

2. Take o n equal to the semitangent of the 
complement of /_ a (30" 33')» and through the points 
A,n,a describe a circle. 

3. Set off A r, A r, each equal to a B (64" 5') from 
a scale of chords, and. having made o m equal to the 
semitangent of the complement of ab (25° 55'), de- 
scribe the circle t m r, cutting a b d in b. 

4. With the tangent of z. c (51° 38'), and o as a 
centre, describe an arc ; and with the secant of the 
same angle, and b as a centre, cross it in o. 

5. Frpm the centre c, with radius o b, describe the 
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circle A b c ; and a b c, or a b c', will be the triangle 
required, each having the same data ; which shows 
the qiiestion to be ambiguous. 

To measure the other parts. 

1 . Set off the semitangent of the comp*. of z a 
(,30° 33') from o to p, and draw b p s ; also, with the 
semitangent of z. c (51° 38'), and o as a centre, cross 
o in jp, and draw vp b c. 

2. Then s v^ taken on the scale of chords, and sub- 
tracted from 180°, gives z. a b c 132° 24'; c c, on the 
same scale, gives b c 81° 4' ; and a c is 122° 6'. 

And, if the triangle abc' had been taken, the angle 
A B c' would have been found 154° 33', the side b c' 
98° 55', and a c' 150° 28'. 

BY CALCULATION. 

: Sin/c -n.>. 51° 38' - - - 9.8943464 

0.1056536 
: Sin A B ..... . 64° 5' - . . 9-9539677 

: : Sin/ A 59"" 27' - - - 9^9^50969 

: Sin B c 81° 4' 56'' or 98° 55' 4" 9>9947 1 82 

Where it is to be observed, that, as each of these 
values of b c, agree with the rule, in making the 
greater side opposite to the greater _ , the a , in this 
case, is ambiguous. 

: . Sin-l^^ 30 54' go" . 8.8335321 



1.1664679 
Sin^.... 55° 32' 30" -9.9162106 

Tan^-^fl." .. 8° 29' 58" -9.1744700 



• • 

— 2 



<• 



AC 



Tan^ ..... 61°. 3' 1" 10.2571485 



2 



2 



122' & 2" AC 



14b . 

A«d had b c' (98' 55* 4") been taken, the result, 
hf ^t same method, would have given ac' I5(f 
28' 32". 

: Sin *°7'° 8* 29' 58" - 9.1696739 

0.8303261 
Sin ±i|-^ - . . -■ 72' 34' 58" - 9^1^\&9 

: Tan ^^ ..... 3° 54' 30" - 8.8345423 

Get 4^ ... 66° la* 1" - 9.6444858 

2 
132' 24' 2"ZA6c 

And had b c' (98" 5S 4") bfeen taken, the result, by 
the same method, in this case, would have ^yen 
Z A B c' 154° 33' 32" (o). 

INSTRUMENTALLT. 

1. £xtend the compasses from 51° 38' (z.c) to 
64° 5' (a b) on the sines, and this extent will reach, 
on the same line, from 6Q° 27* (/a) to 81° 4*, the 
«^e Be. 

2. Extend from 3° 54' (~) to 55" 32' (^) on 
the sines, and this extent will reach, on the tangtoits, 
from 8° 29' ( ^°^°^) id 61° 3', which is ^ a c. 



^imJhJ^-amM III  



(c^) Frott l3ii8 example it also appears that the side b c, first 
found, must be either an arc less than go^ (81° 4' 56") or its sup^ 
(gS^5tf O; t^ut th6 Iw6 values of the side Ac i^lUVS^' and 
IMP aa' 3^'>are both obtuse, as are, also^ the two values of /IB 
( 1 ^2f^ 14f S*" l»d 1 54** 33' 32") . 
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3. Extendfrom 8«29'(^— )to7«''94'(^-i±^) 
on the sines, and this extent will reach^ on the taur 
ge^ts, from S** 541 (~-^)ta23°4a',theeo!aBpl9llieiit 

of^ZB. 

2. In the oblique-angled spherical triangle abc, 

rThe z c Ag"" f r a b 55^ ^3'2i4 

Giv^n { Th^ Z. A - - - 124"^ 13' Ans.^ A c 85^ 58' 2r 

lUiesideBC 115** ff Iz.b65**36'58^ 

Required the other parts. 

3. In the oblique-angled spherical triangle a b c, 

rThe Z c - - 47** ig' f b c fia® l8'22"or ii«^4(r59^ 

G".-/TheZ A . - 51**^32' Ans.^ AC d;"* 2' 46' or 170^22' 32'' 

LThe «ide a b 56° 5/ II b 119** 29' 84" or 171^34' ST 

Required the other parts. 

CASE III. 

^ When two rides and their included angle are 
given, to find the rest. 

3% To find either of the other tpjo angles^ 

As cos ^ sum given sides : cos i th^ difi; : : eel 
^ their inclu^ z : tan ^ sum other twoz*. 

And, As sin ^ sum given sides : sin ^ their did; : : 
cot ^ their inclu**. z : tan J difl^. other two z V 

Then, if the ^ diff. of these two z ' be added to ^ 
their sum, it will give the Z oppw the greater sm^i $ 
and, if it be subtracted from the ^ sum,, it will give 
the angle opposite the less side. 

In which case, ^ the sum of the two z ' is like ^ 
the mun of their opposite sides, and ^ their difibrence 
is always les& than 90^ 



142 

2. To find the remaining ^ide. 
Find the two remaining angles by the first paxt of 
the rule. Then, 

Sin ^ difF, of these z ' : sin ^ their sum : : tan \ 
difF. their opp. sides : tan ^ remaining side. • 
- Which ^ side is always less than 90°. 

EXAMPLES. 

1. In the oblique-angled spherical triangle abc, 
having the side ab 76° 20', the side bc 119'' 17', 
and the included angle b 52° 5', to find the rest. 

by construction, 

A 




E oT^ 





1. Describe the circle Ai^ad with the chord of 
60°, and draw the diameters a j, d rf at right angles 
to each other. 

2. Set off A B (76° 20') from, a scale of chords, and 
draw the diameter b i, and another e e, at right 
angles to it. 

3. Make o n equal to the semitangent of the com- 
plement of z. B (37° 55'), and through the points 
B, w, b. describe a circle. 

4. Set off Z> s, bs each equal to the chord of thasup- 
plement of B c (60° 43'), and having made o r equal 
to the semitangent of the complement of the same arc, 
describe the circle s r 5, cutting the cirde b « i in c. 
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t 

5. Through the points a, c, a describe a circle ; 
and ABC will be the triangle required. 

» 

' To measure the required parts. 

1 . Take o >7i, o w, ia degrees on the line of semitan- 
gents, and set their complements from o to p and p ; 
and through the points c, p, c, />, drawthe lines u c^vtv. 

2. Then a w, measured on the scale of chords, 
gives A c 66° 5' ; u v, on the chords^ gives z c 
5G^ 58'; and o tw, taken on the semitangents, and 
added to 9P^ gives z. a 131° IQ'. . 

BY CALCULATION, 

: Cos^-^tlf .. 97<^48'30" -9.1330906 



0,866^94 
: Cos il^ . . 21° 28' 30" - 9-9687525 

: : Cot^ - . . . 26° 2' 30" 10.3110171 



Tan ^^^^±^85*' 55' 10" or 94*^4' 50" 11.1466790 



The latter of which 94° 4' 50" inuiSt be taken, to 
make the ^ sum of the z* agree with the ^.sum of 
their opposite sides. 



«• A B 4- BC 

Sin ^ 


97° 48' 30" - 9-99595^5 


o- AB /vrB 

Sm - - 

:Cot^..... 


0.0040455 
21° 28' 30" - 9.5635941 

26° 2' 30" 10.3110171- 

* 


2 


37° 5' 52" . 9.9,7^6567 


• * 


94" 4' 50" 
131° 10' 42" Z A 

56" 58' 58" L c 



V 
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V Sin ^*"^^'' - -ST* 5'59r ' - 9.7804447 

0.219555S 
: Sin A-i±-^ - - 94'* 4' 50" - - 9.9988977 



: : Tan^-^-^^^^ - - 21° 28' 30" - - 9.5948416 
: Tan— .... 53^ 2' 48" - - 9.8188946 

2 u_ 



66^ 5' 36" A c. 



INSTRUMElJTALLY. 

1. Extend the compasses from 7° 48' (comp\ of 

^il±^) to 68° 3sr (compt. of :^^^) on the sines, 

and this extent will reach, on the tangents, from 63° 58' 
(c0fllp^ of I^Z b) to 85° 55', the ^ sum of Z * a and c. 

S. Extend from 82" 1 1^' (supp'. of ^^^~^)to 21° 

28' \—-—^^ on the sines, and the same extient will 

reach, on the tangents, from 6S° 58' (comp*. of ^z b) 
to 37* 5', the 1^ diflf. of Z • A and c. 

3. Ejctendfrom 37° 5' ( ^ * ^ "^ *' )to94°4'(^^^^?±^) 
on dte sines, xuid this extent will reach, on the tan- 
gents, from 2 L° 28' ( *'2""' ) *« 33° 2', the |- of a c. 



d. In the oblique-angled sphericsd triangle a b c, 

{The side A B 59° 13'' c'z.a 62° 8*52" 
The side b c 81° 1/ Ans.4 /. c 50° 12'58" 
The inc*. Z. B> 125° 36* I a cl 14° 37' 54" 

Required the other parts. 
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3. In the oblique-angled spherical triangle a b c, 

{ThesideABl09M9' fzc 108^44' l" 

The side b c 78'' 14' Ans. •] z a 79'' 14' 37" 
Theinc^zB 91"* 9' Iac 94^56' 

Required the other. parts. 

CASj; IV. 
When two angles and their included side are 
given, to find the rest 

1 . To find either of the other two sides. 
As cos ^ sum given z * : cos ^ their diff. : : tan \ 
included side : tan ^ sum other two sides. 

And, 

As sin i^ sum given z. " : sin J their diff. : : tan J 
included side : tsTn i diff. other two sides. 

And if i^ the diff. of the sides be added tp ^ thfeir 
sum, it will give the side opposite the greater Z ; 
arid, if it be subtracted from |^ the sum, it will give 
the side opposite the less L. 

In which case,' ^ the sum of the two sides is like ^ 
the sum of their opposite L *, and ^ their diff. is less 
than 90"". 

2. To find the remaining angle. 
Knd the two remaining sides by the former part 
of the rule. 

Then, 
Sin ^ diff. the^e sides : sin ^ their sum : : tan ^ 
diff. given z " : cot ^ remaining z . 

Which ^ Z is always less than 90®. 



I 
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EXAMPLES* 

1. In the oblique-angled spherical triangle a b e, 
having the angle a 1 30*^ 5&, the angle b 5£** 5\ and 
the included side a b 76° 48', to find the rest. 

BY COJJSTRUCTION. 
A 




1 . Describe the circle ad ad with the chord <rf6(f , 
and draw the diameters a a, d c/, at right angles to 
each other. 

V 2. Set off A B (76® 48') from a scale of chords, and 
draw the diameter b b, and another e e at right an- 
gles to it. 

3. Make o n equal tp the semitangent of , the com- 
jplement of the z b (37*^ 55'), and through the points 
B, », b describe a circle. 

4. Also, make o m equal to the semitangent of 40^ 
5& (the excess of z. a above 90°) ; and through the 
points A^ m, a describe a circle, cutting the former 
in c ; and a b c will be the triangle required. 

To measure the required parts^ 
1. Set off the semitangent of 52® 5' (z b) from 
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o top, and the semitangent of 49"^ 4' (sup^ of z. a) 
from o to p. 

2. Through the points p, c and p, c draw the lines 
rs^av : then a j, on the chords, gives a c GS"^ 4A' j 
B V, on the same line, gives b c 119*^ 1 T j and r a is 
57^ 24', the z c. 



BY CALCULATION. 




Co8^-^ii-2 . . 91° 30' 30" . 


- 8.4203245 


Cos ^^SI . , 390 35' so" . 


1 15796755 
- 9.8878741 


: Tan ^ 38° 24' 


- 9.8990487 


Tan *^ + ^^ 87" 32' 1 /' or 92" a/ 43 " 
2 


11.3665963 



The latter of which 92° 2/ 43" must be taken, to 
make the ^ sum of the sides agree with the i sum of 
their opposite angles. 



SinA±±^ 

2 


- . 91° 30' 30" - - 9.999S495 


g-^ZA^ZB 
2 


0.0001505 
- - 39° 25' 30" - - 9.8028200 


: Tan -— ... 

2 


- - 38° 24' . . 9.8990487 


^^^AC^CB 
2 


- -26° 43' 34" . . 9.7020198 
92° 2/ 43" 


'/ 


119°U'17"bc 


s ' 


65° 44' 9" AC. 



1.2 
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Sin ll2l££ . . : 26^ 43' 34" - - 9.6529480 

0.3470320 
Sin il±-15 ... 92° 27' 43" - - 9.9995989 

: Tan iil^L'Li. . 39° 25' 30" - - 9-9149459 

* ^ 



Cot V - - 

2 


... 38° 42' 6" . 10.2615968 




2 


- 


57° 24' 12" Z. c. 



IN8TRUMEKTALLY. 

1; Extend the compasses from 1** 30' (comp^ of 
^— -^) to 50^ 35' (comp^ of ^-^) on the sines, and 
this extent will reach, on the tangents, from 38° 24' 
(f^) to 87° 32', which is 11±-1?; 

2., Extend from 88° 30' (sup', of ^4"^) to 39° 25' 

(—-—) on the sines, and this extent will reach, on the 
tangents, from 38° 24' (^) to 26°43', which is ^^~^. 

3. Extend from 26° 43' (^^^) to 2° 27' (comp'. 
^ ^c + cB \ ^^ ^j^^ sines, and the same extent will reach, 

on the tangents, from 39° 25' (j=~-^^ to 61° 18', 

/ C 

the complement of 



2 



S. In the oblique-angled spherical triangle a b c, 

( The Z. A - - - 71^ 18' f B c 80^ 15' 27" 

G".^ The Z B 130^ 15' Ans.^ a c 127* 25' 31" 

(Theinc^sideAB 82^ 9' ( zc 72'' 11' 16" 

Required the other parts. 



149 

3. In the oblique-angled spherical triangle a b c, 

{Thez.A ---110°l6' ( Ls SS^Sl'SS" 

Thezc .-- 56°22' Ans.-^ AB 56"32' 6" 
TheinC'.sideAC 95''36' (bc 109°57'42'' 

Required the other parts. ^ 

CASE V. 
When the three sides are given, to find either of 
the angles. 

As reel, sines of any two sides ; sin ^ sum of the 
three sides x sin difil this ^ sum and 3d side : : rad* 
: cos' ^ their included z. . , 

Which ^ z, is always acute. 
Or the same theorem may be expressed logarithmi- 
cally thus: — Add together the logarithmic sines of 
. the two sides about the required z. , and find the com- 
plement of their sum, by subtracting the index from 
19, and the other figures from 9, as usual. Then, to 
this complehient add the log sine of ^.the sum of the 
three sides, and the log sine of the diff. of this ^ sum 
and the third side, and the result, divided by 2, will 
give the log. -cos. of jj- the Z. sought.' 

EXAMPLES. 

1. In 'the oblique-angled spherical triangle a bc, 
having a ji 79° 5&, b c 1 19' Sff, and c a 64° 6', to 
^nd the angles. 

BY CONSTBUCTIOH. 
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1 . Describe a circle with the chord of 60^, and draw 
the diameters ao^ jyd at right angles to each other. 

2. Set off A c (64^ 5') from a scale of chords, and 
draw the diameter c c, and another e e at right an- 
gles* to it. 

3. Set off the side a b (79° 5&) by a scale of chords, 
each way from a to r ; also make o m equal to the 
semitangent of the complement of a b (10^ 4') ; and 
through the points r, rrif r describe a circle. 

4. Set off the supplement of c b (60° 24') by a scale 
of chords, each way fromc to s ; also make o n equal 
to the semitangent of the complement of c b (29° SS), 
and through the points s, m, s describe a circle, cut- 
ting the former in b. 

5. Through the point b draw the circles aba, and 
c B c, cutting D din Zy and e r in .r, and a b c will be 
the triangle required* 

To measure the angles. 

1. Take ox, in degrees, on the ^emitangents, and 
set off its complement from o to p ;, also take o ^, 
in the same way, and set off its complement from 
o to p. 

2. Through the points c, p, draw the line cp w j 
and through b, p and b, p draw b v and b ttr. 

3. Then vwy on the chords, gives z b 52"^ 18'} ct#, 
on the same line, gives z c 60*" I'j and oz^ taken 
on the line of semitangents, gives 40^ 5' for the ex- 
cess of z A above 90^ » 
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BY CALCULAtlON. 

AB - - - - 79° 5& 

B G . . . . 1 19° SS* 

CA - - - - 6^" 5' 
2l 263° 3/ 
131° 48' 30" - i sum 
64° 5' - 4C 
67° 43' 30" - i- sum— AC« 

Sin AB - 79° 56* - - - 9.9933621 

SmBc -.-... 119° 36' - -  9.9392671 

19.9325292 
0.0674708 

Sin i sum .131° 48' 30" - 9-8723772 

Sin (^ sum — a c) - 67° 43' 30" - 9.9663179 

2 119.9061659 
Cos J Z B .... 26° 9* 20" - 9.9530829 

2 

52° 18' 40 " Z B. 

131° 48' 30" - - ^ sum . 
79° se . . AB 

.51° 52' 30" - - i sum - A B. 

Sin B c 1 19° 36* 9.9392671 

Sin A c 64° 5' - - - 9-9539677 

9.8932348 

0.1067653 
Sin i sum - ... - 131° 48' 30" - 9.8723772 
Sin (J sum— A b). 51° 52' 30" - 9.8957902 

2 119.8749326 

Cos i Zc 30° 0' 53" - 9-9374663 

 2 

60° r 45" z C. 
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181° 48' 30" , .^sum 
1 19" 36' - - B c 

12° 12' 30" - - ^sum-BC 



Sin AC 64° 5' - - - . 9.9539677 

Sin A B 79» 56" - - - - 9.9932621 

i 

9.9472298 



0.0527702 
Sin ^ sum - - - - 131° 48' 30" - - 9.8723772 
Sin (^ sum — . b c) 12° 12' 30'! . . -9.3253425. 

2119.2503899 
Cos i z A ... 65° 2' 47" - - 9.6251949 

2 



130° 5' 34" Z. A. 

2. In the oblique-angled spherical triangle a b c, 

(■The side a b 59° 12' ( /. a 62° 39' 42" 

e\\ The side Bc 81° 17' Ans.4 z b 124° 50' 50" 

iThe side ac 114° 3' I Z c 50* 31' 42" 

Required the /L\ 

3. In the oblique-angled spherical triangle a b c, 

iThe side a B 112° 19' f Z a  62°. 29" 48" 

The side BC 85° 16" And.-] l b 42° 5S' 54" 
The side a c 49° 56' I Z c 124° 34' 40" 

Required the z '. 

4. In the oblique-angled spherical triangle a b c, 

(The side A B 73° 13' fZA 44° 18' 

Given <Th45ide b c 62° 42' Ans.-< z b 136° 40' 

CThe side a c 1 19° 5' C z c 48° 48' 

* 

Required the '/. \ 



153 

CASE VI. 
' When the three angles are given, to find either of 
" the sides. 

As rect. sines of any two l ' : cos ^ sum of the three 
z, ' X cos diff. this ^ sum and 3d z : : rad' : sin' J in- 
cluded side. - 

Which ^ side is always less than 90°. 
Or the same 'theorem may be expressed logarith- 
mically thus : 

-. Add together, the Ic^arithmic sines of die two<i ' 
adjacent to the required ,side, and find the comple- . 
ment of their sum by subtracting the index from 19, 
and the rest of the figures from 9> as usual. 

. Then to this complement add the log cosine of i 
the sum of the three z, ', and the log cosine of the diff. 
of this ^ sum and the 5d z. , and the result, divided 
by S, will give the log sine of ^ the side sought. 

EXAMPLES. 

1. In the oblique-angled spherical triangle abc, 
' having the L i 13!° 35', the z. b 63° SO', and the z c 
^9" 25', to iind the sides. 

BY CONSTRUCTION. 



1. Describe the circle ad ad with the chord of 
60°, and draw the_diameters A a, d (/, at right angles 

to each other. > ' . " 
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8. Make om equal to the semiUngent of 41^ 35' 
(the excess of Z. a above 90^) and through the points 
A, fw, a describe a circle. 

3. Set off op equal to the semitangent of the com- 
plement of the same arc (48® 25'), and draw ap b^ 
from which point p set off p a?, p w, each equal to the 

chord of z. c (59'' 25'). 
4« Draw a 22?', aw, cutting the diameter d 6? in s, s, 

and upon s s deserve a semicircle : also, from the 
point o, with the semitangent of z. b (68® 30') as ra- 
dius, describe an arc cutting the former in a?. 

5. Through the points .r, o, draw the diameter 
£ e, on which take o r equal to the semitangent of 
the compV of Z. b (26® 30'). 

6. Make b b perpendicular to b e, and through the 
ptcnnts B, Ty b describe a circle, cutting the circle 
Amain C'y and a b c will be the triangle required. 

To measure the sides. 

Draw p u through the points p c, and x v through 
*, c J then A o, taken on the chords, gives ac 80® l/j 
B u, on the same line, gives b c 124* 31'; and a b on 
the same line, is 71' 28'. 

by calculation. 

^A - - - - ISl^SS' 
£B - - - - 63° 30' 
Z.C 59" 25' 

2| 254° 30* 

127° 15' - - i sum 
59° 25' - - Z.C 

67^50' - . (i'sum— c). 



Ift5 

Sin/iA 131' S5' - - 9.87S8965 

Sin /I B -.■.-.. - 63° 30' - - 9.9517918 

9.8256877 

0.1743123 

Cos \ sum 127° 15' - - 9-7819664 

Cos (i sum ~ c) 67° 50' - - _%ST^m^ 

2| 19.5329679 
Sin J A B .... - 35° 44' 20" 9.7664839 

2 " ; — 

71° 2 8' 40" A B. . 

127° 15' f sum 

63° 30' - - . - z B 

63° 45' .... (1^ sum ~ b). 

Sinz.A 131° 35' - - 9-8738965 

Sinzc - - 59° 25' - - 9.9349477 

19-8088442 

0.1911558 

Cos \ sum 127° 15' - - 9-7819664 

Cos (i^ sum /w b) 63° 45' » - 9.6457058 

2 119.6188280 

Sin J A c ..... 40° 8' 58" 9-8094140 

2^ 

80° 17' S^' A c. 
. 131 35 . . . z. A 
127° 15' J sum 

4° 20' - - - (J sum ^ a). 

Sin /IB 63° 30' ... 9-9517912 

Sin.' c 59° 25' . . - 9.9349477 

9.8867389 

0.1132611 
Cos J sum .... 127° 15' - - - 9.7819664 
Cos (J sum ~ a) 4° 20' . - . 9.9987 567 

2 | 19.8939 842 

Sin J B c . 62° 1-5' 49" 9.946992T 

2_ 

124° 31' 39" BC. 
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S. In the oblique-angled spherical, triangle a b c, 

{Z A 71" 42' f A B 52" 50' 44" 

/I B 125° 37' Ans.-] b c 95" Sff 10" 

/ic 49" S2' (ac 12l"36'3r 

Required the sides. 

3. In the oblique-angled spherical triangle a b c, 

{Za 49° Iff (-AB 118° 38' 

Zb 63° 17' AusJbc 57" 45' 2" 

zc 128" 9' (a c 85" 31' 32" 

Required the sides. 

4. In the oblique-angled spherical triangle a bc, 

i-ZA 121^ Sri' rAB51^ 12' 21" 

, /. B 34° 33' Ans. ^ a c 40° Q& 45" 

. Z. c 42° 5/ (b c 77° 39^31" 

Required the sides. 

SOLUTIONS OF ALL THE CASES. OF RIGHT-ANGLED 

SPHERICAL TRIANGLES. 

A 




■S  . 



I. Given the hypothenuse and either of the oblique 
angles, to find the other oblique angle. 

RULE. 

As rad : cos hyp : : tan given z : cot rem*, or req**. Z. . 

Which Z is acute when the hjrp. and given z are 
like J but obtuse (or the supplement of the former) 
when they are unlike. ' 

Where it iato be observed, that this affection, as well 
as all the rest in the following tables, except in the 
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ambiguous cases, may be readily deduced from the 
algebraic formulae, by attendin jf to the signs of the 
quantities which compose them(j>). ' 

Or, 

% 

g^ . COS c tan b ^ cos c tan a 

Cot A == ; cot B = — r~^ — • 

L cot A = I- COS c + L tan b — 10; l cot b = l cos 
c + L tan A — 10. 

Note. In this,* and the two following cases, the * 
hyp. and given z may be each of any magnitude 
under 180°; but, if either of them be 90°, the re- 
quired L or leg will be 90°, or else indeterminate. 

When the hyp. is = given L , cot a will be = sin 
c, or sin b^ and cot b = sin c, or sin a j and when 
the sum of the hjrp. and given Z = 1 80% cot a will 
be = — sin c, or sin b j and cot b = — sin c, or sin A. 



II. Given the hypothenuse and either of the oblique 
angles, to find the leg adjacent to that angle. 

RULE. 

A« rad : tan hyp : : cos giv. l : tan adj^ or req**. leg. 
Which leg is less than 90° when the hyp. and given 
L are like j but greater than 90° (or the supplement 
of the former) when they are unlike./ 

(p) When a side or angle near 90^9 in these or any of the 
following caseSy is to be determined by its tangent, subtract the 
log tangent from 20, and it will give the log cotangent of the same 
arc; which can be found, by inspection, to seconds, in the first 
part of the common tables ; and if it should come out in a cotan- 
gent, the log tangent may be found, in like manner, by subtracting 
the log cotangent from 30. See the observations made on this 
subject in page 37* 
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Tan a =s 



Or, 

tan c cos b 



; tan b = 



ttnccosA 



r ' r 

L tan a = L tan c + l cos b — 10 ; l tan bziL 
tan c + L cos a — 10. 

When the hyp. is = given L , tan a wiH be = sin c, 
or sin b ; and tan b = sin c, or sin a. 

And when the sum of the hyp. and given / ^ 180°, 
tan a will be zi — sin c, or sin b ; and tan A = — sin c, 

or sin a. 

— ^-^—^—^—^^—^^^—^——^—^^^^ 

III. Given the hypothenuse and either of the ob- 
lique angles, to find the leg opposite to that angle. 

RULE I. 

As r2^d : sin hyp : : sin giv. L : sin opp. or req**, leg. 
Which leg is less than 90° when the opp. or given 
t is ^cute ; but greater than 90*^ (or the supplement 
of the former) when it is obtuse. 

Or, 

f>. sin c sin a . , sin c sin b 

Sm a zz • ; sm b = . 

L sin a = L sin c + L sin A — 10 J l sin 6 =:Lsin r -f- 
L sin B — 10. 

RULE II. 

Find the other oblique aqgle by case i ; then, by 
means of the hyp. and this angle, find the leg adjacent 
to it by case ii j which will be the leg required, or 
that opposite the given angle. 

When the hyp. is =: given i. , or the sum of the 

hyp. and given L == 180° j sin a will be = , or ^ 

vers 2 c. 
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IV, Given the hypothenuse and either of the legs, 
to find the angle adjacent to that leg. 

RULE I. 

As rad : cot hyp : : tan giv. leg : cos adj*. or req*. z . 
Which z is acute when the hyp. and given leg are 
like J but obtjise (or the supplement of the former) 
when they are unlike. 

Or, 

^ tan b cot 4 tan a cot c 
Cos A = ; cos B = . 

^ r 

L cos A = L tan 6 + L cot c — 10; l cos b =l tan 
a-^-h cot c — 10. 

RULE II. 
rri 1 ,sin (c— A) 

Tan * A = rv^ . ; .: . 

-* ^ sin (c-f ft) 

tan i A = € L sin (c -f. &) + l gin (c ^ fe) -f lo 

The tan of |^ b may also be found by the same 
formula^ using the leg a instead of 6: and in each of 
these cases the |- Z is always acute. 

Note. In this, and the two following cases, when 
the given leg is less than the hypothenuse, their sum 
is less than 180°j and when it is greater than the 
hypothenuse, their sum is greater than 1 80®. If the 
hyp. be equal to the leg, the triangle is indeter- 
minate. 

If the hyp. be = the legj or the sum of the hyp. 
and leg = 180^ the a is indeterminate. 

V. Given the hypothenuse and either of the legs, 
to find the angle opposite to that leg* 
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'. RtJLE I* 

As sin hyp : rad : : sin given leg : sin opp. or req"". L . 
Which/. is acute when the opp. ot given leg is 
less than 90^ ; but obtuse (or the supplement of the 
forlner) when it is greater than 90**. 

Or, 

f.* r sin a • r sin h 

Sm A = — : — ; sm B = —. — . 

sm c ' 8in c 

L sin A = C L sin c + L sin a J l sin b = C l sin 
c + L sin J. . 

RULE II. 

Tan (45^ — J a) = ^x/tan \{c — d) cot J (^ + «) 
L tan (45^ ^ \ a) ^ ^^^^^ (^-^) + ^ cot j. (c -n,) 

The, tan of (45° — J b) may also be determined by 
the same form, using h instead oia : and the whole z. * 
A or B, which are found by subtracting 2 (45°/>^^ a), 
or 2 (45°.%/^ b) from 90% will be acute or obtuse, 
according to the rule given above. 

VI. Given the hypothenuse and either of the legs, 
to find the other leg. 

RULE I. 

As cos giv. leg : rad : : cos hyp : cos rem^. or req**. leg. 
Which leg is less than 90° when the hyp. and given 
leg are like ; but greater than 90° (or the supple- 
ment of the former) when they are unlike. 

Or, 

^ r cos c , r cos c 

Cos a = r ; cos b = . 

cos ' COS a 

h cos a = € L cos b + L cos c -, L cos b = € L cos 
a + L cos C, 



I 
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Tan \ a = Jxm. J (c +.&) tan J (c — V) 

L tan 4- (c 4- ft) + L tan 4- (^^'x^') 

L tan 5 fl = r 

2 

The tangent of |- 6 may also be found by the same 
form, using the leg a instead of h : and in each of 
these cases the \ leg is always less than 90^. 



1 1  



VII. Given either of the legs and its adjacent 
angle, to find the hypothenuse. 

RULE. 

As cos given L : tan adjacent or given leg : : rad : 
tan hyp* 

Which hyp. is less than 90° when the given leg 
and angle are like ; but greater than 90** (or the 
supplement of the former) when they are unlike. 

Or, 

rri T tan a r tan h 

Tan c = = . 

. cos B COS A 

L tan c ==€l cos b + l tan « =€ l cos a -f Ltan b. 
Note. In this, and the two following cases, the given 
leg and L may be each of any magnitude under 180°. 

When ^ = B, tan c = ; and iia + b i:? 1 80°, 

' cos a ^ ' 

r tan a 

tan c = . 

cos a 

 I   .1 t ' » - » 1. 1 ' 

VIII. Given either of the legs and its adjacent 
angle, to find the other leg, 

RULE. 

As rad : sin given leg : : tan iidjacent ^r giv^ ^ : 
tan opposite or required leg. 

. M 
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Which leg is less than 90^ when the Qpp. or given 
L is acute } but greater than 90^ (or the supplement 
of the former) when it is obtuse. 

Or, 

Tan a = ; tan b =: . 

L tan a = L sin fr-t*Ltah A — 10; Ltan&sLsin 
fl + L tan B— 10. 

When h^sz Ky tan a = 512 . and if i + a = 

, «^o , sin ^ tan ^ 

I8(f , Un a = :; — . 

III" Mill- , ,1 

IX. Given either of the legs and its adjacent 
angle, to find the other angle. 

RULE I. 

As rad : sin given L : : cos adjacent or given l^g : 
cos Ofqposite or required z. . . 

Which L is acute when the opp. or given leg is less 
than 90^; but obtuse (or the si^plement of the for- 
mer) when it is greater than 90^* 

Or, 

Cos A s= : cos B = . — . 

L cos A =: L COS a + I* siu B ^ 10; L cos B =: L COS 

^ + L sin A — 10. 

RULE II« 

Find the hyp. by case vii \ then, by means of the 
hyp. and given l , find the other z by case i. 

When tf = B, cos a ss |^ sin 8 a ; and if ^ + b = 
180^ cos a s= — i sin Ha. 
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X. Given the two legs, tofindehher oftheoblique L <• 

RULE. 

As sin either leg : rad : : tan other leg : tan opp. 
er required Z. . 

Which L is acute when its opp. leg is less than 90^ ; 
but obtuse (or the supplement of the former) when 
it is greater than 90°. 

Or, 

Ian A = — r-T-; tan B = — : — . 

L tan A = € L sin & + L tan ^i ; l tan b s € l sin 
a + L tan A, ^ . 

Note. In this, and the following case, the two given 
legs may be each of any magnitude under 180^. 

Whai a = fr, tan a = sec a, or ; and if a + ^ 

= 180 , tan A = — sec a, or — 



cos a 



XI. Given the two legs, to iind the hypothenuse. 

RULE 1. 

As rad : cos either leg : : cos other leg : cos hyp. . 

Which hyp. is less than 90^ when the legs are like ; 
but greater than 90® (or the supplement of the former 
arc) when they are unlike. 

Or. 

1^ ^^ COS a cos h 

v/OS C ^!^ • 

r 

L COS C = L COS a+ L COS A — 10. 

RULE U« 

Find either of the oblique L * by case x ; then, by 

M 2 
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means of this angle and its adjacent leg, find the 
hypothenuse by case vii. 

When a — b^ cos c = ^2ii • and if a+ b=: 180^ 

cos* a 
COS C = . 



XII. Given the two oblique angles, to find the 

hypothenuse, 

RUii: I. 
As rad : cot of eith. of giv. z.* : : cot other z : cos hyp. 

Which hyp . is less than 90° when the z • are like ; 

hut greater than 90° (or the supplement of the former 

arc) when they are unlike. 

Or, 

g^ cot A cot B 

Cos c = . 

r 
L COS C = L cot A + L COt B — 10- 

RULE II. 
rp 1 . — COS (a + b) 

Tan ic = r-v/ ) f. 

-^ cos (A r^ B) 

J Olcos (a^b) + L COS (a + b) -f 10 

L tan -k c ..^ '  • 

Where ^ c is always less than 90°. 
Note. In this, and the following case, the two ob- 
lique angles must be so taken, that their difference 
shall be less than 90°, and their sum between 90° and 
270°. 

When A = B, cos c = ^ — ^, and if a + b = 180^ 

cot* a 
cos c = . 






XIII. Given the two oblique angl^; to find either 
of the legs. 
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RULE I. 

As sin of either of given l * : rad : : cos other L : 
cos opposite 6r required leg. 

Which leg is less than 90® when its opp. l is acute ; 
but greater than 90® (or the supplement of the former 
arc) when it is obtuse. 

Or. 

(Los a = --: ; cos b ;= —: . 

sin B ' sm A 

L cos ^z = € L sin b + l cos a ; l cos 6 = € l sin 

A + L cos B. 

RULE II. 



Tan J A = N/tan (l±^-45o) cot Q^ +45*^) 
L tan ^li^ - 45*) + L cot (^~^ + 46°) 

L tan i «= ' 

The tan of \ h may also be found by the same form, 
putting A in the place of b, and b in that of a : and in 
each of these cases the \ leg is always less than 90®. 

When A = B, cos a = cot a ; and if a + B = 180®, 
cos A = — cot A. 

:' I - II 1-1- I ^— ^ 

* f 

XIV. Given either of the legs and its opposite 
angle, to. find the other leg. 

RULE I. 

As rad : cot given z : : tan of o^. or given leg : 
sin remaining or required leg. 

Which leg is ambiguous : that is, it may be either 
an arc less than 90®, or its supplement. 
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Or, 

o. tan b cot b . « tan a cot 4 

Sin a = : sm b = • 

r ' r 

L sin a = L tan J + l cot b — 10 ; l sin fr =z l tan 

a + h cot A— 10. 

RULE II. 

Tan(45°-ia)=rv^2i^^, 

^ -i / ^ Sin (b+A) 

Ltan(45-^ir.) = ^"^^'^+^>'*";"°^^'^"^^^. 

The tangent of (45^ — i *) may also be found by 
the same form, using a and a instead of b and b: and 
a or A, which are found by subtracting 2 (45° /n^ |- a), 
or 2 (45^/>/^6) from 90°, is subject to the same 
ambiguity as in rule i. 

Note. In this, and the two following cases, if the 
given leg be less than its opposite Z. , their sum will 
be less than 180°; and if it be greater than its op^ 
positez , their sum will be greater than 180°. 
. Also, if the leg be = its opposite z , or their, sum 
be = 180°, the other leg, its opposite z. , and the hyp. 
will be each 90°, or else indeterminate. 



XV. Given either of the legs and its opposite 
angle, to find the other angle. 

RULE I. 

• As cos given leg : cos opp. or given z : : rad : sin 
remaining or required z . 

Which Z is ambiguous ; that is, it may be either 
an acute ^ or its supplement. 



KJ7 
Or, 

r co§ B r cog A 



S»n A = ... . ; sm _ = 



COS b ^ B cos a . 

L sin A =s C L COS b + L COS B ; L sin B =3 € L COS 
fi-f t COS A. 

RULE II. 

tan (45*-.| a) = ^tan J (b + A) tan^ (b - i) 

rfon(4«» j ,^_ Ltan4(B + t)+LUni(,^t) 

The tangent of (45" — ^ b) may also be found by 
the same form; using a and a instead of b and b: and 
A or B, which is found by subtracting 2 (45° ~ i a), 
or 2 (45° ~ i b) from 90°, is subject to the same 
ambiguity as in rule i. 



", - J "J ' ' " 



XVI. Griv^i either of the 1^ md its opposite 
angle, to find the hypotheausie. 

RULE I. . 

A« sin given l : sin opp. or given leg : : rad : sin hyp. 
Wliidi^ hyp. is ambiguous; that is, it may be either 
an arc less than 90^ or its supplement 

Or, 

r sin a r tin & 



Sinc = 



sin A sin B * 



L sin (T = € I- sin A 4- L sin fl = € L sin B -f L sin i. 

RULE 11. 

Tan (45^ - i c) = ^/cot i (a+a) tan i (a— «) 
L tan (45^ ^ ^c) = ^^^^J^ + a) + Lt^H^^^)\ 
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The same form may alsd be applied to the other 
side and its opposite L 9 using b and b instead of a 
and a : and the hyp, c, which is found by subtract- 
ing 2 (45° /v-^ c) from 90°, will be subject to the 
same ambiguity as if found by rule i. 

SOLUTIONS OF ALL tHE 6aS£S OF QUAJMSlANTAL 

SPHERICAL tllTANGLES* 




I. Given the hypothenusal angle and either of the 
ddes^ to find the other side< 

RULE. 

As rad : cos hyp'. /. : : tan given side : cot remain- 
ing or required side. 

Which side is less than 90° when the ^iven side 
and hyp\ L are unlike ; but greater than 90° (or the 
supplement of the former) when they are like. 

Or, 

^ . tati b cos c , , tan a cos c 

Cot a'zz ; cot bziz , 

L cot a =L tan A + l cos c — lOj l cot 6 = l tan 
a + ti cos c — 10. 

l^ote. iRtJiis, and the two foUowing cases, the given 
side aat[ hyp^ £ may be each of any magnitude under 
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1 80*^ J but, if either of them be 90®, the remaining 
side and angle will be indeterminate. 

When 6 = c, cot at = — sin b ; and if A + c = 180^ 
cot a = sin h. 

II. Given the hjrpothenusal angle and either of 
the sides, to find the angle adjacent to that side. 

RULE. 

c As rad : tan \xf^^ z. : : cos given side : tan adja- 
cent or required z . 

Which z is acute when the given side and hyp', z 
are unlike ; but obtuse (or the supplement of the 
former) when they are like. 

Or, 

m COS tan c . cos a tan c 

Tan A = ; tan b = . 

r r 

L tan A = L cos 6 + L tan o — 10 ; l tan b » l cos 
tf + L tail — 10. 
When A = c, tan A = — sin />; and if A 4- c = 180^ 

tan A 2i3t ^11 b. 

' ' ' ' -■-».. 

III. Given the hypothenusal angle and either of 
the sides, to find the angle opposite to that side. 

RULE I. 

As rad : sin hyp', z : : sin given side : sin opposite 
or required /I . 

Which z is acute when the opp. or given side i^ 
less |:han 90® ; but obtuse (or the supplement of the 
former) when it is greater than 90°. 
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Or, * 

o* sinaiinc . sin ^ sine 

Sm A = — ; sm b = -^. 

L sin A =r L sin a + I' sin c — 10; l sin b = l sin h 

i 

+ L sin c — 10. 

RULE 11. 

Find the other side by case i ; then, by means of the 
hyp^ z and this side, find the L adj^ to it by case ii; 
which will be the req"*. L , or that opp. the given side. 

When a = c, or a + c = 180^ sin a = \ vers % fl, 

8in* a 

or . 

r 

IV. Given the hypothenusal angle and either of the 
other angles, to find the side adjacent to that angle. 

RULE J. 

As rad : cot hyp^ z : : tan given i : cos adjacent 
M required side. 

Which side is less than 90^ when the hyp', z and 
given z. are imlike ; but greater than 90^ (or the 
^g^^ismeoki^ i}i^ former) when they are like* 

Or, 



^ tanBcotc . ^'tm^^vocc 

Cos fl =B — ; COS 9 es — 



r ' r 



L COS a s L tan b + l cot c — 10 ; l cos 1& s l tan 
A + L cot c — 10. 

RULE IL 

* ^ 8in (c — b) 

, 1 C L sin (c #w b) + i^ 8tn (c 4- b) + 10 

L tan * a = ^   * 
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Hie tan of |^ ( may also be expressed by the same 
Ibrm, using L a instead of b ; and, in either of these 
cases, the \ side will be always less than 90^ 

^ote. In this, and the two following cases, if the 
given L be less than the hypothenusal z , their sum 
will be less than 180^ ; and if it be greater than the 
hypothenusal z , their sum will be greater than 1 80*. 
If the two z.' be equal, the a is indeterminate. 

V» Given the h3^othenusal angle and either of the 
other Ingles, to find the side opposite to that angle. 

RULE I. 

As sin hyp\ i : ^A : : sin given z. : sin opposite 
or required side. 

Which side is less than ^t^^l^^ben the o^. or given 
z is acute ; but greater than ^(f'i^i^ supplenent 
of the former) when it is obtuse. 

Or, 

o* r sin A • 7 r 8in B 

Sm a = —. — ; sm 4 = -: . 

9in c ^ 8in c 

L sip a = C L sin c + ^^ sin a ; i* sin ^ =: € L sin 
c + L sin B. 

RULE IT. 

Tan (45'' — ifl) =>s/tan i (c — a) cot i (c + a) 

*«« /A/:o X /.^ — L tan -^ (c /s/ A) + L cot |(c + A) 

L tan (45 f>j f a) ^= 

The tan of (45° — i ^) niay also be expressed by 
the same form, using z. b instead of a; and the whole 
sides a or A, which are found by subtracting 2 
(45'' /x. i a), or 2 (45"* ^^b) from 90^ will be less or 
greater than 90®, according to the rule given above. 



■v. 
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VI. Given the hypothenusal aiagle and either of 
the other angles, to find the remaining angle. 

RULE I. 

As cos given l : rad : : cos hyp\ z : cos remain- 
ing or required z . 

Which z is acute if hyp', z and given z are un- 
like ; but obtuse (or the supplement of the former) 

if they are like. 

Or, 

^ r cos c r cos c 
Cos A 1= — ; COS B zz . 

COS B ' cos A 

L COS A = C L COS B -|- L COS C ; L COS B = € L COS 

A + L COS C. 

RULE II. 

Cot J A z: V tan \ (c + b) tan i (c — b) 

i L tan ^ (c + b) + L tan 4. (c /s/ b) 

L cot 2 A — ^ • 

2 

The cot of i b may also be expressed by the same 
form, using z a instead of b ; and in each of these 
cases the \ z will be always acute. If the two angles 
"be equal, the triangle will be indeterminate. 

VI I. Given either of the sides and its adjacent 
angle, to find the hypothenusal angle. 

RULE. 

As cos given side : tan adj'. or given z : : rad : tan 
hypothenusal / . 

Which hyp^ z is acute when the given side and z. 
are unlike j but obtuse (or the supplement of the 
former) when they are like. 
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Or, 

Tan c = ;- r: — 



r tan b 



cos 6 cos a 

L tan c = e L COS 6 4" l tan a iz € l cos « + l tan b. 
Note. In this, and the two following cases, the 
given side and angle may be each of any magnitude 
under 180°. • 

When 6 ;= A, tan c = — ^^ — r-> and if 6 + a = 

cos h 

1 ->-r.o ^ ^ tan h 

1 80°, tan c = -r-. 

' cos h 



VIII. Given either of the sides and its adjacent 
angle, to find the other angle. 

RULE. 

As rad : sin given L : : tan adj^ or given side : tan 
remaining or required / . 

Which z is acute when opp. or given side is less 
than 90° ; but obtuse (or the supplement of the 
former) when it is greater than 90°. 

Or, 

r^ tan a sin B tan h sin a 

Tan a =: '- — ; tan b =: . 

L tan A z: L tan « + l sin b — 10 ; l tan b = l 
Ian 6 -|- ^ sin A — 10. 

When a = b, tan a = ; and if a + b =. 

, ^^o . tan a sin a 

1 80 , tan A = . 



IX. Given either of the sides and its adjacent 
angle, to find the other side. 



174 



RULE I. 

As rad : sin given side : : cos adjacent or given l : 
coOrxemining or required side. 

Which ald0 is less than 90^ when opp. or given L 
is acute ; but greatec than 90^ (or the supplement of 
the former) when it is oblmiGU 

' Or, 

Cos a zr ; cos o =s -»«!i!*^ 

L COS tf = L sin A + JL COS a — 10 ; l cos ^aitL 
sin a 4- J^ cos b — 10. 



RULE n. 

Rnd the hyp*, z. by case vii ; then, by means of 
this angle and the given side, find the remaining or 
required side by case i. 

When A = A, cos a = i sin Si; and if ft + a := 
180®, cos a = — 1^ sin 3 ft. 

X. Given the two angles, to find either of the sides. 

RULE. \ 

As sin either L : rad : : tan other l : tan opposite 
or required side. 

Which side is less than 90° when opp. or given l 
is acute ; but greater than 90° (or the supplement of 
the former) when it is obtuse. 

Or, 

Tana = l22^i tan ft =: !1^. 

sin B ' sm A 

L tan a s € L sin B + L tan a \ l tan ft = € l sin a 
4- L tan B. 
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Nete. In this, and the following case, the two given 
angles may be each of any magnitude under 180"^. 

When A = B, tan A = sec a, or -— - ; and if a + b 

C08A 

= 180^ tan a = — sec a, or »- 



cos A 



XI. Given the two angles, to find the hypothe- 
nitsal angle. 

RULE I. 

As rad : cos either z : : cos other l : cos hypL z. . 

Which hyp', z. is acute when the given angles are 
unlike ; but obtuse (or the supplement of the former) 
when they are like. 

Or, 

^ cos A cot B 

Cos c = . 

r 

L COS c = L COS a + 1' eos b — 10. 

RULE IL 

Find either of the sides by case x } then, by means^ 
of this side^nd its adj^ L , find the hyp'. L by case vii. 

When A = B, cos c = ^;andifA+B=l«0*, 

cos* A 

COS c = . 

r 

«— ^— — ^—  ! 'I ' II  ' I — i^M ; I . 

XII. Griven the two sides, to find the hypothenusal 
angle. 

RULE I. 

As rad : cot either given sides : : cot other side : 
cos h3rpothenudal L. 
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Which hypothenudal / is a^ute wheb tbe gti^jen 
sides are unlike ; but obtuse (or the supplement of 
the former) when they are like. 

Or, 

cot a cot b 



Cos C = — 



r 



L COS c = L cot a + L cot b — 10. 

RULE II. 
rp 1 ^ COS (a ^ b) 

Tan i c = r v' 7 — ; — { 

^ — cos (a -f b) 
, C L cos (fl + *) + L cos (a ^ 5) -f 10 

L tan J c = ^ ---^ -^ ' . 

Which J z c is always less than 90°. 
Note. The two sides, in this and the following 
case, must be so taken, that their difference shall be 
less than 90^ and their sum between 90° and 270°. 

M^en « = 6, cos c n ; and if a + b = 180°, 

cot* a 

cose = --— . 



* I I I — ^-^i^— TiT* 



XIII. Giv6n the two sides, to find either of the angles. 

RULE I. 

As sin either given sides : rad : : cos other sid^ : 
cos opposite or required z. . 

Which z is acute when its opposite side is less than 
90** ; but obtuse (or the supplement of the former) 
when it is greater than 90°. 

Or, 

^ r <;o8 a r cos b 

Cos A = . . ; cos B = —5 . 

sin ' sinici 



ITT 

L cos A at C I. sin ^ + !• cos a ; L cos B as € L sin 
dr -|r I* COS &• 

RULE II. 

Cot i A =ycot (i±f'-45^)tan(^%45^) 

L cot C-iJ?-45®^ + LUn C-^+45®') 

L COt «• A — *  <i> I I  m i I 1 1 M l > 

-• 2 

The cot of 1^ B m^y also be expressed by the same 
form, putting a in the place of 6, and ^ in that of a ; 
and the \ angle, in each of these cases, is always less 
than 90®. 

When a ;^b, cos a == cot ii ; and if a + ^ =^ 180% 
cos A = — cot A. 



XIV. Given either of the sides and its opposite 
angle, to find the other angle. 

RULE 1. 

As rad : cot given side : : tan opp, or given z : 
sin remaining or required z. . 

Which z is ambiguous j that is, it may be either 
an acute angle, or its supplement. 

Or, 

o. cotfttanB . cotataiiA 

Sm A = : — : sm b = --. 

r ' r 

L sin A = L cot b + L tap B — 10 J l sin n = l cot 
a + L tan a — 10. 

RULE u. 
^ x«« /Ato 1 ^^ — €l sin (b + b) + Lsin (bf^B )+ 10 

•I- tan (45 ^ ^ A^ =s  '■ !■  ' ^ 



N 



\ 



I 
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The tan of (45® — |^b) may also be expressed by the 
same form, using a, a instead of b, b ; and a or b, 
which are found by subtracting 2 (45° />/ J a) or 2 
(45** rs^i^y from 90°, are subject to the same ambi- 
guity as in rule i. 

Note. In this, and the two following cases, if the 
giv^n angle be less than its opposite side, their sum 
yvjll be less than 1 80° j and if it be greater than its opp. 
side, their sum will be greater than 1 80°. If the side 
and opp, angle be equal, the triangle is impossible. 



XV. Given either of the sides and its opposite 
angle, to find the other side. 

RULE., 

As cos given z. : cos opp. or given side : : rad : 
sin remaining or required side. 

Which side is ambiguous ; that is, it may be either 
an arc less than 90°, or its supplement. 

Or, 

Sm a = : sm b = . 

C08 B ' COS a 

L sin a = € L cos B + L COS J ; l sin ^ = € l cos 

A + L COS a. 

RULE II. 

Tan (45° — ia) = ytani(6 + B)tanf (J-^b) 
Ltan(45°^ia)='^^"-^^-^^> + "^^°^<^-°> 

The tan of (45° — i ft) may also be expressed by the 
same form, using a, a instead of 6^ b ; and a or 6, 
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whidi are found by subtracting 2 (45*^ — |<i), or 2 
(45° — ^ h) from 90°, is subject to the sam^ ambiguity 
as in rule i. 



XVI. Given either erf the sides and its opposite 
angle, to find the hypothenusal angle. 

RULE I. 

As. sin given side : sin opp. or given L : : rad : 
sin hypothenusal i. . 

Which hyp*, angle is ambiguous ; that is, it may 
be either an acute angle or its supplement. 

Or. 



r sm A r sin B 



Sm c = —. — = — t 



sin a sin 6 * 

L sin c = € L sin a + !« sin A =: € L sin 6 — L siuB. 

RULE 11. 

Tan (45'' — Jc) =ycot ^ (a + a) tan ^ (a — a). 

The same form may also be applied to the other 
side and its opposite Z , using 6, b instead of a, a ; 
and in each of these cases th^ hypothenusal z. c, which 
is found by subtracting 2 (45^ '^ i c) from 90^ will 
be subject to the same ambiguity as in rule i. 

SOLUTIONS OF ALL THE CASES OF OBLIQUE-ANGLED 

SPHERICAL TIOANGLES. 




>\: * 
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t. GiiFeh two sideH and an angle ofiposite to one 
ei'tfeetft, to find the ^nglte opppsite the oth^. 

aUL£ J. 

As sin side opp. i^ven l ^ >sm given z. : : sin other 
side : sin opposite ^or required z • 

Which is either an acute Z. or its supplement, ac- 
cording as it makes the greater L Opposite th^ greater 
side ; and if each of them agree with this rUle, the a 
is ambiguous, or adsHts of two ^iiiS^dnt lioltftionis. 

Or, ^rti A = — J . . 
L sin A = C L sin ft + L sin a + L sin b — 10. 

RtTLfc II. 

Let ^ L shi 6 + L sfai o 4- 1- sin b — 10 = l tan ^ 
T-beii.».taa(45°^fA) = ^^ + "*';^""°-^> » 

Where arc ^ tafa ikefVet ^be greater than 45® j and 
Z. A, which is fotind by taking 2 (45® />^ |^ a) from 90% 
is subject to the same ambiguity as in ilile i. 

iHie z. B or c inky also 'be expressed by the same 
fef m, tising £he sides and angle which are situated 
iike thoise above ; and the satne observation may be 
extended to all the other cases of the table* 

'Note, in >thisi and the two folkhving caies, ^e 
given sides and anglfetnust^be so tsiken, that the re- 
sult, found by the 1st rule, shall not be greater than 
radius ; otherwise the triangle is impossible. 

When the two sides are equal, the req**. Z wiU be 
equal to the given Z ; and if the sum of the two sides 
be 180°, the req% z will be the supp^ of the given Z . 



II. Given two sides and au angle opposite to one 
of thQiv» to find the included angla 

Find tiie angle opp. tbe other given ^ide, by case I9 
and note whether it be ambiguous or not. 

Then, 

As sin \ diff. given sides ; sin \ their sum : : tan \ 
diff. their opp. ^ • : cot \ included L. ' 

Vhich i ^ is always acute ; and if the L found by 
the first part of the rule be ambiguous, the required L 
will be ambiguous, otherwiije not, 

Or, 

Cot \ q =5147^ tan i (a ^b). 

L cot J c = C ^, sin 1^ (flf /^ A) + L sin 1^ (tf + ft) + 
L tan 1^ (a /s. b) — 10. 

Or \ the included z may be found directly, by 
the following formula : 

m 1 , gin g cot A , /sin* g cot^ A r* sin (a -r ^) 
1M1 t CJ « ,in(a + 6) Xs/ sin* C« + 6) ~ "» (« +' *) 

. When a = i, cot |- c = — ^ ; and if tf + ^ — 



III. Givev two sides and an aii^e x^pppipte ii) OA^ 
of tbeoi, to &id the reipaining sJde. 

RULE. 

Find the angle opp. the other given side by case i, 
and note whether it jbe amb^ous or not. 
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Then, 
As sin ^ diff. these /L^ \ ^\n\ their sum : : tan ^ 
difi. given sides : tan \ remaining side. 

Which 1^ side is always less than 90**; and if the L 
found by the first part of the rule be ambiguous, the 
required side will be ambiguous, otherwise not. 

Or, 

Tanic = 5|^^4^-±4tani(a^A^ 
* sin .;■ (a '^ b) ^ ^ -' 

% tan J c = € L sin J (a /N/ b) + l sin J (a + b) + 
I- tan \{ai^})) — 10, 

Or \ the remaining side may be found directly, by 
f;he following formula : 

rr^ \ ttnAco9A / 8in*6co6*A o/cota— cosK 

? "^ posa + C08B -*" V (cos a + cos &)• \cosa+cas6/ 

When a = A, tan ^ c = _L152if • and if a + 6 =^ 
180 , cot* c = . 

1 1 I ■' III I  I I i I III I  

IV. Given two angles and a side opposite to one 
of them, to find the ?ide opposite the other. 

RULE I. 

As sin eith. given ^ " : sin its opp. side : : sin otiier 
given L : sin its opp. side. 

Which side is an arc less than 90** or its supplement, 
according ai^ it makes the greater side opp. the greater 
^gle ; and if each of them agree with this rule, the a 
is apabigupuS| or admits of two different solutions. 

Or, 

£.. sin ^ sin A 

am a =; ^ — r— r;; — , 

sin B 

I, gin a = € I- sin B + L sin A + L sin A — 10* 
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RULE II. 

Let € L sin B + L sin A + L sin ft — 10 = L tan f. 
Then, l tan (45 /^ $ a?) = * 

Where arc f is always less than 45° ; and side a is 
subject to the same ambiguity as in rule i. 

Note. In this, and the two following cases, the 
given z. • and side must be so taken, that the result, 
found by the first rule, shall not be greater than ra- 
dius, otherwise the. triangle is impossible. 

If the two L * be equal, the req*. side will be equal 
to the given side j and if the sum of the two Z. • be 
1 80°, the req**. side will be the sup*, of the given side. 
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V. Given two angles and a side opposite to one of 
them, to find the included side> 

RULE. 

Find the side opp. the other given angle by case iv, 
and noie whether it be ambiguous or not. 

Then, 

As sin 1^ diff. given z * : sin |^ their sum : : tan ^ 
diflF. their opp. sides : tan ^ included side. 

Which ^ side is always less than 90^ ; and if the 
side found by the &st part of the rule be ambiguous, 
the required side will be ambiguous, otherwise not 

Or, 

Tan i c = 5l54iL±4 tan ^ (« - 6). 

^ 8in 4 (a '^ b) ^ ^ ' 

L tan \ c = € L sin f (a <u b) + l sin f (a + b) + 
L tan 1^ (a <u J) — 10. 



Or j^ the included side may be found directly, by 
the following formula : 

rr 1 cottfsiiiA . /cot^asin^A . • sSTa + B) 

-^ 8in(a — b) V 8in*(A — B) ' sin (a— b) 

When A = B, tan | c =^ — ; and if a + b = 

^orio i 1 tan a cos A 
180, COttC = — . 



VI. Given two ingles and a side opposite to one 
of them, to Kind the remaining ailgle. 

RULIU 

Fitid the side opp* the other given angle by case rr, 
and note whether it be ambiguous or not. 

Then, 

As sin i diff. these sides : sin ^ their sum : : tan ^ 
difF. given ^1 • : cot |^ remaining z . 

Which 1^ Z. is always acute ; • and if the side fbund 
by the first part of the rule be ambiguous, the re- 
quired angle will be ambiguous, otherwise not 

Or, 

Cotic= '^'t!'"^!! ta^i(A-B). 

L cot i^ c 2= C L sin f (tf /%* A) + L din i (d: + A) -+- 
L tan 1^ (a /^ b) — 10. 

Or ^ the remaining angle may be found directly, 
by the following formula : 

^ ' ^os 5 vm A . / cos* b sin* a "T Ssa+cSbb 

^ cos A— cos B V (cos A *^00tt b)* COSA-^CdSB 
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When A=B, tot ^ c ii^^^—^i andif a+b = 

^r,no' X 1 COS a tan A 

180°, tan ^ c = -: — ^ . 

VII. Given two sides and their included angle, to 
find either of the other angles. 

RULE. 

As cos ^ sum given sides : cos ^ their diff. : : cot 
^ their included z. : tan ^ sum other two z *. 

And, 

As sin ^ sum given sid?s : sin ^ their diff. : : cot ^ 
their included c : tan ^ diff. other two z '• 

Where ^ the sum of the two z. " is like ^ the sum 
of their opposite sides ; and ^ their difference is 
always less than 90^. 

Then, if ^ the difference of these two z * be added 
to ^ their sum, it will give the z opposite the greater 
side J and if subtracted from the ^ sum, it will give 
the z opposite the less side. 

Or, 

Ta» i (^ + .) = ^T-!i^! cot i c. 

L tan ^ (a+b) =:€ l cos ^ (a-^b^+L cos |^ (a -^ 6) 
+ L Cdt ^ c *- 10. 

L tan 1^ (A -^ b) ^C L sin ^ (^ +i)+r sin i(a - 6) 
+ 1 cot I c — 10. 

Or either angle may be found directly, by the fol- 
lowing formula : 

r^ , , cdt c tnti t-*-eoB b cos c 
€6* A ^ ' . ^ — . 
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Note. In this, and the two following cases, the 
two given sides and their, included angle may be 
each of any magnitude imder 180^ 

When /I = A, cot a = ^ 2L-. • and if a + 6 = 



f o/xo i. C08 fl cot 4. c 

180 , cot A = ^^— , 



VIII. Given two sides and their included angle, 
to find the remaining side. 

RULE I. 

As rad : cos given /. : : tan either given sides : 

tan arc f . 

Then, 

As cos arc ^ : cos side above used : : cos diff. other 
side and ? : cos remaining or required side. 

Where arc ^ is less than 90^ when the given angle 
and side, used in the first part of the rule, are like ; 
but greater than 90® when they are unlike. 

The required side is also less than 90°, when" the 
given angle and the diffl of the other side and arc P 
are like ; but greater than 90° when they are unlike. 

Or, put L tan J + l cos c — 10 = l tan f . 
Then, l cos c=:€ l cos ^ + l cosi + l cos {a -^ ?)— 10. 

RULE II. 

Find the two remaining angles by case vii. 
Then, As sin \ diff. these z ' : sin |^ their sum : : 
tan \ diff. their opp. sides : tan \ remaining side. 
Which \ side is always less than 90°. 

Or, 

* Sin 4- (a /N/ b) * ^ ^ 



187 

X tan ^ c = € L sin ^ (a -^ b) + l sin f (a+b) + 
r. tan 1^ («-- i) — 10. 

Or the remaining side may be found by the fol- 
lowing formula : 

^ r cos a cos b 4- nn atin b cos c 

Cos C = . 

r 

When a = b, sin A c = !!JLf iiILL? . and if a + 4 = 

4 r.^o 1 SID a COS 4 c 
1 80% COS 1^ C = ^—. 



IX. Given two angles and their included side» to 
find either of the opposite sides. 

RULE. 

As cos i sum given z. " : cos ^ their diff. : : tan f 
included side : tan ^ sum other two sides. 

And, 

As sin ^ sum given /. • : sin ^ their diflf. : : tan ^ 
included side : tan ^ diff. other two sides. 

Where ^ the sum of the two sides is like i the sum 
of their opp. z. * j and ^ their diff. is less than 90°. 

And if ^ the diff. of the sides be added to ^ their 
sum, it will g^ve the side opposite the greater z. , and 
if it be subtracted from the ^ sum it will give the 
side opposite the less z. • 

Or, 
Tan J («~«) = £f^;4; «»«*<•• 
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L tan i(flr+6)z:€i* cos i^ (a+b)+i* cos ^ (a-^b) 
+ Ltan|^c— 10. 

. X. tan ^(a'^i)s=CL sin 1^ (a+b)+i, sin J (A'^b) 
4-Ltan^c — 10. 

Or the side may be found directly, by the follow- 
ing formula : 

^ . cot A sin B + cos c cos b 

81D C 

Note. In this, and the following case, the two 
given z • and their included side may be each of any 
magnitude under 180®. 

When A z: B, cot a = — Z-i2?L^. ^d if a + B = 

1 o/no i. tan 4- c COS A 
180 , cot a = — . 

r 

 ■■II M ^ I I II IP  I I I t ' 

X. Given two angles and their included sid^ to 
find the remaining angle. 

HULE I. 

As rad : cos given side : : tan either given z * : 
cot arc <f. 

Then, 

As sin arc f : cos z. above used : : sin diflF. other 
jL and f : cos remaining or required Z . 

Where arc (p is less than 90® when the given side 
and angle, used in the first part of die rule, are like ; 
but greater than 90° when they are unlike. 

The ]:^quii?ad an^e is alio like the angle above 
mentioned, when arc f is less than the other given 
angle} but tcnfik/^ it when it is greaftei:. 



i 
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Or, 

= cOt ? : then cos c =: :— ^ ^. 

r ' SiOf. 

L tan A + L cos c — 10 = l cot f. 
Then, l cos c =Cl sin f+L sin (b'v. p) + l cos a— 10. 

RULE II. 

Find the two remaining sides by case ix. 

Then, 
As sin ^ difi. these sides : sin f t^eir sufti : : tan ^ 
di£ given L ' : cot ^ remaining z. • 

Which ^Z.in always less than 90®. 

Or, 

Cot i c = *'° t !'- 41 tan i (a ~s). 

L cot 1^ c = C L sin ^ (tf -^ *) + 1* sin 1^ (^ 4- ^) + 
L tan ^ (a -- b) — 10. 

Or the remaining angle may be found 4irectlyi by 
the following formula : 

cos c sin A «iB B — r cos a cos b 



Oos C = 



I I ^^— ^M 



When a = B, cos ^ c = — ^ } and if a + b =^ 



I iii» < I it. 



^L Given the three sides to find either ctf* the 
angles. 

RULE. 

As rect. under the sine of i the sum of the three 
Bides and the sine of the difference between this ^ 
sum mid the nde c^p. the z. sought, is to the square 
X)f tad. 



/ 
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So is rect under the sines of the differences of 
the same j[ sum and each of the other two sides^ to 
the square of the tan of ^ required Z. . 

Or, 

If ^ be made to denote the sum of the three sides^ 
c the side opp. the required z , and a, b the sidesr 
about that /L • 

Then, 
Tanic = rJ^ .<-f-":^>T<^7^> > 

• * V sm 4^ < sin (4. # — c) 

Clsio i- » +€l sin (i^ «— c) + Lsin (4.^—0) +L8in (-i-f— ^ 

L tun y Cas " ' ' — 

Which i z. is always acute. 

Or this logarithmic formula may be expressed in 
words, as follows : 

Add together the log sine of |^ the sum of the three 
sides, and the log sine of the difference between this 
i sum and the side opp. the angle sought, and find 
the complement of their sum, by taking the index 
from 19, and the rest of the figures from 9$ as usual. 

Then to this complement add the log sines of the 
differences between the same ^ sum and each of the 
other two sides, and the result, divided by 2, will 
give the log tan of ^ the required z • 

Or the whole angle may be found by the following 
formula : 

^ f* cos c^r cos a cos b 

Cos C == : : — ; . 

fiin a sin 6 

Note. In this case the three sides must be so taken, 
that the sum of ?my twoof them may})e greater than the 
third, and the siun of all three of them less than 360% 
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Wh€si all the three sides of the a are equals the 

n • 1 cot d tED i- a • 1 

COS of either z, as c = — ; or sm ^ c = 

r tin i-a \ ■, 

— r-^— = * sec * A. 
8in a -* -* 

If two of the three sides only are equal, sin ^ c .= 
— r-^— ; and when the sum of two of the sides is 

sin a ' 

« * r cos -L c 

180% cos*c=~^^. 

' ' ana 

XI I. Given the three angles, to find either of the 
sides. 

RULE. 

As rect. under the cosine of ^ the sum of the three 
A ' and the cosine of the diff. between this |^ sum and 
the A opp. the side sought, is to the square of rad. 

So is the rect. under the cosines of the differences 
of the same i sum and each of the other two z. *, to 
the square of the cot ^ required side. 

Or, 

If s be made to denote the sum of the three /.*, c 
the z. opp. the required side, and a, b the Z * adj*. to 
that side. 

Then, ' 

Cot i c == r /^^SlpI^IIi^. 

** V — COS ^ 8 C«8 (4. S — C) 

_ €l.COS^-t>€LCOS(j^— C) + LC08(j.S— A)-hLCOS(jf— B) 

Which i side is always less than 90®. 
Or this logarithmic formula may be expressed in 
words, as follows : 

Add together the log cosine of ^ the sum of the 
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three L • and the log cosine of the diff. between this 
^ sum and the L opp. the side nought, moA, ind th^ 
complement of their sum, by taking the index fran) 
19f and the rest of the figures frOm 9, as usual. 

Then to this complement add the log cosines of 
the differences between the same \ sium ;mid each of 
the other two L % and the result, divided by 2, will 
give the log cot. of ^ the required side. 

Or the whole side may be found by the fdflowing 
formula : 

g^ r* cos c + r cos a ^Sbs b 

t^OS C = : : . 

em A sm b 

,N0t€^ Zn this case the three angles must be so t^ken, 
thftt the Bvm of any two of tibem may be greater 
th^a the si^plement of the tliird, and that the sum 
of All three of liiem may fall between 180"* and 540°. 

When all the three z' of the a are equals the cos 

of either side, as c cos = "^ , or cos i czz 

r cos j. c 1 1 

-— -- — s= * coaec * c. 

sm 4^ c -* " 

If two of the three z. • only are equal, cos f c = 

f* COS ' c 

— z—^— ; and when the sum of two of the z * is 180% 



. , r sin i c / V 



«m A 



(^) As e^erj isosceles spberical a ii dfrided into twp eqii^ 
right-angled spherical a% l>y a perpendicular drawn from the 
vertical Z. to the base^ it is cvidbnt ithat the sdlvlioiui of all the 
cases of the former, as given ia tb.eforegoiag Tables, nugr be de- 
rived from those of the latter^ by referring them to the right- 
angled A to which they belong. , 

Alaa, in the species of a mkaiSak has the juia of two of lU sides 
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MISCELLANEOUS QUESTIONS FOR EXERCISING THE 
RULES IN THE PRECEDING TABLES. 

I. In a right-angled spherical triangle a b c. one of 
the oblique angles a is 60^, and the other b 45*^ j re- 
quired the side b c opposite the former. Ans. b c 45®. 

St. In a right-angled isosceles spherical triangle 
ABC, the two equal sides a c, c b are each 30° j re- 
quired the hypothenuse ab. Ans. a b 41*^ 24' 35". 

3. It is required to find the angles of an equilateral 
spherical triangle a b b, each side of which is €0°. 

Ans. each z. 70° 31' 44". 

4« In a quadrantal spherical triangle a b c, the 
hypothenusal angle c is 87^®, and one of the other 
angles a 95^ 13'j required the side ac adjacent to 
that angle. Ans. a c 61° 25' 53". 

5. In a right-angled spherical triangle abc, the 
hypothenuse a b is 84° 23' 20", and one of the legs 
AC 9&^ 3& 9,9!' i required the angle a adjacent to that 
leg. Ans. z. a 148° 1' 49". 

6. In an isosceles spherical triangle a b c, each of 
the two equal sides a b, a c are 95|^°, and their in- 
cluded angle 1 00° ; required the base ,b c. 

Ans. B c 99° 22' 24". * 

7. In an oblique-angled spherical triangle a B c, 
one of its sides a b is 96° 50',. the other a c 83° 10', 

equal to 180^, the sum of their opposite Z." will likewise be equal 
to 180^; and, consequently^ if the base and one of these sides be 
produced to semicircles^ or till they meet> the supplemental A , thus 
form^dy will be isosceles, and can, therefore^ be resolved by some 
of the cases of right-angled triangles, in a similar manner with the 
former. 
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and their included angle a \ 9^0^ ; required the base 
B c, and the other two angles b and c. 

Ans. Bc \9Xf n' 10'Vz.B 86^.4' 13", 
Z. c 93° 55' 47". 

8. In a right-angled spherical triangle a b c, the hy- 
pothenuse a b is 6 1"* 4' 56' , and the leg b c 40° 30' 20" ; 
required the other leg a c, and the angles a and s. 

Ans. A c 50° 30' 2^", L\ 47° 54' 21", L b 61° 50' 28". 

9. In the quadrantal spherical triangle a b c, the 
side B is 132° 5' 40", and the side a c 118° 9' 31"; 
it is required to find the hypothenusal angle c, and 
the other two angles a and b. 

Ans. c = 1 18° 55' 4", Z a 139'' 29'41^ 
Z B 129^ 29' 30". 
10* In the oblique-angled spherical triangle ab c, 
the side a b is 76° 35' 36", a c 50° 10' 30", and-B c 
40° 0' 10" J required the three angles a, b and c. 

Ans. Z A 34° 15' 3", L b 42° 15' 13^", 
Zc 121° 36' 20". 

1 1. At each of three objects, on the surface of the 
earth, the angles subtended by the other two were 
54° 29' 36", 93° 32' 59", and 31° 57' 25" respectively, 
from which it is required to find the distances of the 
objects from each other. 

Ans. 106313, ^30224.4, and 69058 feet. 

Note. A great variety of examples of this kind may 
beibund in that part of the Trigonometrical Survey 
of England ,and Waleft already published ; in which, 
as well as in several other similar 'pefforeM^i^^ihese 
kind of geodetical operations are atnply detailed. 
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APPLICATION OF SPHERICAL TRIGOtlOMETllY 

TO THE 
RESOLUTION OF ASTRONOMICAL PROBLEMS. 

Astronomical Problems are such as chiefly relate to 
the determination of the relative situations and posi- 
tions of the heavenly bodies with respect to each 
other, or to certain imaginary points, lines, and 
circles of the sphere, that have been fixed upon, by 
astronomers and geographers, for this purpose j each 
of which belong equally to the globe of the earth 
and the concave sphere of the heavens that sur- 
rounds it, and are distinguished as follows : 

The axis of the celestial sphere^ is an imaginary 
line passing through the centre of the earth, about 
which the sun and stars appear to perform their 
daily revolutions (r). 

The north and south poles of the celestial sphere^ 
are the two extremities of its axis ; and the points 
lying directly under them, on the terrestrial sphere, 
are the north and south poles of the earth (i). 



(r) Although it is the diurnal rotation of the earth upon its axis 
in 24 hours, and its annual revolution roimd the sun in 365 dajSj 
5 hours, 48 minutes, 51.6 seconds, which occasions the various 
phsBnomena of the heavens, yet as the places and appearancaa of 
the celesttid bodies will be the same, whether the eardi nu>ve8 
round the ^un, or the sun and the rest of the celestial bodies move 
tound the earth, astronomers, for the ease of calculation, usually 
assume Ae earth as a point at rest in the centre of the system^ 
and ascribe to the heavenly bodies that motion which they appear 
to have to a spectator on its surface. 

{$) The star commonly called the north-pole star is not directly 

o S 
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The equinoctialj or celestial equator^ is a great 
circle which divides the nortJiern half of the heavens 
from the southern ; and» when referred, to the earth, 
it is called simply the equator. 

The ecliptic is a great circle which cuts the equator 
in two opposite points, at an angle of 23® 28' nearly, 
being that in which the sun appears to perform his 
annual revolution through the heavens (/)• 

This circle, like all others, is divided into 360®, 
and also into twelve equal parts, of 30 degrees each, 
called signs, the names and characters of which are 
as follows : 

f Aries Taurus Gemini " Cancer Leo Virgo 
I <tr n ss SI m 

f Libra Scorpio Sagittarius Capricomus Aquarius - Tisce$ 

The sun continues about a month in each of these 
signs, and goes through nearly a degree in a day. 

Meridians are great circles passing through the 
^ poles of the world, and cutting the celestial equator 
at right angles. 



in tbe point which is the true north pole of the heavens ; its declina- 
tion, for the beginning of the year ] jgOy having been found to 
be 88^ 1 1' 8'', or 1^ 48' 52" from the pole^ and its annual variation 

(t) It has been found, by comparing the observations of the 
ancients with those of the moderns, as well as from physical prin-~ 
ciples, that the obliquity of the ecliptic, or the angle which it 
makes with the equator, is continually diminishing towards a 
certain limit; and that it will, afterwards, return again; but tbe 
variation is very small, and has been differently stated by different 
authors. 



/ 
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They are also called hour circles j or circles of right 
(tfscenmn; and, when referred to the earth j cirdes^cf 
terrestrial longitude* 

The horizon is a circle which is distinguished by 
several names, according to the sense in which it is 
employed: thus, 

2%e rational, or tf^e honzon^ is a great circle 
which divides the upper half of the heavens from the 
lower; being formed by a plane passing through 
the centre of the earth, at the distance of 90^ each 
way, from the spectator. 

The astronomical horizon, is an imaginary plane, 
touching the earth in the point supposed to be the 
centre of view of the spectator, and extending inde- 
finitely on all sides ; being that to which the risings 
and settings of the heavenly bodies are always referred. 

Where it is to be observed, that this latter horizon, 
with regard to the fixed stars, coincides, as to sense, 
with the rational horizon j but for the sun, their di- 
stance from each other is about 9 seconds^ and for 
the moon about 33 minutes. 

The sensible or visible horizon is a small circle of 
the earth, parallel to the rational horizon, and is the 
boundary of the spectator's view at sea or land j 
being more or less extended, according to the fa^ht 
from which it is observed ( w ). 

It may also be remarked, that the first of the three 

{u) It may here be further observed, that the astropomical, as 
well as the sensible horizon, is frequently referred to a parallel 
plane passing through the earth^s centre ; in which case, it is then 
called the reduced horizon^ ' 
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circles here mentioned is divided^ by mariners^ into 
32 equal parts^ of 11® 15' each» called the ppintf of 
the compass; the principal of which, east y west, nortii 
and south, are denominated the four cardinal points. 

The zodiac is a space which extaids about 8^ on 
each side of the ecliptic, like a belt or girdle, being 
that in which the paths or orbits of the princ^al 
planets are situated. 

Circles of celestial longitude are great circles pass- 
ing through die poles of the ecliptic, and cutting it 
at right angles. 

The tropics are two small circteis, at the distance of 
33° 38' from the equator ; that in the northern hemi- 
sphere being called the tropic of cancer, and the other, 
in the southern hemisphere, the tropic of capricom. 

The polar circles are two small circles at the distance 
of 23® 28' from the poles; that in the northern hemi- 
^here being called the arctic drcle, and the other, 
in the southern hemisphere, the antarctic circle. 

JUL circles of this kind, which are parallel to the 
equator, are also called parallels of terrestrial latitude, 
or of declination. 

Parallels of celestial latitude are small circles pa- 
rallel to the ecliptic ; BXid parallels of altitude, or aZ- 
maoanters, are small circles parallel to the horizon. 

The equinoctial points are the two points where the 
ecliptic cuts the equinoctial; and the sols ticial points 
are the two points where it touches the tropics (a;*). 



{x) When the sun appears in either of the equinoctial points the 
days and nights are equal, or 12 hours each, all over the world ; 
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The zexkh and nadir are liie two poles of the ho-^ 
rizon ; the former being the point directly over our 
beads, and the latter that under our feet. 

The equinoctial cohirc is a meridian passing through 
the equinoctiid points ; and the solsticial colure is a 
meridian passing through the solsticial points. 

Azimuth^ or vertical circles^ are great circles pass- 
ing through the zenith and nadir of any place, and 
cutting the horizon at right angles. 

The prime verticaly is the azimuth circle which 
passes through the east and west points of the ho- 
rizon ;. being that on which the sun rises and sets 
when the days and nights are equal. 

The six o'clock hour-circle, is that meridian which 
cuts the 12 o'clock hour-circle, or meridian of the 
place, at right angles ; being that on which the sun 
ifif at six o'clock, both in the morning and evening. 

T^e latitude of any celestial object, is its distance 
north or south from the ecliptic, as measured on a 
drele of celestial longitude passingthrough its centre. 

The latitude of any place on the earth, is its distance 

which happens about the 2l8t of March and the 22d of September; 
the former beihg called the vernal eqidnox, and the latter the 
autumnai equinox. 

Also, when the sun comes to the northern solsticial point, or 
tropic of cancer, it is the longest day; and when he comes to, the 
southern solsticial p6int, or tropic of Capricorn, it is the shorte«t 
day; the former of these happening about the 2l8t of June^ and 
the latter about the 22d of December. ' 

The solsticial points cancer (0) and Capricorn (^) are so 
c^led, because when the sun is in this situation he seems to have 
nearly the same altitude at noon for several days together, and on 
that account appears to stop or stand «till. 
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north or south front the equator, as measured on a 
meridian passing through that place« 

The longitude of any cekstidl object ^ is the distance 
of the circle of longitude^ which passes through its 
centre, from the first point o£ aries, as reckoned in 
degrees, minutes, &c. quite round the ecliptic (t/). 

The longitude qf any place on the earthy is the di- 
stance east or west of the meridian, which passes 
over that place, from the first meridian, redioned in 
degrees, minutes, &c. on the equator. 

Note. The first meridian, in this country^ is that 
which passes over the Royal Observatory at Green- 
wich ; and for other countries, it is that of the 
capital of the kingdom. 

The co-latitude^ or polar distance^ of any place on 
the earth, is an arc of a meridian^ contained between 
that place and the UQrth or south pole of the world. 

The cO'latitudCj or polar distance^ of' any celestial 
object is an arc of a circle of celestial longitude con- 
tained between the centre of that object and the 
north or south pole of the ecliptic. 

The dip of the horizon is the angle formed by an 
horizontal line, passing through the eye of the ob- 



(y) The sun l^eing always situated in some part of the ecliptic^ 
has no latitude: and instead of his longitude, his distance in 
signs, degrees, minutes, &c. from the first point of aries, is some- 
times called his place in the ecliptic. « 

It may also be observed, that the latitude of any place is equal 
to the height of the pole above the horizon, or to the distance of 
the .zenith of that pla^ from the celestial equator, as counted 
upon the meridian of that place« 



\ 
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server, and another line drawn so as to be a tangent 
to the earth, at some point on its surface {z). . 
> Refraction is the difference between the real and 
apparent {dace of an object, as occasioned, by. the 
rays of light passing through the atmosphere in a 
curvilinear ins^^d of a right-lined direction. 

ParaUas is the difference between the places of 
any celestial object as seen from the surface of the 
earth and from its centre. 

Horizontal paraUax is the angle under which the 
semidiameter of the earth would appeai;; if seen di- 
rectly from the centre of the sun, or a planet. 

Parallax in altitude is the angle under which the 
semidiameter of the earth would appear if seen ob- 
liquely from the centre of the sun, or a planet (a). 

The altitude of any of the heavenly bodies^ is an arc 
of an azimuthy or vertical, circle, contained between 
the centre o^ the object and the horizon. 



(2) ^^s the Z of depression, or dip of the horizon, occasions 
objects to appear higher than they really are, it must be sub- 
tracted from the observed altitude, in order to obtain the apparent 
altitude. 

(a) The tfiore elevated a planet is above the horizon, tlie less is 
its parallax, its distance from the earth's centre continuing the 
same. When the planet is in the zenith it has no parallax^ and 
i^en in the horizon its parallax is the greatest. " 

Refraction and the dip of the horizon make all objects appear 
higher than they really are ; but parallax, having a contrary effect, 
makes them appear lower. The fixed stars are at such immense 
distances that they have no sensible parallax. 
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Tht observed uUitude is that whioh is taken simply 
with a sextant, or other instrument, without being cor- 
wcted for thedipof thehorizon,refraction,orparaUax. 

The apparent altitude is that which has been oos* 
rected for the dip of the horizon, without consider- 
ing the effect of refraction or parallax. 

The true altitude is that which is found after mak- 
iitg all the corrections arising from the dip of the 
horizon, refraction, and parallax. 

The zenith distance is the complement of the alti- 
t^e, or the arc of a vertical circle, contained be- 
tween the centre of the object and the zenith. 
' The declination of the sun, moon, or stars, is an arc 
of a meridian contained between the centre of that 
object and the celestial equator. 

The amplitude of any of the heavenly bodies, is an 
arc of the horizon contained between the centre of 
the object, when rising or setting, and the east or 
west points of the horizon. 

The azimuth of any of the heavenly bodies, is an 
arc of the horizon contained between an azimuth 
circle, passing through the centre of the object, and 
the north or south points of the horizon (b). 

The right ascension of any celestial bod/, is an arc 
of the equinoctial contained between the first point of 



(6) The amplitude of any of the heavenly bodies may also be 
' considered as its bearing, when in the horizon^ from the true east 
or west point of the compass ; and the azimuih^ as its bearing from 
one of these points, when it is at any height above the horizon. 
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aries Mid a oieridian passing through the centre of 
the object (c). 

Or, it is that measlure of time which shows how:* 
much sooner, or lateir^ than the first potAt of aries 
any star comes to the meridian f and consequently^ 
the difference of time between <me star coming ta 
the meridian and another. 

The oblique ascension^ or descension^ is the distance^ 
of the first point of arieg from the horizon when the 
object is rising or setting, as reckoned on the equ^- 
tot i or it is that point of the celestial equator whidEi' 
rises or sets with the object in an oUique sphere. 

The ascensional difference is the difference between 
the right and oblique ascension or descensidn ^ or it 
is the time that the sUn rii^es before six o'doc^ ia 
the summer, or sets' beftare six in the winter. 

Aberration is an apparent change of place in the 
stars, arising from the motion of the earth combined 
with the motion of light. 

The achronical rising or setting of a planet, or star, 
is when it rises at sun-set, or sets at sun<«rise ; and 
the cosmical rising or setting is when it rises or sets 
with the sun. 

The heliacal rising of a star, is when it appears 



(c) The sun's longitude and right ascennony are usuaUy 
reckoned from the first point of aries, quite round the ^obe; 
hence, although at equal distances from the equinoctial points, his 
declination may be of the same name, n. or s., and the same 
quantity, yet the longitudes and right ascensions will be materially 
di&rent* , 
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above the horizon just before the sun in the morn- 
ing ; and its heliacal settings is when it sinks below 
the horizon iipmediately after him in the evening. 

Time is a portion of duration, which, in astrono- 
mical computations, is divided into three kinds, viz; 
apparent, true or mean time, and sidereal time. 

Apparent time is that shown by the sun ; being reck- 
oned from the instant of his passing over any meridian, 
in one day, to the instant of his passing over it the next. 

Sidereal time is that which is measured by a well- 
regulated clock or watch, so adjusted as to count 24 
hours from the passage of a star over any meridian 
till it returns to that meridian again. 

True^ or mean time, is that which is measured by 
a clock or watch, so adjusted as to count 24^ 3"» Sdh"" 
in a mean solar day, or 365^ 5** 48°" 51.6' in a mean 
aolar year. 

Tn/e, or mean noon^ is 12 o'clock, as shown by a 
weH-regulated chronometer, so adjusted as to go 24 
hours iu a mean solar day; and apparent noonyis 
when the sun comes to the meridian of the place, as 
shown by the same machine («/). 



(c^) It may also be remarked, tliat besides the divisions of time 
above mentioned, there are four kinds of lunar months, and thi:ee 
kinds of solar years, which are distinguished as follows : 

The periodical month is the period in which the moon returns to 
the first point of aries, consisting of 27^ 7^ 43"* 5\ 

The dder^l month is the periocf in which the moon returns to 
the same star, consisting of 27** 7* 43" 12'. 

The s^nodicai month is the period in which the moon returns ta 
^e sun, consisting of 29^ 12^ 44*" 3\ 
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Tf^ right ascension of the mid hewoen is the distanc^ 
of the first point of aries from the meridian^ at the time 
and place of observation, as reckoned on the equator. 

The nonagesimal degree^ or medium cceli^ is the 
90th degree of the ecliptic, reckoned from its inter- 
section with the eastern part of the -horizon al any 
given time. 

Its altitude is equal to the distance between the 
zenith and the pole of the ecliptic j or it is measured 
by the angle which the ecliptic makes with the ho- 
rizon, at any elevation of the pole. 

The crepusculum circk, is a small circle parallel to 
the horizon, at the distance of about 18^ below it, 
* where the twilig^ht is supposed to begin and end. 

The rising of any celestial object, is when its cen- 
tre appears in the eastern part of the horizon j and 
its setting is when its centre comes to the western 
psirt of the horizon. 

The culminating of any celestial object, is the time 
when it transits, or comes to the meridian of any place. 

The variation of the compass yh the deviation of the 
magnetic needle from the true north or south point; or 



TheanQmalistic tnontk is the period in which the moon returns to 
its apogee, consisting of 27* 13"* 18" 34\ 

The tropical year is the period in which the son returns to the 
same point Jn the ecliptic, consisting of S65* 5^ 48" 5.6*. 

Tht sidereal year is the period in which the sun returns to the 
same star, consisting of 365* C*" 9"^ 10^. 

The anomalistic year is the period in which the sun returns to the 
«ame apsis, consisting of 365*'6'' 15^46*.. 



the difference between the true and magnetic am« 
plitude, or azimuth, of any of the heavenly bodies. 

The hour angle, is an angle at the pole of the 
equator, contained between the meridian of any 
place and the meridian which passes through the sun 
or a star. 

Diurnal and nocturnal arcs, are such, portions of 
the parallels of declination, above and below the 
horizon, as are described by any celestial body from 
the time of its rising to its setting, and from its set- 
ting to its rising (e). 

The equation of timCy is the difference between ap- 
parent or solar time, as shown by a true sun-dial^ 
and true or mean time, as shown by a well-regulated' 
clock or watch (/). 

Consequentia, is the apparent motion of a jdanet 
eastward, or according to the order of the signs ; 
and antecedentia is its apparent motion westward, or 
contrary to the order of the signs. 



i^e) In places sitaated on the equator, the rational horizon cuts 
aU the parallels of declination into two equal parts ; and, in das 
case, the sun and stars are 12 hours above the horizon and 12 
iioutB below it. But in places lying between the equator and the 
elevated pole, the parallels of declination are unequally divided, 
die greater arc being above the horizon, and the less below it« 
And in all cases between the equator and the depressed pole, the 
geeater arc is below the horizon, and the less above it. 

(/) The equation of time arises from three causes, viz. the obU* 
i|uity of the ecliptic, the earth's unequal motion in its orbit, and 
the precession of the equinoxes ; which variation is always equal lo 
tile difference between the sun's apparent increase of right ascen- 
slon in 24** and 3° 56j, the mean increase iu that time. 
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The conjunctions, oppositions, &c. pf the planets, 
and the characters by which they are denoted, are 
as follows : 

i conju7iction, is when two planets are referred to 
the same point of the ecliptic. 

^ sextile^ is when they are 2 signs, or 6CP distant 
from each other. 

D quartiky is when they are 3 signs, or 90® distant 
from each other. 

A trine^ is when they are 4 signs, or 120° distant 
from each other. 

S opposition^ is when they are S signs, or 180** 
distant from each other. 

The conjunctions and oppositions are also called 
the syzyges^ and the quartile aspects the quadratures^ 
these terms being chiefly s^^lied to the moon. 

TTie nodes are the two points in which the orbits of 
the primary planets intersect the ecliptic j or the points 
in the orbits of the primary planets which are the inter- 
sections of the orbits of their secondaries, or satellites. 

That point, or node, whpre the planet ascends from 
the south towards the north of the ecliptic, is called the 
north, or ascending node; and the other the south, or 
descending node; the two points being marked thus : 

u Moon's north, or ascending node, 
e Moon'^ south, or descending node. 

The names and characters of the sun, and all the 
primary planets, yet known, are as follows : 
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O The siin, g mercury, ? venus, earth, 
i mars, i( jupiter, \ saturn, j^ uranus, : 
p ceres, ^ pallas, | juno, A vesta (^). 

The nutation of the earth* s axis^ is a periodical 
revolution of it, depending upon the place of the 
moon's ascending node ; hy which the situations of 
the stars are apparently changed. 

The precession of the equinoxes is an uniform retro- 
grade motion of the equinoctial points in the plane 
of the ecliptic, which affects the longitude, right 
ascension, and declination of the stars (A). 

A constellation is a collection of stars, supposed to 
be circumscribed by the outlines of some assumed 
figure, as a ram, a serpent, an hercules, &c. which 
division was found necessary in order to direct an 
observer to that part of the heavens where any par- 
ticular star is situated (1). 



(g) The four last of these planets, which have been lately disco- 
vered, lie between Mars and Jupiter, and are too small to be seen 
with the naked eye. 

(A) By comparing together the places of the fixed stars, as de- 
duced from observation, astronomers have found that their longi- 
tudes increase about 501" annually ; which increase must neces- 
sarily cause an irregular motion in the same star with respect to 
the e<}uator : hence, the right ascensions and declinations of the 
stars are constantly varying; so that some of those which had 
formerly north declination have now south declination, and the 
contrftry. Their latitudes are also subject to a small variation, 
from the same cause. 

(/) 1b order that the memory may not be overburthened by a 
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PROBLEM I. 

To reduce the time^ under any known meridian, 
to the corresponding time at Greenwich j and the 
converse. 

RULE. 

Convert the longitude of the place into time, by 
reckoning 15 degrees to an' hour. 

Then, this time, added to the time from the pre- 
ceding noon, at the given place, if it be west, or sub 
tracted from it, if east, will give the Greenwich time. 

Or, conversely. 
To the time from the preceding noon atGreenwicb, 
add the longitiidi^ of the place in time, if east, or sub- 
tract it, if west; and the sum or difference will be the 
corresponding time under the meridian of thatplace (Ic). 



multiplioity of names, astronomers mark the stars of eaeh constel- 
latioii with a letter of the Greek alphabet, deiiotiiig thost which 
are the most coDspicuous by a, the next by |9, and so on in succes- 
' sion ; by which means they xAay be easily spoken of and referred 
to, as occasion requires. Several of the brightest stars have also 
proper names, as Arcturus, Orion, Aldebaran, Antares^ &c, 

(k) Since the earth makes one revolution on its axis^ from wedt 
to east, in 24 hours, the sun must app<irently make one revolution 
round the earth, from east to^ west, in the same time. And as the 
iongitude of all places on the earth is reckoned on the equator, 
the whole of this circle, which i« divided into 360*^ must pass the 
sun in 24 hours; therefore, every 15 degrees of motion is one 
hour in time, every degree A minutes, and every minute 4 se- 
conds. Whence a place one degree eastward of Greenwich will 
6ave noouj and every hour of the day, 4 minutes sooner than at 
Greenwich; and a place one degree westward- of Greenwich will 
have noon, and every hour of the day, 4 minutes later. ' 

It may also be obsierved, that the astronomical day is supposed 

P 



210 



Example 1. 
It is required to find the time at Gxeenvdch, when 
it is $^ 15' p. M. at a place in longitude 74^ 81' w. 



3 
5 



74° 2 r 



24° 4/ , 



4" 57' 24" 



Time at given place - - - 5^ 15' 
Longitude in time - .- - 4** 57* 24" w. 
Time at Greenwich - - - 10" 12' 24" r. m; 

\ 

Example 2. 
What is the tune in longitude 62"^ 9* w- when it is 
15»» 1 1' 14" at Greenwich ? 



3 
5 



63^ 9' 



20^ 43' 



4'* 8' 36" 



Apparent time at Greenwich - IS^ 11' 14" 

Longitude in tinie 4** 8' SS' w. 

Time at the given place - - - 1 1** 9, 39^' 

Example 3. 
It is required to find the time at Greenwich answer- 
ing to 3^ 45' 39" of May 1st in Ion. 1 10'' 2' 15" east- 

Ans. April 30th at ^(^ 25' 30''. 

Example 4. 
It is required to find the time at a place in longitude 



10 begin at noon, or 12 houn later ihim^tfae civU tby-o^^he aamo 
denomination; and is-oetrnted up to ^ fMurs, or the succeediiig 
noon, when the next day b^ing: 4M>4hat»ibr instance, "Januarj 
lOtb, at 15 hoursy is the same as January llth at 3 in the morn- 
ing, by the civil reckoning. 



J 
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107^ 48' east, wUeb corresponds with 4** 51' 30" 
Greenwich time. Ans. 12^ fi' 48". 

PROBLEM II. 

To reduce the declination of the san, as given in 
the Nautical Almanac fot Greenwich, to any MhSr 
meridian, and to any given time of the day. 

RULE. 

Convert the longitude of the place (if different from 
that of Greenwich) into time, as in the last problem. 

Then, as 24 hours : change of the sun's declination 
in that time : : the time from noon : the proportional 
part required. 

Which added to, or subtracted from, the declinaiion 
at noon, acccH'ding as it is increasing or decreasing, 
will give the declination at the time and place required. 

Note. The sun*s change of longitude, or of right 
ascension, may also be reduced to any given time 
and place, by a similar process (/)• 

Example 1. 

Required the sun's declination August 9th 1808, 
at 4^ 46* A. M. in longitude 123** 7* west^ 

123'' 7' = 8M2' 28", the time at which the inhabit- 
ants of Greenwich have the SUV before those in lon- 
gitude 123° 7' w. Hence, when it is 4^ 46* in the 
morning at the latter place, it is 12^ 58' 28" at Green- 
wich, or 58' 28" p. m. 



(2) The sun's longitude, right ascension in time, and dedina- 
lHofi, are given in the Nautical Almanac for every day in tlie year, 
At noon. 

PS 
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' Sun*8 deciin. at noon Aug. 9th 1 808, 1 5° 5 1 ' 5 8" n. 

Ditto - - 10th - - - 15* S4'32''n. 

Decrease of declination in 24 hours 0® 17' 2o 

' As 24* : 17' 26" : : 58' 28" : 42.46" 

Suft^s deciin. at noon Aug. 9th 1 808, 1 5*^ 5 1' 58" 

Decrease of declination in 58' 28" - 42.46* 



Sun's true deciin. at given place - 15^ 51' 1 5^" 

Example 2. 
Required the sun's declination on the 17th of May 
1808, at 1 U 48' Greenwich time. Ans. IQ"" 27' 39". 

Example 3. 

Required the sun*s declination (Mi Feb. 20th 1808, 
at 2*' 15' p. M. in Ion. 134^ 5ff east. Ans. 1 1^ 19^ 4^ 

Example 4. 

What was the sun^s right ascension at Greenwich^ 
October 1 8th 1 808, at 7' 40' p. m. ? Ans. 1 3' 3?' 35"- 

' Example 5. 

What was the sun's right ascension at noon on the 
27th of April 1808, in longitude 86^ 45' west? 

Abs. 2^ 19' 35". 

Example 6. 

What was the sun's longitude, Jianuary 19th 1 808, 
at 4^* 35' in longitude 21^ 15' east of Greenwich ? 

PROBLEM III. 

To reduce the declination of the moon, as given 
in the Nautical Almanac, for Greenwich, to any 
given time under a known meridian. ' ^ 
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RULE. 

' deduce the given time (if necessary) to the meri- 
dian of Greienwich, by Prob. i ; and find the varia- 
tion of declination in 12 hours by the almanac. 

Then, as 1£ hours : this variation : : the interval 
Ipf^twisen the reduced time and the preceding noon 
or midnight : the proporticmal part required. 

Which part being added to, or subtracted from, 
the moon*s declinatipn at the preceding noon or 
midnight, according as it is increasing or decreas- 
ing, will give the declination at the time required. 

Note. The moon's right ascension, semidiameter^ 
and horizontal parallax, tnay also be reduced to any 
time and place by a similar process (m). See Prob. xxii. 

Example L 

Required the declination of the moon at Green*, 
wich on the 13th of August 1808, at 8* 15' 53'''p, M.» 
apparent time. 
Moon's declin. at noon 13th Aug. 1808, 15^ 37* n. 

Ditto at midnight - 16** 53* 

Increase of declination in 1 2 hours - - 1^ iC 

12* : r le' : : 8' 15' 53" : 52' 20^" 
At noon ... 15^ 3/ 
• Increase - - - 52*20^" 



Declin. required l6°29'20i^' 



(«) The moon's right ascension, declination, semidiameter, ho* 
rizontal parallax, and time of passing the meridian at Greenwich, 
are given in the Nautical Almanac for every day in the ye&r, at 
BOon and midnight. 
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Example 2. 
Required the moon's declination Sept. £Oth 1808, 
9t &" IS' appare^t time, under the meridian of 
Greenwich. Ans. 4'' 30' 10" s. 

Example 3. 
Acquired the moon's declination Dec. 17th 1806, 
at 15^ 9' apparent time, in longitude 64^ 14' w. 

Ans. 19"" 1' 59". 

Example 4. 
Required the moon's horizontal parallax and se- 
midiameter, December 7th 1808, at 10^ 15^, in lon- 
gitude 39^ 40' east. 

. S ^* Parallax - • 5& 6.7" 
^^•t«'Semidiam. . 15'17" 

, PROB(.£M IV. 

To find the culminating of the stars, or the times 
of their coming to the meridian. 

RULE. 

Subtract the sun's right ascension for the given 
day from the right ascension of the star (increased 
by 24 hours, if necessary), and the remainder will be 
the time of the star's culminating nearly. 

Then, as 24 hours, added to the increase or de- 
crease of the sun's right ascension in that time : 24 
hours : : the time of the star's culminating nearly : 
the true time of culminating, at Greenwich. 

' And if the time of culminating be required for any 
other meridian than that of Greenwich, add the longL 
tude in time to the true time of culminating at Green- 
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ivichi if the place be west, or take their difference, 
If it be east^and the result will give the time of cul- 
minating at the given place (n). 

Example L 
At what time did the star Arcturus come to the 
n^eridian of Greenwich on the 19th of Dec. 1808? 

Arcturus's right ascen. (1808) + 24^ - 88*" 6' 54" 

Sun's right ascension 17** 49' ff* 

* Time of star's culminating nearly - - - 20'' 17* 48'' 

Sun's right ascen. at noon Dec. 19, 1808, 17° 49' 6" 

Ditto Dec. 20, 1808, 17° 53' 32.7" 

Sun's increase of right ascen. in 24 hours 4' 86.7" 

Then, 24** 4' 26.7" : 24** : : 20»* 17' 48" : 20*" 14' 3^ 
true time of Arcturus's culminating at Greenwich, 
or &" 14' 3" December 20th 1808.] 

Example 2. 
At what time did Aldebaran culminate at Green- 
wich on the 23d of November 1808, his right ascen* 
3ion being 4* 24' 54.8" ? Ans. 12** 26' 57 j^" at night 

Example 3. 
At what time did Regulus culminate at Greenwich 
on the 9th of February 1808, his right ascension 
being 9' 58' 8" ? Ans. 27' 48" past 12 at night 



(n) If to any given time there be added the son's right 
sion for that time, the sum (rejectmg 34, if necessaiy) Is the right 
ascension of the mid heaven, which, being sought for in a table of 
the right ascensions, will show what star is on, or near, the meri- 
dian at that time. 
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Example 4. 
At what time, on the S 1st of February ^ 1808, was 
Sirius, or the dog-star, on the meridian of a place 
whose longitude is 166^ SO' east ? Ans- 9* 12' 14^". 

PROBLEM V. 

» 

To find the time when the moon, or a planet, will 
culminate, or pass the meridian. 

RULE. 

From the planet's motion in right ascension in £4 
hours, (increased by 24 hours, if necessary,) take 
that of the sun, if the planet be progressive ; or add 
them together, if it be retrograde. 

Then, as 24 hours, diminished by this sum t>r dif- 
ference, when the planet's motion is greater than the 
sun's, or increased by it when the sun's apparent mo- 
tion is the greater : 24 hours : : the planet's right as- 
cension at noon, ( + 24 hours, if necessary,) diminished 
by the sun's : the time of its transit at Greenwich. 

And if the time of culminating be required for any 
other meridian than that of Greenwich, it may be 
obtained by the following rule : 

As 24 hours, ad^ed to the daily change of the 
moon or planet in right ascension : the longitude of 
tbel place, converted into time : : the daily change 
above mentioned : the reduction required. Which 
added to, or subtracted from, the time of the moon's 
passing the meridian of Greenwich, according as the 
longitude is west or east, will give the apparent4;ime 
of the transit at the required place. 
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And if the longitude in time be added to, or sub- 
tracted from, this, it will give the time at Green- 
wich (a). 

Example 1. 

Required the time of the moon's culminating at 
Greenwich, lat. 5 1° 28' 40*' n. on the 17th Aug. 1 808. 
Sun'srightascen.at noon 17th Aug. 1808, 9^ 46* 30.4" 

Ditto- 18th. . . - 9"" 5tf 14.2^ 

Increase of motion in 24 hours -» -- - 3' 43.8" 

Moon's right ascen. at noon 17th Aug. 1 808, 89" 20' 

Ditto - - 18th .... 102° 45' 

Increase of the moon's motion in 24 hours IS" 25' 

From 13° 25' = 53' 40" of time "^ ^ 
take 3' 43.8'^ 

leaves 49' 56.2" 

Which is the excess of the moon's motion above 
the sun's in 24 hours. 

Moon's right ascension 89° 20'=- 5" 57' 20" 

24" 

29". 57' 20" 
Sun's right ascension . - - - - 9" 46* 30..4" 
Difference . 20" 10' 49.6" 

Then, as 24 hours - 49' 56.2" (23" 10' 3.8") : 24 
hours : : 20" 10' 49" : 20" 54' 19" the true time of 
the moon's passing the meridian of Greenwich, or 
8** 54' 19.4" A. M. Aug. 18th 1808. 



(o) The right ascensions of the planets are not given in 4he 
Nautical Almanac ; but they may be readily computed from their 
geocentric longitudes and latitudes (which are to be found in that 
work), and the obliquity of the ecliptic. 
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Example S. 
It is^required to find the time of the moon's passing 
the meridian of Greenwich on the 21st of July 1808. 

Ans. 11^ S' 1.6" A. M. July 22d 1808. 

Example 3. 
Required the time at Greenwich when the moon's 
centre passed the meridian of a place in longitude 
Sl^ west, on the 14th of November 1808. 

Ans. 10** 54' 50.9" a. m. Nov. 15th 1808. 

Example 4. 
It is required to find the time when the planet Mer- 
cury passed the meridian at Greenwich on the 22d of 
December 1 808, his right ascension being 19* A^\ 

PROBLEM VI. 

The sun's declination, and the obliquity of the 
ecliptic, being given, to find his longitude and right 
ascension. 

Example 1. 

On the 23d of April 1 808, the sun's declination was 
12^S3'58"^and the obliquity of the ecliptic 23^27' 42"; 
required his longitude and right ascension (p). 




(p) The construction of the figures in all the following examples 
if left for the exercise of the learner. 
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I. Tojind 0*s longitude, 
. As sin it V A - - 23' 3/ 42" - 9.6000dOS 
Is tasin dec. a - 12° 33* 58"^ - 9.3375910 

So is rad, or sin - - 90° 10.0000000 

To sin O's Ion. «r © 33" 7' 28" - 9.7375602 

2. Tojind Q*s right ascension. 

As rad, or sin - - - 90° 10.0000000 

Is to tan dec. O a - IS"" SS* 58" - 9.3481208 
So is cot Z O •v A . as'' 2/42" - 10.3624926 
To sin right asc. v a 30^ 54' 10.8" 9.7 106134 

And if this be converted into time, at the rate of 15^ 
to an hour, the right ascension will be 2** 3' 36.7" 

Note^ As the sun's declination is the same at equal 
distances from the equinoctial points, it is necessary 
to know the time of the year, or what part of the 
ecliptic he was in when an observation was made, in 
order to determine his longitude and right ascen- 
sion, which are reckoned from the first point of aries 
quite round the globe. 

Thus, while the sun is moving from "t towards o, 
or is in the 1st quadrant of the ecliptic, the longitude 
is V O, the declin. O a, and the right ascen. v a. 

When he has passed the solstice o, and is descend- 
ing towards ^, he is then in the 2d quadrant, and his 
longitude, or distance from v, must be taken from 
1 80% in which case the remainder ^ O becomes the 
hypothenuse, and the declination is still north ; but 
the arc a ^ is the supplement of the right ascension, 
and must, therefore, be taken from 1 80% 

When he has passed the point ^^ and is descending 



towards Vf^ he has g6t into the 3d quadrant ; in 
which case the excess above 180^, or his distance 
from A, will be the hypothenuse ^ O ; the declina- 
tion will be south, and the arc ^ a must be added 
to 180^, for the right ascension, estimated from v. 

When he has passed the solstice V, and is ascend- 
ing towards v, he is then in the 4th quadrant ; in 
which case the longitude must be taken from 360^ to 
give the hypothenuse ^ O \ the declination is south, 
and the arc ^ a must be taken from 360^ to give the 
right ascension from v. 

Example 2. 

On the 1st of Jan. 1808, the obliquity of the 

ecliptic 'was 23^ 27' 42", and the sun's declination 

23° 5' 8" s., and increasing ; required his longitude 

and right ascension. 

A«c i®'s long 279^ 59' 9\" 

^^®- 1 0's right asc. 280°5l'50i" 

Exaitple 3. 
On the Ist July 1808, the obliquity of the ecliptic 
was 23*^ 27' 40^^", and the sun's right ascension in 
time 6** 40' 48.3" ; required his longitude and de- 
clination. 

. C O's long. 359"" 22' 24.7" 
-^"^- 1 G's decl. 23° 7' 46.6" N. 

Any two of the four things mentioned in this pro- 
blem being given, the rest may be found by one of 
the cases for right-angled spherical triangles. - 

PROBLEM VII. 

TherlatiUKie of tlie place, and the sun's declination. 



•■ » 
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being given, to find hls^ amplitude, -ascensional' dii^ 
ference, and the time of bis rising and setting. 

Example 1. 

Given the latitude of Greenwich 51" 28' 40" n., 

and the sun's declination on the Slstof June 1808, 

being the longest day, 23" 37' 41" n. j required his 

amplitude, ascensional difference, and the time of 

. his rising and setting. 



\. To _find the sun's amplitude. 
: Sin co\aX. /. a'tO 38° 31' 20" 9.7943612 
: Sin declin. a O - - 23" 27' 41" 9.6000259 
: : Rad, or sin - - - - 90" - - - - 10.0000000 
: Sin 0*s ampl, v O 39° 44' 6.9" 9-8056647 

AVhich is the amplitude from the east or west point 
of the horizon; and its complement 50° 15' 55.1" 
shows how far from the north the sun rises or sets on 
the longest day, at Greenwich. 

2. To find the sun's ascensional diffirence. 
: Rad, or sin .... 90" -,. - - 10.0000000 
.: Tan lat. i n v O 51" 28* AC 10.0990491 
: : Tan declin. ©a . 23" 2/ 41" 9.6375010 
: Sin ase. diff. v a - 33" S' 16.2" 9-7365501 
Where if 33" 2' 16.2" be converted into time, at 



032 

the mte of 15"^ to an hour, it gives S^ is' d" for the 
time the sun rises before, and sets after 6 o'clock, on 
the longest day. 
Hence 6^—2^ 12' 9"=3'* 47' 51" time of sun rising: 

and 6*^ + 2** 12' 9" =8' 12' 9" time of sun setting. 

Also, if the latter of these be doubled, it gives 
16** 24' 18" for the length of the longest day at 
Greenwich j and if the former be doubled, it gives 
7' 35' 42" for the length of the night. 

But on the shortest day at Greenwich, which is 
when the sun has 23^ 27' 41" of s. declination, the 
lengths of the days and nights change place, the day 
being then 7** 35' 42", and the night iG" 24' 18". 

It may also be remarked, that if r ^ be a parallel 
of declination as far to the south as ;i m is to the 
north, the hour-circle n b s, passing through O, the 
place of the sun, at its rising or setting, will form 
aA***0B = A^O A, where the amplitude v is to 
the southward of the east and west points. 

From which it is evident, that when the latitude 
and declination have the same name, the sun rises 
before and sets after 6 ; but when they are of con- 
trary names^ the sun rises aftier and sets before 6. 

When the sun's declination is equal to, or greater 
than, the co-latitude of the place, (which can only 
happen to places upon or within the polar circles) the 
paiallel of declination nm will no^ cut the horizon h o, 
aiid consequently the sun will neither rise nor set at 
these times. And the saime will hold with respect to 
those stars whose co-declination, or polar distance n O, 
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is equal to, or less than, the latitude of the place, or 
the elevation of the pole n o, and in the same hemi- 
sphere (j). 

Example S. 

Given the sun's amplitude 39^ 44' 6.9'V and hia 

declination 23^ 27' 41" n., to find the latitude of the 

place, and the time of the sun's rising and setting. 

(latitude 51'' 28' 40" N. 
AnsJo rises 3^4/51" 
(©sets 8** 12' 9" 

Example 3. 

Given the latitude of the place 51^ 28' 40" n., and 

the sun's amplitude 39® 44' 6.9" n. of the east, re. 

quired his declination, ascensional difference^ and 

time of rising and setting, 

rdeclin. - 23^ 27' 41" k, 
.„^)asc. diff. 33^ 2' 16.2" 
^^^'\ O rises . 3^ 47' 51" 
V© sets - 8** 12' 9" 

Note. Any two of the five things mentioned in this 

problem being given, the rest may be found by some 

of the cases in right-angled spherical triangles. 

PROBLEM VIII. 

The latitude of the place being given, and the de- 
clination of a star, to find its amplitude, ascensional 
difference, and the time of its rising and setting. 



(q) When the latitude and declination have the same name, the 
difierence between the right ascension and the ascensional dtfer* 
ence is the oblique ascension ; and their sum is th^ oblique descen- 
sion. But when they are of contrary names, their sum is the ob- 
lique ascension^ and their difference the ohlioue descension. 
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Example 1. 
Required the amplitude, ascensional difference, 
and the time of rising and setting of Arcturus, at 
Greenwich, lat. 51** 28' 40" n. on December 19th 
1808, its declination being 20"* 1 T 21.8". 




1 . To find the amplitude t ^. 

Sin co^lat. Z a v # 38^ 31' 20" 9.7943612 

Rad, or sin .... 90'' - - . - 10.0000000 

: Sin declin.^A # . - 20'' 11' 21.8" 9^5379757 

Sin amp. ^ ^ ^ . 33° 39' 3.8" 9>743 6145 

Which amplitude is always of the same name as 
the declination ; and since the variation of a star's 
declination is extremely small, the same star may be 
considered as having constantly the same amplitude 
during the whole year, in the same latitude. 

2. To find the ascensional difference t a. 
Rad, or sin - - . 90° ... - 10.0000000 
Cot co-lat. A r :^ 38° 31' 20" 10.0990491 
: Tan declin. a # . 20° 11' 21.8" 9^5655}5\ 
Sin asc. diff- a r . 27°. 30' 39t" . 9-6645642 

Which, converted into time, gives 1** 50' 2.6" 

And 6^ + 1^ 50' 2.6"=7** 50' 2.6"=arc a b, or half 
the time of the stars continuance above the horizon. 
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JProm time of #*s cillmin^ prob. iv. 8'' 14' 3:4" a. Mi 
Take - - - - - - - - - - 7" 50* 8.6" 

Time of #'8 rising in m6m«: Dec. 20th 24' 0.8" 

To time of #*s culminating - - - 8" 14' 3.4" 

^dd . - w 7" 50' 2.6" 

Time of the *'s setting ... - 16" 4' 6" 
Or 4* 4' 6" in the afternoon Deci 20th 1808. 

Where it may be observed^ that on acbbunt 6f th^' 
bmall change in the declination of the ijtars, the samb 
star, in any latitude, may be considered as having 
the same ascensional difference throughout the year. 
And as the diurnal difference df the saine star's rising, 
culminating^ and setting, m the same latitude, is 
nearly equal to the diurnal difference of the sun*^ 
Hght asden^ion, which is 3' 56^", this may be taken 
for the daily difference of the rising, southing, and 
Setting of any fixed star in the same latitude (r). 

Example 2. 

It is required io find at what time Sirius, or the 

Hog-star^ rose and set at a place in lat. 51° 28' 40" n.,' 

knd long. 166° 30' e., on the 21st of February 1808; 

its declination being 16° 27' 29.9" s. 

. C Sirius rises at 4* 3ff 22|^" in the morning. 
Ans.|_ — g^^g ^^ jn ^^, g|« ^^ ^^^ afternoon. 



(r) The mode of solution made use of in this and the preceding 
problem may be also applied to the rising or setting of the moon, 
or a planet. But when great exactness is required, the declination 
of the SUB or planet must be calculated as near to the time of rising 
KUd setting as possible, especially for the moon, on account of he/ 
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Example 3. 

It is required to find the amplitude, and time of 

rising and setting of Aldebaran at Greenwich, on the 

23d of Nov, 1808, its declination being 16° 6' 47" n. 

( Amplitude 26^ 27'^ 45" n. 
Ans.< Rises at 5^ 1' 51" evening. 

( Sets at 7^ 52' 4" next morning. 

Note. Any two. of the five things, mentioned in 

this problem, being given, the rest may be found, as 

in the former. 

PROBLEM IX., 

^ I' 
The latitude of the place, and the sun's declina- 
tion, being given, to find his altitude and azimuth at 
6 o'clock. 

Example 1. 
At Greenwich in latitude 51"^ 28' 40" n. on the 
longest day, wh^n the sun's declination is 23°27'41"n., 
it is required to find his altitude and azimuth at 6 
o'clock in the morning, or evening. . 




1 • Tojind the altitude O a. 

Rad, or sin ... - 90'' - - - - 10.0000000 

Sin decKn. ^O - 23° 27' 41" 9.6000259 

: Sin lat. Z O v a - 51° 28' 40" • 9.8934103 

Sin alt. O A ... . 18° 8' 55.3" 9>4934362 

% 

^wifi and irregular motion. Also, the declination of the sim near 
the equinoxes changes considerably in the compass of an hour. 



2. Tajfind the azimuth a b. 
i ilad, or sin - - - - 90'' - - ^ - lO.OOOOOOd 
: Cos lat. © r A - - SI** 28' 40" .9-794361S! 
t : Tan declin. r . 23^ 27' 41" 9.6375010 
: Cot azim. A o ^ i. 74^ 52' 25-9" 9-43 18622 



On the shortest day, at London, the parallel of si 
declination r s cuts the 6 o'clock hotir-circle n s be-^ 
low the horizon ; and as the a * "tr a, *** ^> are 
equal in all their parts, the depression a(z> below the 
horizon, on the shortest day, at 6 o'clock, will be 
equal to the altitude © a, at the same hour on the 
longest day ; and the azimuth will also be equal to it, iif 
estimated from the south* So that on the 2 1 st of June, 
at Greenwich, the sun will bear n, 74° 52'.25.9".e. at 
6 o'clock in the morning, and n. 74° 52' 9>5.9" W. at 
6 in, the evening^ but on the 21st of December, at 
the same hours, it will bear s. 74° 52* 25.9" e*, and 
Bi 74° 52' 25.9" w. {s). 

Example S« 
Given this sun^s declination 28° 27^ 41^' n. and his 



{s) From a due consideration of this problem^ it is evident, that 
hi the declination increases^ the altitude increases and the azimuth 
lessens; and the contrtiry, when the declination is diminishing; 
So that on the days of the equinoxes, on which the sun has no de- 
clination, his altitude at 6 o'clock will be nothing, or he will then 
be in the horizon ; and the azimuth, in this case, being go^ from 
the north, the sun will be due east in the morning, and west in th^ 
evening ; that is, on the days of the equinoxes, the son rises and 
sets at 6 o'clock, in the east and west points of the horizoui 

Q 2 
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altitude at 6 o'clock in the morhing 18** 8' 55.3", t^^ 

quired his azimuth and the latitude of the place. ' 

. f Azimuth . . 74'' 52^ i5.9" from K. 
^^' t Lat. of plac^ 5 1° 28' 40" N. 

Example 3. ', 

Given the sun*s declination 23® 27' 41" n., and his 

azimuth at 6 o'clock in the morning 74° 52' 26" from 

.the N., required his altitude and the latitude of the 

place. 

.„ CAltitude -- 18"^ 8' 55^^" 
^°^- 1 Lat. of place 51^28' 40" n. 

Any two of the four things, mentioned in this pro- 

blein, being given, the rest may be found as before- 

PROBLEM X. 

The latitude of the place, and the declination of a 
star being given, to 6nd at Ivhat time it will be upon 
the 6 o'clock hour-circle^ and its altitude smd azimuth 
at that time. 

Example 1. 

At what time, on the 19th of Dec. 1808, did tlief 
star Arctums appear upon the 6 o'clock hour-circle, 
at Greenwich, lat. 51** 28' 40" n. ; and what vas iti* 
altitude and azimuth at that time, its declin. being 

20° M' 21.8" N.? 
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2. The time of the starts passing the meridian, as 
found by problem iv, ni^ill be 20* 14' 3" ; and conse- 
quently it will be upon the 6 o'clock hour-circle at 
(20* 14' 3"- 6*) 14" 14' 3" in the eastern hemisphere; 
And at (20* 14' 3" + 6*) 26* 14' 3", in the western 
jiemisphere. 

2. To find the altitude * a. 

: Rad, or sin - - - - 90° - - - - 10.0000000 
: Sin declin. t # - 20^ 11' 21.8" 9-5379757 
: : Sin lat. * r a - - 51° 28' 40* 9.8934108 
: Sin alt. * A - - - . 15° 39' 54" 9.4313860 

3. To find the aisimuth a o. 

; Rad, or sin , - - r 90° - - - - 10.0000000 
; Tan declin. - » - - 20^ 11' 21.8" 9-5655151 
: : Cos lat. # v a *- - 51° 28' 40" 9-7943612 

: Cotazim. ao 77° 6' 1.7" 9.3598763 

In which case, it may be observed, that on ac- 
count of the small change in thp right ascension and 
declination of a star, it may, ivitl^out qiaterial ei;rpr, 
be said to have the same dititude and azimuth every 
time it arrives at the 6 o'clock hour-circle ; and the 
difference of the times it arrives there may be con- 
jBidered as equal to the diurnaj difference of the sun'a 

fight ascension. 

Example 2. 
At what time did Aldebaran appear upon the 6 
o'clock hour-circle at Greenwich, lat. 51® 28' 40" n., 
on the S3d of November 1808, and what was its alti- 
tude and azimuth at that time, its declinati(m being 
J6°6'47"n.? 

(■ In the evening at 6*26*57^" 
Ans.^ *'s altitude - - - 12° 32' 26-8'* 

(*'sazimutli --79° 48' }" from n. 



Example 3. 
At what time did Regulus appear upon the Q 
o'clock hour-circle at Greenwich; lat 51° S8''40" n., 
on the 9th of February 1,808, and what was its qltif 
tude and azimuth at that time, its declination being 
13° 54'/'? 

f In the evening at 6^ 27' 48" 
Ans.J *'s altitude r - 10° 3" 38" 
(*'s azimuth - - 81° 52' 50" n. 
Note. Any two of tl\e five things, mentioned in this 
problem, being given, the rest m3y.be found as before. 



PROBLEM xr, 
The latitude of the place, and the sun's declina^ 
tion, being given, t6 find his «Ititude and the timei 
when he will be due east or west. 

Example I. 
In latitude 51° 28' 40" n., when the sun*s declina* 
tion is 19° 47' 27", it is required to find his altitude, 
and the time when he will appear upon the pmn^ 
vertical, or due east or west, 



1. Tojind the altitude v 0. 

Sin lat A ^ O - -. 51° 28' 40" 9.8934103 

Sin declin. G a - - 19° 47' 27" 9-5296707 

: Rad, or sin - - - - 90° - -' - . 10.0000000 

Sin alt. * © - - - %&" 38' 37" 9-6362604 
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2. Tojind the hour from 6, <r a. 
Rad, or sia - - - - 90° - - - - 10.0000000 . 
Tandeclin. ©A -19° 47' 2/' 9-5561111 
.: Got lat. ^ A V - 51° 28' 40" 9-9009509 
Sin r A - 16* 38' 46" 9 4570620 

Which converted into time, gives 1^ 6' 35" for the 
time from 6 o'clock. 

Hence, the sun will be exactly east at 7^ & 35" in the 
morning, or west at 4** 53' 25" in the afternoon (/).. 

Example 2. 

The sun's declination being 19° 47' 27" ^. and his 

altitude, when upon the prime vertical, 25° 38' 37", 

it is required to find the latitude of the place^ and 

the hour of the day, 

rLat. 51^28' 40" N. 
Ans.< Time 7** 6' 35" morning 
( Or 4' 53' 25" afternoon. 

Example 3. 
In latitude 51^ 28' 40" n. the sun's altitude, when 

(/) From this probleto it appears, that when the latitude of the 
place and the «un'tt declination have 'the same name, the altitude 
and time from six o'clock increase as the latitude and declination 
increase 5 and having contrary names, the same thing happens^ 
with this difference, that in the former case the days lengthen, on 
account of the increase of the latitude and declination, whereas, 
in the latter they shorten on that account. When the latitude of 
the place is less than the declination, the sun never appears on the 
prime vertical. 

If this problem be worked, in the a V Q a, for the longest day, 
at Greenwich, it will give 4^ 39' iS' for the time before and after 
noon when the tun is due east and west ; and in the a T O ^> ^^ 
i¥ill give the time for ttie shortest day. 



pn the prime vertical, was 25° 38' 37.3", required his 
deelination and the hour of the day. 

(Declin. \9°4,fS7"v. 
Am.< Time - 7* 6* 35" morning 

j[ Or - 4* 53' 25" afternoon. 

Note. Any two of the four things, mentioned in this 
problem, being given, the rest may be found as before, 

PBOBLEH xn. 
The latitude of the place being given, and the de- 
clination of a star, to find its altitude, and the timf! 
when it will be due east, or west. 

Example 1. 
At what time did Arcturus ^tppear due east or west 
from Greenwich, on the 19th of December 1808; and 
what was its altitude at that time, its right ascension 
being 14'' & 25", and dec^nation 20" U' 21.8" n.? 



1. The star culminates at 20^ 14' 34", as found bv 
prob. IT. 

1. Tojnd the. altitude f *. 
: SinlatAir* .,.51°28'40" 9.8934103 
 Rad, or sin - - - - 90° - - - - 10.0000000 
; : Sin declin. # a - - 20° II' 21.8" 9.5379757 
: sin alt. V # _ . . 26° 10' 33" 9.6445654 
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&. To find the how from 6, y a. 

Rad, or sin - - - - 90° - - - - 10.0000000 

Tan declin. * a - 20" 11' 21.8" 9-5655151 

: Cot lat. Z * V A - 51° 28' 40" 9-9009509 

Sin v A 17° 1' 17.2" 9.4664660 

And if 7^ 58' 42.8" (the complement of v a) be 
converted into time, it gives 4** 51' 54, 8", which sub- 
tracted from the time of the star's southing, leaves 
15^ 22' 8^'' or 3** 22' 8^" the next morning, (Decem- 
ber 20th), when the star appeared due east, and 
added, gives 85^ 5' 58i", or 1^ 5' 58" p. m. (December 
20th,) when the star appeared due west (u). 

Example 2. 

At what time did Aldebaran s^pear due ea^t or ' 

west at Greenwich, lat. 51'' 28' 40" n., on the 23d 

November 1808, and what was its altitude at that 

jf;ime, its declination being 16^ 6' 47" n,? 

(Altitude 20°46'38i" 
Ans.-^ East at • 7j[ 20' 8|" evening 

( West at 5^ 33* 46^" next morning. 

Example 3. 
At what time did Regulus appear due east or west 
at Greenwich, lat. 51^ 28' 40" n., on the 9th of Fe- 



(tf ) The height of the same star upon the prime vertical, in any 
place, is always nearly the same, for the reasons already assigned ; 
and the difference of the'tjines of its coming to the prime vertical 
win be equal to the difference of the times of its culminating, 
l^hich is nearly equal to the diurnal difference of the sun's righ^ 

tension. 
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bruary 1808 ; and what was its altitude at that time, 

its declination being 12^ 54' 7" n.? 

(Altitude 16^ 34' 57" 
Ans.<j East • - 7** 9' 49i" evening 

{ West - - 5* 45' 46" next morning. 

2^ott. Any two of the things, mentioned in this pro-» 
blem, being given, the rest maybe found as before. 

PROBLEM XIII. 

The sun's declination, and the latitude of the place, 
being given, to find the time of day-break in the morn- 
ing, and the end of twilight in the evening. 

, Example 1. 
Given the latitude of the place 51° 28' 40" n., and 
the sun's declination 9° 48' 20" n., to find the time 
of day-break in the morning, and the end of twilight 
in the evening, 




The crepusculum circle rs being 18*^ below the 
horizon, we shall have 

Sun's polar dist. o n = 80Ml' 40" 
Sun's zenith dist, oz = 108° 
' Comp\oflat. . NZ = 38° 31' 20" 

2 |226° 43' = sum 
• 113° 21' 30" = ^ sum. 
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113° 


21' 30" 


113' 


'21'; 


30" 




113° 21' 30" 


108° 


• 


80' 


'11' 


40" 




38° 31'. 20* 


5° 


21' 30" 


33' 


• 9' 50" 




74° 50' 10"' 


Log 


sine - - 


m • 


113° 


21' 


30" 


9.9628631 


Log 


sine " - 


m m 


5° 


21' 


30" 


8.9702738 


Sum 


of log sines 


^ 


• m 


' - 




18.9331369 


Its complement 


- 


m m 


9 


- 


1.0668631 


Log 


sine - - 


- - 


33° 


9' 50" 


9.7380157 


Log 


sine - .» 


* m 

• 


74° 


50' 


10" 


9.9846090 

2)20.7894878 


Tan 


^ ZZN© 


• ^ • 


68° 


3' 


10" 

2 

20" 


10.3947439 


 






136* 


6* 


Z.ZNO. 



And if this be converted into time, it gives 
9* 4' 25" = time from noon when the is 18° below 
the horizon. - 

Hence the day breaks at 2* 55' 34^" in the mom- 
ing, and twilight ends at 9^ 4' 25" in the evening, 
supposing the sun's deqlination to undergo no change 
during that time (»r). 



(x) When the declination becomes greater than the difference 
between the co-latitude and 18^, the parallel of declination nm 
-will not cut the parallel rs, and consequently there will then be 
no night at that place» the twilight continuing from sun-^setting to 
sun-rising ; which takes place at London from 22d May to about 
the 2ist of July. 

It may also be observed, that as the sun sets more obliquely at 
some times of the year than at others^ it follows that he will be 
longer in ascending or descending through an arc of 18^ below 
the horizon at one season than at another. When he is on the 
same side of the equator as the visible pole, the duration of twi- 
light will constantly increase till he enters the tropic, at which 
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' Example 3. 
Given the latitude of the place SI"" 28' 40" n., and 
|;he sun's declination 9^ 48' 20" s,, to find the time 
t)f (^ay-break in the morning, and the end of twilight 
in the evening. 

AiiQ J^^y breaks at - 4** 53' 25^" morning- 
-^ns. -^ Twilight ends at 7i» 6' 34" evening. 

Example 3. 

Given the latitude of the place 51*" 28* 40" n., and 

the sun's declination on the shortest day 23° 2/ 36" s., 

to find the time of day-break in the morning, and thq 

end of twilight in the evening, 

A„^, / Day breaks at - 6* 0' 59" morning, 
^'^^^ I Twilight end9 at 5' 5^' 1" evening. 

PROBLEM XIV. 

The latitude of the place, and the sun*s declination 



time It win be the longest It will then decrease till some time 
after he passes the equinox, but will increase again before he 
enters the other tropic ; whence, there must be some point be- 
tween the tropics, where the duration of twilight is the shortest ; 
^hich point may be found by the following analogy : 

As rad : tan g® (half th^ distance of the crepusculum circle 
from the horizon) : : sin lat. of the place : sin sun's declination^ 
when the twilight is the shortest. 

Which declination is always of a contrary name with the lati- 
tude. 

Note. At Greenwich, lat. 51° 28' 40'' N. the time of shortest 
twilight is when the sun has J^ 7' 25" s. declination, answering to 
March 2d and October 1 1th ; between which days it increases^^ 
while from the latter to the former it decreases ; its whole duratio.f^ 
being i^ 5& 32". For i^ demonstration of the above analogy, se^ 
Pmerson*s Miscellanies, p. ^2, and Vince*8 Astronomy, vol, i. 
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knd fdtitude, bdng given, to find his azimuth and the 
hour of the day. 

Example 1. 
Iii latitude 51* 28' 40" n., the sun's true altitude 
was found to be 46" 23' when his declination was 
SS** 2/ 41" N. J what was his azimuth, and the hour 
of day, when the observation was made ? 




fco-lat. . - z N = S8* 31' 20" 
Co-alt. - - z O = 43° 37' 
Go-declin. n O = 66° 32' 19" 



2|148° 40' 39 " = sum 

, 74° 20' 19F = i sum. , 

74°20'l9i" , 74°20'.19i" 

Gff' 32' 19" 43^ 37' 

SS° 48' 59k" 7? 48' 0^" 30° 43' 19^" 



74° SO' 19i" 
38° 31' 20" 



Log sine - - 
Log sine - > 
Sum of log sines 
Complement - 
Log sine • - 
Log sine - - 



"tan i z NZ - . Sff' 31' 46" 

a 



- 74° 20' 19i" 9.9S35697 

- 7° 48' 0.5" 9.132637^ 

- - - - - 19.1162070 



- - ' - - 0.8837930 
35°48''59f 9.7672981 

- 30° 43* 19F 9.7083 140 

21 20.3594051 

10.1797025 



Urn I I 



113° 3' 32" 3 azim. from n; 
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log sine . - - 74' 20' 19^" - 9.^83569? 
Log sine - - - 30° ^i'.lPi" - 9-7083140 
Sum of log sines ..-**. 19.6918837 

Complement * . 0.3081163 

Log sine - - - 7° 48' 0.5" - 9.1S26373 
Log sine - - -35" 48' 59i" « 9.7672981 

a| 19.2080517 
*ran ^ Z NZ * 21** 53' 2fi" ' - 9.6040258 

.2 
48° 46* 55"= hour A from noon^ 

Which converted into time, gives 2* 55' 7^". 
Hence, the observation was made either at 9^ 4' 52" 
in the morning, or at 2* 55' 7i" in the afternoon (y)* 

Example 2. 

(jiven the latitude of the place, 51^ 28' 40" n. the 

sun's declination, 19° 34* 26" n. and the altitude of* 

his centre, 38° 20' ; required the azimuth and the 

hopr froih noon. 

. 5 Azimuth ^ - s. 72° 5' 28^" e* 
-^^^'i Hour from noon S*' 29' 33|". , 



(f/) If the declination and latitude are of contrary names, thcf 
things required may be found by the same mode of operation^ 
except that the side m beings in this case^ greater than go^, the^ 
declination must be added[ to 90^, instead of subtracted fVom it^ 
as in the above example. 

Note, The observed altitude of the sun's upper or lower limbf 
must be corrected for refraction, parallax, and the dip of the bo^ 
rizon, in order to obtain the true altitude of his centre, which i# 
that to be used. See problem xxii. 
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Example 3. 
In latitude 48^ 53' s., the sun's declination wHI 
IP"" 34' 26" N., and his true altitude 20'' 3(/, required 
the hour of the day, Ans, ty* 54' 12^" from noon< 

Example 4* 

At Greenwich, in latitude 51® 28' 40" n., in th6 

afternoon, when the sun's declination wa^ 9^ 89' 40", 

and the altitude of his centre 24° 59' 50", what was 

his azimuth from the north, and the hour of the day? 

. 5 Azimuth 152"* 0' 18^^" 
^^^•^Hour. . l** 42' 15^ P. M, 

Example 5. 
In latitude S£>^ 55' n., longitude 35'' 50' w., the 
altitude of the sun's lower limb, on the 7th of May 
1808, at 5'» 30' 35" p. m., per watch was 15' 40' 53"; 
how much was the watch too fast or too slow {z) ? 

Ans. Watch too slow l' 54.7^. 

Nole. Any three of the five things, mentioned in 
this problem, being given, the rest may be found by 
some of the cases of oblique-angled triangles. 

PROBLEM XV. 

Given the time of the year, thelatitude of the place, 



(z) In the practical application of problems of this kind, it will 
be proper to take severid altitudes of the sun or star, and the cor* 
responding times, per watch, within one or two minutes o£ time of 
eadi other, and to use the mean of these observations instead of 
any one of them, taken singly, as the errors arising from the im- 
perfection of the instrument, kc. i<ri\]y in this case, be rendered, 
mlmoit insensible* 
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fand the altitude of a known fixed star, to find th^ 
hour of the night^ when the observation was ihade. 

Example 1. 
Some time in the night on the 19th of December 
1808, in the latitude of Greenwich, SI"" 28' 40" n., 
the altitude of Arcturus was observed to be 36° 10' 30"^ 
Required the hour of the nights 




// 



Co-lat. - - 2 N 38" 31' 20 
Co-alt. - - z * 63° 49' 30^' 
Co-decHn. n # 69" 48' 38" 

2|172° 9' 28" 



86° 4' 44'' 
38° 31' 20" 



86° 4' 44" 
63° 49' 30" 



86° 4' 44" 
69° 48' 38'^, 



47° 83' 24" 22° 15' 14" iff' 16' 6" 



Log siti - 
Log sin 



- 86° 4' 44" 9.99'89822 

- 22° 15' 14" 9.5783088 



Sum of log sines - - . - . . 19.5772910 f 
Complement .-.-.-- 0.4227090 
Log sin - - - - -47° 33' 24" 9-8680242 

Log sin 16° 16' 6" 9. 447368^ 

2119-7381018 



Tan ^ z. z N * 



. 36° 29' 34" 9-8690509 

2_ • 

72° .59' 8" hour from nooi^; 



Vnachtom^ted into time, gives 4" 51' 56^" £oi 
iite tane before the star cande to the meridian. 

' Timebefore * passestheroeridia n 4** 5 1' 561^" 
Hour of the night - - - - 15" 22' 97Ji" 

Or 3" 22' 37i" a. m, Dec. 20th 1808; 

Example 2. 
In latitude 48^ 35' 40" n. longitude 65'' 59' 20" w; 
bn the 14th of April 1808, the altitude of Aldebaran^ 
wlien west of the meridian, was 22® 20' 20"; required 
the Apparent tiBOfe of observation. 

Ans. Hour of the night, 12'* 14' 45"; 

feiaihpie 3. 
in latitude 10° 2& s. and longitude 166^ 30' e. on 
the 21st of February 1808, the altitude of Sirius, when 
east of the meridian, was observed to be 21° 10' 50" j 
Required the true time of the night when the observa- 
tion was madei 

Ans. February 21st at 4' 28' 59i"i 

Eitample 4. 
On the 30th of January 1 808, in latitude 53"" 24' n; 
knd longitude 25° 1 8' w; the mean of several altitudes 
t£ Piroeyon Uy the west, and of Alphsicca, or a Co* 
tonas, to the east of the meridian, were observed se- 
paratelyy ty two persons, at the same instant of time^^ 
the mean of which was 16*" 38' 38", the mean BikUvA^ 

B 



of Procyon 19" ^1' 18", and the mean altitude of 
at Corons 4S° 8' ; from which it is required to find^ 
the error of the watch. 

f Hour at night for Procyoii 16* 36* 37" 
Ans.-? Ditto - - - - for Alphacca 16* 35' 27" 

(Watch too fast - - - - 2* 35" 

PROBLEM XVI. 

The right ascension and deehna;tion of a fixed star, 
or planet, being given, to Gad its latitude and Ion-' 
gitude. 

' tlxample 1. 

Kequired the right ascension and declination of 
Aldebacan in Taurus, its latitude being S" 38' a. its 
longitude 2' 6° 56*, and the obliquity of the ecliptio' 
83° 28' (a). 



tsm - - : 
■e-; /. # m s 



1. Tojind the co-declination s #. 

. = 23° 28' the obliquity of ecliptic 
Here-J /. # m s = ]5ff' 5& star's longitude + 90° 

84° 32' comp'. ofstar's latitude^ 

(a) A method er reiolviag thU problem) wUch is better adapted 
for obtaiwng aeeurdte reaulLs, in certain cased, is given by Maalce- 
lyne, in tiia Introduction to Taylor's Logarithms. The problem 
itself tuny ^ varied bo as to admit of seteral cases ; but except' 
that gtren sbeve, and its eoaverse, nDne of these are oF any great) 
fracUcaluae' 
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WlMBace, by case viii. of oblique z.  spbeiical a H 
t . Rad, or sin - - - - 90** - - - - 10.0000000. 
: Cos z *ms - - - 156*' 56' - - 9.96381 J2 

: I Tan m * 84° 32' - - 11.0190794 

t Tan arc f - ... - 9S^ ST - - 10.98289 06 
: Cos Bicp ----- g5° ST . •> 9-0156 135 

0.9843865 
t Cos m * . . - . - 84° 32' - - 8.97894081 
: : Cos (sni'-'f) ... 72° 29' - - 9.4785423 
: Cos s *----. - 106* 57' - - 9.4418696 

90° 
Declination- - - - - 16° 5/ s. 

2. To find the do-right ascensidn * s »i. 
J Sin 8 * -..-.: 106° 5/ - - 9.9807120 

O.0192880> 
t Sin z. *»is - - - 156^ 5G - - 9.5930666 

: : Sin »i * 84° 32' - - 9.9980202 

: Sin Z*SOT -■- - - 24° 6'-- 9.6103748 

90° 
The right ascensidn 65"* 54( 

, ^ , Example 2/ 
Required the latitude and longitude of Spica, or d 
Virginis, its right ascension being 13** 15' 5i", itade- 
fclination 10° 9' 7^" i. Md the obliquity of the eclip- 
' tic 23° 27' 42". ^ 

Ans i Latitude ... 2° 2' 17" si 
^"^- 1 Longitude «• 2 1° 9' 4 1" 

' Example 3. 
THe latitude of the moon being 5° G^ 57" n; liei^ 

li2 
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longitude 10* 21° S6^\ and the obliquity «f ^ff 

ediptic 28° 27' 42"; it is required to find heit>]aghf 

ascension and declination. ' ''  

. < Right ascen. 322° 19- 42" 
-^^•{Declinatioo - 9°£8'U" 

Example 4. 

Required the right ascension of the planei Mer*^ 

cury in time, on the 3 1st* of January 1808, it$ geoL 

centric latitude being 3° s. and its geocentric lon-^ 

gitude 10- 4^ 57'. Ans. 20' 31' 17". 

r 

PROBLBM xVlI* 

The right ascensions and decUnatioAs of two stai^,^ 
or jtheir latitudes and longitudes^ being given» fso fod^ 
th^ir distance. 

Example 1. 
It is required to find the distance between Sirius ir^* 
Canis M^jor, and Procyon in Canis Minor, the right^ 
ascension of the former being 6* 36* 41", and its dcr 
clination 16® 27' 30" s. and the right ascension of the^ 
latter 7' 29' 14", and its declination 5^ 42' 34" n. 




21 # s p= 13° 8' 15" the diff. of right ascen. #^ 
Here-^ s # = 73° 32' 30" comp*. of Sinus's declin. 

s p=95°42' 34" Procyon's declin. + 90^ 
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Whence, by case viii. of obUque>ai)^ed spherical a s 

i Rad, or sin - - - - 90* - - - - 10.0000000 

C«8 ^ #«p - . - 13* 8' 15" 9.98848S0 

: Tan s # 73' 32' 30" 10.529556a 

Tan are f . . .- - 73* 7' 27" 10.5180382 

Cos arcr^ 73° / 27" 9.4628447 

0.5371552 

Cos s # 73° 32' 30" 9.4522742 

:.Cos(sp~^) ...22°35' 6" 9.9653471 

Coa j(.jf - , - , . 25° 41' 45" 9.954:7765 

Where ^ p Is thp distance of the tw*o 9tars required, 

'Example %. 
It is required to find the distance between Rigel in 
X)rion, and Procyon in Canis Majo^ the right ascen^ 
sion of the former being 5* 5$' 19", and its declinatioQ 
S^ 25' 49" s. ; and the right ascension of the latter 
7^ 29' 14^ and its decJliiiatiqn .5^ 42' 34" n. 

Ajis, 4ist- 27^ 21' 5f . 

ExaD&jde 5. - 
Required the distaniee between Sirios and Spica 
Virgims, the latitude of the former betag 39° 3 S' 22" s. 
Aiid its longitude 3* 11° 26* 10"; and the latitude of 
■the latter «° ^ 17" s. and its longitude 6* 21° 9' 49". 

Ans. dist. 96° 10' 18". 

PROBLEM XVIII. 

The plaoes of two stars being given, and their di- 
^stancesi froto a third star, or comet, to find the plac^ 
4?f the third object, 
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Example 1. 
Suppose the distance of a comet, or hew star, asi 
measured by a sextant, to be 65^ 47' from Sirius, 
whose latitude is 39"* SS* s. and longitude 3* 11° 13', 
and 51* 6* from Procyon, whose latitude is 15® 58' s. 
and longitude 3* 22*^ 55' ; it is required to find th?. 
latitude and longitude of this comet or star. 




. nv 



1. In the A s n p, we have given 
s n = 129® 33' dist. of Sirius from pole of eclip. 
p n = 105® 58' do. of Procyon from same pole. 
/. s w p = 1 1® 42' diff. longitude of the two stars. 

Hence, by case yui. of oblique Z.- ^ spherical a % 
Rad, or sin - ... 90° • - - 10.0000000, 
Cos\<i8«p ... 11° 44'.- 9.9908291 

: Tan sn 129° 33' - . 10.0881235 

Tan arc ^ .... 130° 8' . - lp.0739526 
Co^ ftTC 4» - - - - 190° 8' - - 9:8092691 

0.1907309 
9.8039699. 
9.9601655 



Cossj? ...... 129° 33' - - 

; Cos (p»~«) ... 24° 10' . . 

Cossp 25°42' . - 

Sin 8 p 25? 42' - . 



: Z.SWP 11° 44'-- 

:: Sin Fit . . i . . . 105° 58' . - 
; Sinz«8P - --. 26° 48'-- 



9-9548663 
9.6371484 
0.3628516 
9^3p§259Q 
9.9929140 
9.6540246 
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2. In the a c s p, we have given 
8 p = 35® 42' dist. of Sirius and Procyon 
c s = 65"^ 47' dist. of comet and Sirius 
, c p = 51® & dist. of comet and Procyon. 

jHenc0, by case xi. of oblique 4"* spherical a% 

25® 42' 
65® 4/ 
51® 6' 





2J 


142° .35' 






71° 17' 




71^ 17' 




71° 17* 


65^ 47' 




51° ff 




25° 42' 


5° SO* 

• • • f . ' 


^ 


20° 11' 


. 


45° 35' 


iLrOg sin 


* 


71° 17' - 


. ^ 


9,976403^ 


liOg sin 


r " 


2Q° 11' , 


n 


9.5378508 • 
19.5 142544 

0.4857456 


Jx)g sin r 


^ 


5° 30^ - 


- 


8.9815729 


Jx)g sin 




45° 35' - 


- 


9.8538619 


% 




» 


219.3211804 


y?n . . 


/ 


24° 36* . 
2 ' 


- 


9.66059Q1? 


• 




49° 12' Z.CSR 








26°48'^nsp 


-• 


 \ 




22° 24' ZCS» 

* 





3. In the. A ns c, we have given *- 
8« = 129^ 33' Sirius's dist. from pole of ecfip, 
s c = 65^ 47' dist. of Sirius and comet ^ 
^ c s » = 82® 24' found as abov^ 
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Hence, by case viii. of o]blique L * splueric^ a % 

Rad, or gin r . r • 90'* r - 10.0000000 

Cos /: c 8 » 2«° 24' ^.9659285 

: Tan so 65° 47' - - - ^0.34701 19 

Tan arc p 64» 3' - - - 10.3129404 

Cos arc f ----- 64° 3' ^ - - 9.6410640 

0.3589360 

Cos s c - - ^ ^ T ^ 65* 47* - -^ 9.6129833 

: Cos (sn^f) - - - 65° 30' - . - 9.6177270 

Cos c n r - T - - 67° 8' - ; - 9.5896463 

90^ 

22° 52' lat. of comet 

:. Sin » - 67° 8' - - - 9.9644537 

' 0.0355463 

' a 

: Sin ^ csn - - - - 22" 24^ - 7 - 9-5810058 

: : Sin sc 65'' 47' - - - 9>9599958 

2 . Sin ^ 9ns V ... 22'' 10' . . . %SlQ5^&r 

101° 13- Jong, of Sinus 
fiSMO^diff. long. 
79° 3' long, of comet. 

Note. The same things may also be determined 
from the right ascensions and declinations of thQ 
two stars, by refeiring tliem to the equatw instead' 
of the ecliptic. 

Example 2. 
Suppose an unknown star was foimd to be Q^ 10' 12*^ 
distant from Capella, whose decUnatio|i is45°47' 15"n, 
and its right ascension 5^ 2' 31"; and that its distance 

was 25^ 15^ 18" from Procyon, whose d^clii^tion is; 

« 

^^ 42' 34" N* ?md right agcensiott 7** 29' 14" ; require^ 
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^e declination and right ascension of the unknown 
star. 

A«a f Declination - - lake's*" 
^^' X Right ascension 9* 8' 14" 

Example 3. 

Suppose the distance of au unknown star, or planet, . 

was observed to be &t 45' fi4"from Sirius, whose right 

ascension is 99^ 10' 15", and declination 16*^ 27' 30" s. 

^d to be 5 1^ 4' SH' distant from Procyon, whose right 

jiscension is 1 1 S"" 1 8' 30", and declination 5^ 42' 34" n. j 

H is required to find the right ascension and declina^ 

tion of this unknown star or planet (6) • 

Ana J Declination • . 49"" 17' S^" n. 
-^^- 1 Eight ascension 80^ 43' 15". 

PROBLEM XtX. 

The day of the month, the sun*s declination, and 
the latitude of the place, being given, to find the ap« 

parent time of his centre appearing in the horizon. 

» . * ' 

Example 1, 
Given the sun's declination, at noon, on the 21st of 
June 1808, 23"" 27' 41", and the latitude of the place 



^*« 



■p"«^^i"*-i»«-»«*« 



^r-^m* 



(6) By the assistance of the above problem, and a knowledge of 
^e true situation of any particular star, the places of all the rest 
may be determined; it being chiefly by this means that astronomers 
bltye rectified the places of the fixed stars^ and thence, by a similar 
mode of proceeding, found the true places of the planets. In the 
liame manner, we may also find the distance between any two place« 
pn the surface of the qarth. 



51^ 28' W N i required the apparent time of Iiiq 
centrt appearing in the horizon (c). 



Here, the example being given for the longest 
^aj, the sun's declination may be considered the 
same at his rising as at noon ; the variation not 
being more than 5" in 24 hours at this time, though 
near the equinoxes it varies above 1' in an hour. 

Hence, by the tables, his horizontal refraction 
being = 33', his parallax 9", and his semidiameter 
15' 47", if s be the point where the upper limb of 
the sun rises, and b that of its apparent rising, we 
shall hav^ 33' + 15' 4/' — 9" = bQ> the distance of 
his centre below the horizon; and consequently, 
z O = 90° 48' 36.8" app. dist. of O's centre from zen. 
N = 6^ 32' 19" dist. of 0*8 centre from n. pole 
z N = 38° 31' 20'' the complement of the latitude. 

(c) The apparent time of the rising and Betting of the heavMilf 
bodies always d^era from the tru^ time, on account of their beiog 
elevated by refraction, and depressed by parallax. The bud's ho- 
rizontal parallax is about 9"-; and therefore his upper limb wiH 
appear in the horizon when it is 32' 5l" below it; and as his semi- 
diameter is then 15' 4?", his centre will appear in the horizoi^ 
when it is 48' 38" below it : but a star, having no Eensible parallax, 
will appear in the horizon wbei^ it is 33' beloiv it, or go" i33' froc^ 
the zenith. 
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Hence, by case xi. of oblique-angled spherical a ?, 

90" 48' 36.8" 

66" 32' 19" 
38° 31' 20" 

2 1195** 52' 15.8" ' 

97" 5& 7.9" 97" 56' 7.9" 97" Sff 7.9" 
66" 32' 19" 90" 48' 36.8" 38" 31' 20" 

31" 23* 48.9" 7" 7' 31" 59" 24' 47.9"  

Log sin 97" 56" 7.9" 9-9958212 

Log sin - . 7" 7* 31.V" 9.0935608 

19.089382Q 

0.9106179 

Log sin 31" 23' 48.9" 9.7168075 

Log sin . - 59" 24' 47.9" 9.9349326 

21205623581 

Log tan 62" 22' 23.2" 10.2811790 

2_ 

124" 44' 46^" /L z N o. 

Which, converted into time, gives 8* 18' 59" = the 
true time from noon, when the sun's centre appears 
in the horizon; 

^ Hence, his apparent central rising is 3^ 41' l", and 
his setting 8' 1 8' 59" {d). 

The true time of the sun's rising and setting on this 
day, has before be,en shown tp be 3* 47' 51", and 

(d) As refraction is the means of occasioning an error in the 
riring and setting of all the celestial objects^ the same cause will 
necessarily produce an error in their amplitudes^ as may. be seen 
. by comparing the triangles <y* A s and <r b 6; but this may be 
avoided, by making the altitude of 0's Ipwer limb =s 16" + dip of 
the hpjizon. 






B' ls:'p%.Hnci the apparen|t day is IS" 40^' longer 
than th^' astronomical day* 

Example ^ 
Required the apparent rising and setting of the 
sun's centre^ in latitude ^1^ ^ ^jsO* ^NvS^pposipg W^ 
declinatioa to be SS"* i7{ ^' i. * ^ ' ] 

^ Ans. 8^ 5' 92'' and # 54^ 38", 

Required the jtp|)^rdnt time^ of the central rising 
and setting <fi the sun, in latitude 51^ 28' 4i(f n. 
when his decimation is 19^ 47' 20" n. supposing it to 
undergo no viakTiation from sun-rise to sun-seU 

Ans. 4** & IJi' and 7' 53' 44J^ 



.*'"■.■■. . V. 



' ^ PROBLESf X J. 



The latitude and longitudfe of a place, and the 
day of the month, heing given, to find the time of 
the moon's rising and setting at that place. 

Example U 
Required the time of the rising and setting of ^ 
moon at Greenwich, latitude il^ 28' 40^' k» on ;th$ 
J 8tb of August 1 808 (e). 




(e) The hotizontal parallax of the mooti^ befog from $$' to Wt 
always exceeds the horisdntal refraction t therefore, #heii the 
tnoon*8 upper Ihnh i^ppears hi the horizon she is really atbote it, by 
a <}ttantity equal to the l^orizental parallax, minus the refraction. 
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Let n he the |dace of the moon, when in the horl^ 
ion, m the point wher^ she becomes Visible, and d 
her pfece on the meridian; in which case, rfe will 
represent her change of declination from the time 
of her rising to that of Kei*^ transit. 

Then, by calculating as in prffclem v. thte'true time 
of her passing over the meridian will be 8?* 5i Win 
the monung. Andby prob. m. her declination, when 
on the meridian, will be found tabe 18^ 5& 51^" n., 
and heir horizontal parallax 5& 31.8"; also, by the 
tables, the horizontal re&actlon ::^ 33V 

Hence, in the a 2! n m, we have given 

{z m =: 90* + 33* — dC 3 1 .8" = ^9° 36' 28.6" 
N »i = 90** — 18° 5& 51,7" = 71° 3' 8.2" 
z N a 90" — 51^ 28' 40" in 38° 31' 2Qf' 

Therefbre, by case xi. of obIique>angled spherical a 't 

71° 3' 8,2" 
8^* 36' 28^' 

g |199" icy 66^ 

i>9" 35' 28.4'' . 99° 35' 28.4" 99** 35' 28.4" 
71* 3* 8,2'' 38° 81' 20" 89° 36' 28.6'^ 

88° 32' 20.2" 61° 4' 8.4" 9°. 58' 59.8" 

, Log sin - - ^° 85' 28,4" 9.9938863* 

XiOg sin - - V 9° 58' 59,8" 9.2389425 

19.2328288 

0.7671711 

log sin * - * 28° 32^ 20,2" 9.6792062 

Log sin - . ♦- 61° 4' 8.4" 9.9421088 

2 120.3884861 

Lo^tan - i - - - - 57* flsr 21.9" 10.1942430^ 

^ 2_ 

114°48'43.8"''ZZNOT. 
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Which converted into time, gives 7* 39* 14.9" =5 
nearly the time the moon rises before she comes to 
the meridian. Whence 8" 54' 19.4"— 7" 39' 14.9" = 
1" 15' 4.4" = estimated time of the moon's rising. 

Then, by calculating as in problem iii. the moon's 
declination at nearly the time of her rising, 'will be 
found = 19° 9JS 12.2" N., and her horizontal paral« 
lax 56* 17.2". 

Hence, in the a z n m, we have, again^ given 

C z wi = 90° -i- 33'-56' 17.2" = 89° ^S 43.7". 
^ N m = 90°- 19° 26^ 12.2" = 70° 33' 47.7'' 
( z n = 90°— 5 1° 28' 40" = 38° 3 i' 20". 

89° 36* 42.7" 
70° 33' 47.7" 
38° 31' 20" 

2|19 8° 41' 5 0.4" ' 

^9^0*55.2" 99° 20' 55.2" ^9* 20' 55.2" 
70° 33' 47.2" 89° 36* 42" 38° 31' 20" 

28° 47' 7.4" 9° 44' 12.5" ^ 60° 49' 35.2'' 

mmtmmi^aam^mmmmimmmtmm^^m^mm^m^mm mm^m^mmma^m^t^mmm^mmmm^mm^^m^mmm^ mm^^mm^m^m^mmm^m^m^m^t^m^mm^m^ 

Log sin 99° 9.QI 55.2" 9-9941930 

Log sin ----- - 9° 44' 12.5" 9.2282019 

19.^223950 

0.7776049 
Log sin : - - - - - 28° 47* 7.4" 9.6826237 
Log sin ----- - 60° 49' 35.2" 9.9410874 

2 120.4013162 
Log tan 57° 4/ 20.3" 10.2006581 

2_ • 

115°34'40.7"z.ZNw. 

Which, converted into time, gives 7^ 42' 18.7" for 
the time the moon rises before she comes to the me- 
ndian. 



• . 
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Whenee, 8* 54' 19.4" -7* 42' 18.7" = 1\12' 0.6'' 
the time from noon when the moon rises ; which dif.> 
fers only 3' 3,7" from the time found above. 

And if still greatef exacttiesS be required, the 
inoon's declination may be found for 1** 12' 0.6", and 
the operation repeated as before. 

It is also evident that S** 54' 19.4" + 1 42' 18-7" =i 
16* se* 38. l" = nearly the time of her setting; but 
in order to Obtain this time more rigorously, the 
Variation of declination must be allowed for as in 
the preceding part of the problem. 

Eitample 2. 
Required the time of the moon's rising at Green- 
wiclj, latitude 51° 28' 40" n. on the 22d of July 1808. 
Ans. 3* 24' 34^^" apparent time in the morning. 

Example 3. 

Required the time of the moon's rising and set- 
ting at Paris, latitude 48** 50' 14" n. and longitude 
S"" 20' e:, on the 25th of September 1808. 

Ans. Rises 32' 34^" afternoon, apparent time at 
Paris \ and sets at 9** 10' SS^' in the evening. 

PROBLEM XXI. 

The sun's declination, two altitudes, and tlie time 
between the observations, being given, to find the 
latitude of the place. 

Example 1. 
At a^ place in the northern hemisphere, the sun's 
declination beihg 19° 39' 1 2" n., the true altitude of his 
^ntre, in the forenoon, was found to be 38'' 20' 30"y 




^d at the end of an hant and a half afterwardi 
i(f 38 IQ^s required the latitude of the place. 



Here> A being the place of the sun at the time of 
the lat observation, and b bis place at the time of 
the Sd, the polar distances n a« n b wiU be equals 
supposing the declination to remain the same for th<i 
ivhole of the interval. 

Hence, in the isosceles a N a B, there is given 
Tna = 70" 20' 48" the sun's polar dist. at 1st obser"j 

^KB = 70°2tf 48"ditto - - atSdobser"/ 

{ ^ A N B s S2" 30^ the measure of elapsed time. 

1. To^nd the side AH, 
: Had, or sin . - - . 90° - - - - lO.OOOOOOO 
• Sin N A or N B . - 70° SO^ 48" 9.9739333 
!:SmiiAiiB - -  11° li' - - - 9.8802357 
1 Sin i A B . - ' - - W°SS' 1S.5" 9.2641689 

2^ 

21° 10' 2i" A B. 

2. Tojittd the angle jiBti. 
I CotJiASB ---ll°li' -.10.7013388 

i Rad, or sin 90° .... 10.0000000 

!-. Cos MA or KB .^70° 20' 48" 9.aa6763* 
1 Cot * BN 86° 10' 21.4" 8.8«543»« 
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II. In th* oblique-aDgled a ▲ bz, there is given 

f A z = 51° 39' 30" complement of 1st altitude 
^ B z = 39° 33' 50" complement of 2d altitude 
(a B = 21° 10' 25" as before found. 

Whence, by case xi. of oblique- l •» spherical a % 

51° Z9' 30" 
39° 33' 50" 
21° 10' 25" 



- 


2|112°23'45" 


66= 1 1' 52" 
39° 33' 50" 


Sff" 1 1' 52" SG" 1 1' 52" 
51° 39' 30" 21° 10* 25" 


16° 38' 2" 


4° 32' 22" 35° 1' 27" 


Log sin 
Log sin 


. . . 56^ 11' 52" 9.9195823 
.- - . - 4° 32' 22" 8.8984402 




18.8180225 


Log sin 
Log sin 


1.1819774 

- - - 16"° 38' 2" 9A56757i 

- - - 35° 1' 27" 9.7588541 


Tan - - 


2120.3975887 

- - - 'iT" 4.0' 4i7" 1 n 1 aft7QA<l 


A OJlA " • 


- - v/ *v 'xi iU.1^0/£r4«j 

2 
115°2l'35"Z^ABz 

86"° 10'2l"ZABN 


/ 


29° ll'.14"ZNB2. 



IIL In the triangle b 2 n, there is given 

{N B =i 70'' 20' 48" sun's polar distance 
B z == Sp"" 33' 50" complement of the 2d alt. 
Z NB z = 29'' 1 1' 14" included L . 

l?f hence, by case viii. of oblique-angled spherical a % 

Rad, or sin • . - - SO"" . - - - 10.0000000 

CosZNBZ . - - . 29"* 11' 14" 9.9410292 

: Tan Bz .-,.... 39'' 33' 50" 9^9170909 

Tan arc ^ ^ ... 35° 48' 11" 9> 858 1201 

s 
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: Cos arc p - - - - - 35^48' 11" 9.9090576 

0.0909623 

: Cos B r 39° 33' 50" 9.8870064 

: : Cos (?-nb) - - - 34° 82' 36" 9-9157669 

: Cos N z 38° i28'. 5^" 9>8937S57 

90° 

5 1° 3 r 54"lat. required(/> 

Example 2. 
On a day, in the northern hemisphere, when the 
sun's declination was 20° 13' 30" n, his true altitude 
in the forenoon was observed to be 18° 32' 5", and 
three hours afterwards it was 39° 58' 12"; from 
which it is required to find the latitude of the place. 

Ans, 60° 10' 24" n. 
Example 3. 
When the sun's declination was 22° 37' N. his cor- 
rect altitude at 10^ 53' 13" in the forenoon was 
53° 28' 9", and at 1^ 17' 16" in the afternoon it was 
52° 47' 29" ; required the latitude of the place, sup- 
posing it to be north. Ans. 57° 3f 42^" n. 

Example 4. 
At a place in the northern hemisphere, when the 
sun's declination was 23° 28' 36" n. his corrected alti- 
tude, at 8^ 53' 48" in the forenoon, was 48° 42' 20", 
and at 9'' 46' 9" it was SS"" 47' 48"; required the true 
latitude. Ans. 49° 59' 18^" n. 

-_, : 1 ^ ; ; 

(jT) The principal use to which this problem is applied, is in 
questions of a similar nature to that given above; but several 
other things may be determined from the same data : such as the 
hour from noon when each altitude was taken, the azimuth at each 
obseryatTon, ^c. 



» 
/ 
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PROBLEM XXII. 

The apparent distance of the moon from the sun, 
or a star, and their apparent altitudes, or zenith 
distances,^ being given^ to find their true distances, 
as seen from the earth's centre (g). 




Let z M be the observed zenith distance of the 
moon, and z m her true zenith distance, m m being 
the difference between the moon's refraction and her 
parallax in altitude. 

Also let z s be the observed zenith distance of the 

sun, or a star, and z s its true zenith distance ; s s 

------- -   -- - I —  - tf , . 

' (g) Since the observed altitude of any celestial object is affected 
by refraction and parallax, the effects of which are always pro- 
duced in a vertical direction, it is obvious that the observed di- 
stance between any two bodies will also be affected by the same 
causes. With regard to the fixed stars, the parallax vanishes^- so 
that their places are only changed by refraction ; but in observa^ 
tions of the moon particularly^ the effect of parallax is very sen- 
sible^ on account of her proximity to the earth : for which reasons, 
the true distance between the moon and any celestial object 
is^ for the most part, considerably different from the observed 
distance. 

It may also be remarked^ that since the refraction of the sun^ at 
the same altitude, is always greater than his parallax^ his true 
place will be lower than his apparent place; and because the 
moon's parallax, at any given altitude, is always greater than the 
refraction at that altitude, her true place will be higher than her 
apparent place. 

S 2 
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being the difference between the sun's refraction 
and parallax, or the refraction of a star* 

Then, since in the triangle z s m, the three side?* 
z s» z M, and s m, are given, the vertical angle s z m 
may be found, by case xk of oblique-angled spherical 
triangles. 

And, because in the triangle zsm, the two sides 
Z $9 z m, and the included angle s z nh ^^ ^^^ 
known, the true distance s m may be found by case 
VIII* of oblique-angled spherical triangles. 

But as this method, though direct and obvious, 
requires three separate statings, or analogies, for 
obtaining the true distance, it may be rendered 
more commodious in practice by incorporating the 
analytical formulae for finding the angle z and the 
side s m into a single expression j which, when con- 
verted into logarithms, gives the following rule, 
using the altitudes instead of the zenith distances. 

RULE. 

1. Take the difference of the apparent altitudes 
of the inoon and star, or moon and sun, and half 
the difference of their true altitudes. 

2. Also, take half the sum and haflf the dijBer- 
ence of the apparent distance and the difference of 
the apparent altitudes. 

3. To the log sines of this half sum and half dif- 
ference, add the log cosines of the true altitudes, 
and the complements of the log cosines of the s^)- 
parent altitudes, and take half the sum. 
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4. From this half sum take the log sine of half 
the difference of the true altitudes, and look for the 
remainder among the log tangents ; which being 
found, take out the corresponding log cosine, with- 
out taking out the arc, which is imnecessary. 

6. Subtract this log cosine from the log sine of 
half the difference of the true altitudes, above found, 
increased by 10 in the index; and the remainder 
will be the log sine of half the true distance (A). 

Example 1. 

Apparent dist. of 2) and * 51°fi8'30" 
Apparent alt. of D 's centre 12** SO' 4" 
Given-! Apparent alt. of # .... 24° 48' 17" 
True altitude of D 's centre IS"" 20' 40" 
True altitude of * . - - . 24' 46' 14" 

Required the true distance of the moon and star. 

24° 48' 17" 51° 28' 30" 

12° 30' 4" 12° 18' 13" 

12°^ 18' 13" 2 163° 46^1?' 

24° 46* 14" 3r53'2li" - ^ sum 

13° 20' 40" 2|39° 10' 17" 



2[ 11°25'34" 19^35' 8f - ^diff. 

5° 42' 47"  



(A) The method of reducing the apparent to the true distance, 
6r of clearing it of the effects of refraction and parallax, being the 
motl tedious part of the calculation for ascertaining the longitude, 
by the conmon spherical analogies, various compendious formuls 
kaye been proposed, at different times^ for the more easy solution 
of this problem ; among the best of which are those of Borda^ la 
Caille, de Lambre, Messrs. Dunthorn, Lyons, Maskelyne, Wit^ 
chel, and Mendoza. 



r 
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Log sin - 


m • 


31°53'21i" - 9.7228640 


Log sin - 


m m 


19° 35' 8^^" - 9.5253252 


Log cos - 


- - 


13° 20' 40" - 9-9881129 


Log cos 


■1 m 


24* 46* 14" - .9.9580824 


€ Log cos . - 


- - 


12° 30' 4" - 0.0104203 


€ Log cos - 




24° 48' 17" - 0.0420371 

2139.2468421 
19.6234210 


Log sin 


- 


5° 42' 47" - 8.9980259 


> Log tan of an arc 


10.6253951 


Corresponding log 


cosine - - •- 9.3627458 


Log sin - 


m m 


25° 34' 54" - 9.6352801 

2 1 
51° 9* 48" true distance. 




• 



Example 2. 

r Apparent dist. and D 's centres 90° 21' 17" 
j Apparent alt. of D 's centre - - - 5"^ 1/ 9" 
Given J Apparent alt. ofO's centre - - - 84° 7' 20" 
True altitude of D's centre - - - 6" 9' U" 
True altitude of O's centre - - - 84° 7' 15" 

Required the true distance of the sun and moon's 

centres. » Ans. Sp"" 9^9' 18". 

Example 3. 

Apparent dist. O and D 's centres 38° 45' 38" 
Apparent alt. of D 's centre - - - 29° 31' 10" 
<jiven-{ Apparent alt. of O's centre - - - 35° 43' 6' 
True altitude of D 's centre - - - 30° 19' 43" 
True altitude of O's centre - - - 35° 41' 54" 

Required the true distance of the sun and moon's 

centres. Ans. 38° 28' 20". 
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' PROBLEM XXIII. 



The observed altitudes of the sun and moon, or of 
the moon and a star(2), and their apparent distance. 



(0 The principal stars used in finding the longitude are the fol- 
lowing > which have heen chosen on account of their lying near 
the moon's path : 

1. a ArietiSf a small star lying without the zodiac, about 22^ to 
the right hand of the Pleiades. 

2. Aldebaran, in the Bull's eye, a large conspicuous star, lying 
about half way between the Pleiades and the star which forms the 
western shoulder of Orion. 

3. a Pegasi, a star lying something less than 45^ to the right 
of a Arietis, being nearly in a line with this latter star and the 
Pleiades. 

4. Pollux f a star a little to the northward of Aldebaran ; being 
the left-hapd one of two stars lying near together, called Castor 
and Pollux. 

5. ReguluSf a star about 38^ s. £. of Pollux ; being the southern- 
most of four i>right -stars to the n. e. -of Aldebaran, forming a zig* 
4Eag line. 

€• SpicOy or a Virginis, a white sparkling star, about 54^ s. e. of 
Regulus. 

7. Antaresy a star lying to the right-hand of Regulus, and about 
45^ from Spica Virginis. 

8. FomahauU, a star lying about 45^ to the south of a Pegasi. 

9. a Aquila^ a star about 47^ to the westward, or to the right- 
hand of a Pegasi. 

These stars may be readily known, by finding them on a com- 
mon celestial globe ; or by means of their calculated distances^ 
which, are given in the Nautical Almanac, for every 3 hours of 
apparent time at Greenwich. For, the sextant being fixed to the 
distance between the moon and the star^hich ought to be observed, 
and the moon found upon the horizon-glass, it is only necessary to 
look to the east or west of the moon, according as the distance 
corresponds to the 8th and 9th or 10th and llth pages of the 
Nautical Almanac, guiding the sextant in a line wiih the moon^s 
tshortest axi^. 
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being given, together with the time, and the longi- 
tude by account, to find the true altitude. 

RULE. 

I. Add the longitude by account, converted into 
time, to the time at the given place, if west, or sub- 
tract it from that time, if east, and the result will 
give the time at Greenwich nearly ; which call the 
reduced time. 

II. Take the moon's semidiameter, and horizontal 
parallax, from the Nautical Almanac, for the noon 
and midnight between which the reduced time falls, 
and find their difierences. 

' Then, as 12 hours : the difference of the semi- 
diameters at those times : : the reduced time : a fourth 
number j which being added to, or subtracted from, 
the preceding semidiameter, according as the tables 
are increasing or decreasing, will give a result, to 
which if the augmentation of the semidiameter (tab. 
IV.) be added, the sum will be the fnoon*s true semu 
diameter^ at reduced time. 

Also, As 12 hours : the difference of the horizon- 
tal parallaxes at those times : : the reduced time : a 
fourth number J which being added to, or subtracted 
from, the preceding parallax, according as the tables 
are increasing or decreasing, will give the moorCs 
horizontal parallaa:^ at reduced time. 

III. Add the difference between the moon's semi- 
diameter, at reduced time, and the dip of the horizon, 
to the observed altitude of her lower limb, and the sum 
wiU give the apparent altitude oj the moon^s centre. 

Then, to the cosine of the altitude, thus found, add 



the logarithm of the horizontal parallax in seconds^ 
at reduced time, and the sum, abating 10 in the in- 
dex, will be the logarithm of the moon's parallax in 
altitude, in seconds ; from which take the refraction 
in altitude, and the result, added to the apparent 
latitude of the centre, will give the true altitude of 
the m ootids centre. 

TV. If the sun be used, add the difference between 
Jiis semidiameter on the given day (Naut. Aim.) and 
the dip of the horizon (tab. ii.) to the observed alti- 
tude of his lower limb, and the sum will give the 
apparent altitude of his centre; from which take the 
difference between his refraction in altitude and his 
parallax (tab. ii. and iv.)j and the remainder will be 
the true altitude of the sun^s centre. 

Or, if a star be used, take the dip of the horizon 
(tab. II.) from its observed altitude, and the re- 
mainder will be its apparent altitude; from which 
subtract the refraction, and the result will be the 
starts true altitude. 

V. To the observed distance of the sun and moon's 
nearest limbs add their semidiameters, at reduced 
time, or subtract them for the furthest limbs, and 
the result will be the apparent distance of the sun and 
moon^s centres. 

Or, to the observed distance of a star from the 
moon's nearest limb add her semidiameter, at re- 
duced time, or subtract it for the furthest limb, and 
the result will be the apparent distance of the star 
from the Tnoons centre. 

VI. With the apparent altitudes^ the true altitudes. 
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and the apparent distance, find the true distance, by 
problem xxii. And if the watch has not been pre- 
viously regulated, the true^time must now be found 
from the altitude of the sun's centre, or a star, and the 
latitude of the place, as in problem xv. observing to 
proportion the sun's declination to the reduced time^ 
VII. Look in the Nautical Almanac, on the given 
month and day, for the computed distance between 
the moon and sun, or star, and if it be found exactly, 
the time at Greenwich will stand at the top of the 
column; but if not, find the nearest distances to it, 
both less and greater, and take their difierence, and 

also the diflference between the computed distance 

» 

and the earliest Ephemeris distance. 

Then, as the first difierence ; 3 hours : : the second 
difierence : a fourth number ; which being added 
to the time standing over the earliest Ephemeris 
distance, will give the true time at Greervwich. 

And, if the difierence between the time at the given 
place and the time at Greenwich, be converted into 
degrees, it will give the longitude required; which will 
be east or west, according as the time at the given 
place is greater or less than the time at Greenwich. 

Example 1. 
On the 30th of January 1796, in longitude 10® 
46' E. by account, at 10^ 15' p. m. the distance of the 
moon's furthest limb from the star Regulus was 
63° 50' 20", the altitudie of the moon's lower limb 
24° 18' 40", and the altitude of the star 45° 13' 15", 
the eye being 18 feet above the plane of the horizon; 
required the true longitude of the place. 
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I. 



Time per watch ICf" t5' 0" p. M. 

Longitude 10® 46' east - - . - • 43' 4Xf 
Reduced time - g'^sTao" P. m. 



n. 



D *8 semid'. at noon - - 15' ' 3" 
Do. at midnight - - - - 14' 59" 



First diff. - - O' 4 



ff 



Horizontal parallax - - 55' 14 
Ditto 54' 59 



It 



I rf mtf 



Second diff. - - 0' 15 



12^ : 4" :: 9»» 31' 20" : ^^3'[ 
J *8 seraidr. at noon - - - 1 5' 3'' 



D *8 8emid^ at red. time - 1 5' O" 
D 's augmentatioD - - - 0' 7" 

D *s true semid^ at red. 
time - - - - - 



} 15' 7" 



12**: 15": : 9^ 3l' 20" : O' 12' 
Horizontal par. at noon ^6' 14' 

Ditto at reduced time - 55' 2' 
In seconds - - - - 33Q2 



Iir. 



i) 's observed alt. • - 24** 18' 40' 

Semidiam. 15' 7" \ o® 11' 4" 
Dip . - - 4' 3"/ 
App. alt. of ]) *s cent 
Correction - - - 

True alt. of D 'seen. 25° 17' 45 



24^ 29' 44" 

48' 1" 



Cos D *s app. alt. - - 9.9590383 
Hor. paral. 3302 log - 3.5187771 
Par. in alt. 3005 l og 3.4778154 
3005 sec. 5tf 5' 
D's refrac. 2' 4' 

Correction 48' l" 



.// 



%it 



IV. 

#'8 observed alt. - 
Dip of horizon 

#'8 apparent alt. 
Refraction - - 

#'8 true alt.'- - 



V. 



45** 13' 15" 
. .4' 3" 

45** 9' 12" 
^7 



,rt 



- 45° 8' 15 " 



I" 



Obs. dist. D and % 63® 5(^ 20' 

]) 's semid*'. red. time 15' f 

App. dist. D and.^ (53® 35' 13" 



•jf *s apparent alf. 
^ 's apparent alt. 

Difference - - 
App. dist. - - 

Sum - . . . 

Difference - - 



VI. 



- 45® 9' 12" 

- 24® 29' 44" 



- 20® 3C)' 28 

- 63® 35' 13 



- 84® 14' 41" 

- 42® 55' .45" 



#*8 true altitude 
D 's true altitude 

Difference 

■i^ Difference - « 



- 45® 8' 15'' 
■' 25® 17^45" 

- - - 19® 50' 30" 



- 9** ^^' 15" 



42® 7' 20V' - - i sum 
21® 2/ 52t" - - 4- diff. 
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Log sin - - - - - 42* / 20^" 9.8265388 

Log sin 21* 27' 52^^" 9.56339S3 

Log cosine - - - - 25* 17' 45" 9^9562230 
Log cosine - - - - 45* 8' 15" 9-8484403 

€ Log cos 24* 29' 44' 0.0409617 

€ Log cos- - - - - 45* 9' 12" 0.1516804 

21 39.3872375 

19.6936187 

Log sin ----- 9* 55' 15" 9.2362231 

Log tdnofanarc ----- 10.4573956 

Corresponding log cos - - - - 9.5176693 

Log sin 31*32'l6f 9.7185538 

2 
True distance - - - 63* 4' 33" 



VII. 

Dist. at 9* - 62* 49' 15" | '^^ "•- ''-* " — " 
Dist. at 12"- 64* 19*56" 



First diff. - - 1* 30' 41" 



True dist 63* 4' 35' 

Ear. Eph. dist. 62* 49' 15" 

Second diff. - 0* 15' 18" 



As 1* 30' 41" : 3" : : 15' 18" : 0" 30' 22" 

Earliest Eph. distance - . . 9** 

True time at Greenwich - - g^ 30' 22" 

Time at the given place - - 10" 15' 0" 

Difference of time . * . ,. 0** 44' 38" 

Which converted into degrees, at the rate of 15^ 
to an hour, gives 11^ 9' SO", the longitude of the 
placf3 east ; the time at the place being greater than 
that at Greenwich. 

Example 2. 
On November 8th 1804, in longitude 24"* w. by 
account, at 3* 50' 10" p. m. the observed distance be- 



2d9 

tween the nearest limbs of the sun and moon was 
67^ 48' 29", the observed altitude of the moon's 
lower limb SI"" 10', and that of the sun's W 46*, the 
height of the eye being 12 feet; required the true 
longitude of the place. Ans. 24*" 29' SO" w. 

Example 3. 
On October 10th 1804, in latitude 15^ 15' n. and 
longitude 68^ £• by account, at about 6^ 4' p. m. the 
watch not being well regulated, the distance of tixe 
moon's furthest limb from Fomahaidt was 60® 3/ 35", 
the observed altitude of the moon's upper limb 46® 30', 
and of the star 21® 24', the height of the eye being 
14 feet i required the true longitude of the place* 

Ans. 68® 1' 45" t. 

Example 4. 
On the 13th of June 1796, in longitude 45® w* by 
account, the watch being well regulated, the follow- 
ing observations were taken : 



Times p. M. 


Alt. 0*8 


Alt. D •• 


DIst. nearest 


lower limb. 


upper limb. 


limbs. 


S* 6^40" 


45^54' 0" 


19^32' 0" 


106^16' 45" 


3 13 14 


45 45 


19 52 


106 17 45 


3 17 26 


45 18 45 


20 5 


106 18 30 


8 22 34 


45 4 


20 17 30 


106 18 45 


3 26 46 


44 48 30 


20 34 


106 19 15 


5\l6 26 40 5 


226 50 15 


51100 20 30 


5|53l 31 


mean 3 17 20 


45 22 3 


20 4 6 


106 18 12 


Errori of the qoadrantt 


58 
45^21' 5" 


1 


2 87 


True mean - 


20^ 3' if 


106^15' 35" 



Required the true longitude, the eye being 21 
feet above the sea. Ans. 42** 52' 15" w. 

Example 5. 
On the Ist of April 1796, in latitude SS"" 3ff north. 
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and longitude by account^ 2° 15' west, the watch 
not regulated, the following observations were taken, 
the eye being 1 8 feet above the level of the sea : 



Times P.M. 


Alt. 0*s 


Alt. D's 


Dist. nearest 


lower limb. 


lower limb. 


limbs. 


20^47' 14*' 


22*»51' 


80** 18' 


69'*SG 


20 50 11 


22 12 


80 36 


69 37 


20 55 26 


21 6 


81 9 


69 38 


3|62 32 51 


66 9 


242 3 


208 51 


mean 20^*50' 57' 


22° 3' 


80*^41' 


69^3/ 



Required the true longitude of the place. 

Ans. 2° 47' 15" w. 

Example 6. 
On the 15th of May 1796, in longitude l"* 30' e. 
by account, the watch being well regillated, the fol- 
lowing observations were taken : 



Times p.m. 


Alt. D's 
lower limb. 


Alt. Spica flR. 


Dist. D's 
furth. limb. 


12'^ 36' 14" 


18^ 6' 0" 


19^50' 30" 


31*30' 45" 


12 39 5 


18 21 


- 20 2 


31 31 30 


12 41 41 


18 39 30 


20 15 


31 33 


12 43 45 


18 55 


20 29 


31 34 


12 45 53 


19 9 


20 40 . 


35 35 45 


5|63 26 38 


93 10 30 


101 16 30 


157 45 


12 41 19 


18 38 6 


20 15 18 


31 33 


Error of quadrant 


7 30+ Error of quadrant + 24 


» 


18 45 36 




31 33 24 



Required the triie longitude, the eye being 21 feet 
above the level of the sea. 

Ans. Moon's true semidiameter 15' 31", horizontal 
parallax 5& 35", apparent alt. d *s centre 1 8° 5& 45", 
correction d 's altitude 50' 46"^ apparent altitude if's 
centre 20^ 10' 56", correction #'s altitude 2' 35", ap- 
parent distance of their centres 31® 17' 53", true di- 
stance 31^ 11' 43", true longitude 15' west. 
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TABLE I. 



Cfthe Sun's Right Ascension and Declination^^ 1808. 





January. 


February. 


March. 




Right , 


Declin. 


Right 


Declin. 


Right Declin. 


ascen. 


8. 


ascen. 


.8. 


ascen. 


8. 


09 

• 


H« M. 8. 


D. M. S. 


H* nl. 8. 


D. M. 8. 


H. ]Vf. S. 


D. M. S. 


1 


18.43.28 


23. 5. 8 


20.56. 2 


17.20.12 


22.49. 8 


7.31.28 


2 


18.47.53 


23. 0.18 


21. 0. 7 


17. 3.12 


22.52.52 


7. 8.37 


3 


18.52.18 


22.55. 1 


21. 4.11 


1645.55 


22.56.36 


6.45.39 


r 4 


18.56.42 


22.49.17 


21. 8.14 


16.28.20 


23. 0.19 


6.22.36 


5 
6 


19. 1. <5 


22.43. 6 


21.12.16 


16.10.28 


23. 4. 2 


5.59.28 


19. 5.30 


22.36.27 


21.16.17 


15.52.20 


23. 7.44 


5.36.15 


7 


19. 9.53 


22.29.22 


21.20.18 


15.33.56 


23.11.26 


5.12.57 


8 


19.14.16 


22.21.50 


21.24.18 


15.15.15 


23.15. 7 


4.49.37 


9 


19.18.38 


22.13.51 


21.28.16 


14.56.19 


23.18.49 


4.26.12 


10 

11 


19.22.59 


22. 5.27 


21.32.15 


14.37. 8 


23.22.29 


4. 2.44 


19.27.20 


21 .56.37 


21.36.12 


14.17.43 


23.26.10 


3.89.12 


12 


19.31.41 


21.47.21 


21.40. 8 


13.58. 3 


23.29.50 


3.15.39 


13 


19.36. 1 


21.37.40 


21.44. 4 


13.38.10 


23.33.30 


2.52. 3 


14 


19.40.20 


«l. 27.33 


21.47.59 


13.18. 4 


23.37. 9 


2.28.25 


15 
16 


19.44.38 


21.17. 2 


21.51.53 


12.57.44 


23.40.48 


2. 4.46 


19.48.56 


21. 6. 7 


21.55.47 


12.37.12 


23.44.27 


1.41. 6 


17 


19.53.13 


20.54.47 


21.59.40 


12.16.28 


23.48. 6 


1.17.25 


18 


19.57.30 


20.43. 3 


22. 3.32 


11.55.31 


23.51.45 


0.53.43 


19 


20. 1.46 


20.30.55 


22. 7«23 


11.34.24 


23.55.23 


0.30. 1 


20 


20. 6. 1 


20.18.25 


22.11.14 


11.13. 5 


23.59. 2 


0. 6.20 












North. 


21 


20.10.15 


20. 5.31 


22.15. 4 


10.51.36 


0. 2.40 


0.17.21 


22 


20.14.29 


19.52.15 


22.18.54 


10.29.57 


0. 6.18 


0.41. 2 


23 


20.18.42 


19.38.36 


1^2.22.42 


10. 8. 8 


0. 9.56 


1. 4.40 


24 


20.22.54 


19.24.36 


22.26.31 


9.46.10 


0.13.34 


1.28.17 


25 

26 


20.27. 5 


19.10.14 


22.30.18 


9.24. 2 


0.17.12 


1.51.52 


20.31.16 


18.55.31 


22.34. 5 


9. 1.47 


0.20.50 


2.15.25 


27 


20.35.26 


18.40.27 


22.37.52 


8.39.23 


0.24.28 


2.38.54 


28 


20.39.34 


18.25. 3 


22.11.38 


8.16.52 


0.28. 6 


3. 2.20 


29 


20.43.43 


18. 919 


22.45.33 


7.54.13 


0.31.44 


3.25.43 


80 


20.47.50 
20.51.56 


17.53.15 
17.36.53 






0.35.22 
0.39. 1 


3.49. 2 
4.12.17 


« 
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TABLE I. 



Of the Sun^s Right Ascension and Declination for 1808^ 



April 



Right 
•seen. 




1 0.42.39 
20.46.17 
8 0.49.55 
.40.53.34 
0.57.13 



61. 0.51 
7 1. 4.30 
81. 8.10 
9111.49 

10 1.15.29 



Dcclin. 



D. M. S. 
4.35.26 
4.58.31 
5.21.30 
5.44.24 
6. 7.12 



Ha Aft. 0. 

2.33.52 
2.37.41 
2.41.31 
2.45.21 

M9'll 



6.29.53 
6.52.27 
7.14.54 
7.37.14 



2.53. 3 
2.56.55 
3. 0.47 
3. 4.40 
3. 8.33 



May. 



Right 
uoen. 



Declin. 
M. 



D. M. S. 
15. 6.29 
15.24.29 
15.42.14 
15.59.43 
16.16.56 



il.Ma S* 

4.36.34 

4.40.39 
4.44.45 
4.48.52 
4.52.58 



16.33.53 
16.50.33 
17. QM 
17.23. 3 
1738.52 



4.57. 5 
5. 1.13 
5. 5.20 
5. 9.28 
5.13.36 



June. 



Right 
aaceo. 



Declin. 



O. M. 8. 

22. 4.33 
22.12.30 
22.20. 4 
22.27.14 
22.34. 1 



22.40.24 
22.46.23 
22.51.59 
22.57.10 
23. 1.58 



11 
12 
13 
14 
»5 



1.19. 9 
1.23.49 

1.26.30 

1.30.11 

1.33.52 



8.21.30 
8.43.26 
9. 5.13 
9.26.51 
948.20 



3.12.28 
3.16.22 
3.20.18 
3.24.13 
3.28.10 



17.54.23 
18. 9.37 
18.24.32 

I8.39. 9 

18.53.27 



5.17.45 
5.21.53 
5.26. 2 
5.30.11 
5.34.20 



23. 6.21 
23.10.19 
23.13.54 
23.17. 3 
23.19.49 



161.37.34 

17 1.41.16 

18 1.44.58 
191.48.41 
20 1.52.24 



21 
22 
23 
U 
25 



10. 9 39 
10.30.49 
10.51.48 
11.12.36 
11.33.14 



3.32. 
3.36. 
3.40. 
3.44. 
3.48. 



7 
5 
3 
2 
1 



19. 7-26 
19.21. 6 
19.34.26 

19.47.27 

20. O. 7 



5.38.29 
5.42.39 
5.46.48 
5.50.58 
5.55. 8 



23.22. 9 
23.24. 5 
23.25.36 
23.26.42 
23.27.24 



1.56. 8 
1.59.52 
2. 3.37 
2. 7.22 
2.11. 8 



11.53.41 
12.13.56 
12.33.58 
12.53.49 
13.13.27 



3.52. 
3.56. 
4. 0. 
4. 4. 
4. 8. 



1 
1 
2 
4 
6 



20.12.27 
20.24.27 
20.36. 5 
20.4723 
20.58.19 



5.59.17 
6. 3.27 

6. 7.36 
6.11.46 
6.15.55 



23.27.41 
23.27.32 
23.26.59 
23.26. 2 
23.24.89 



262.14.54 

27 2. 18.40 

28 2.22.27 

29 2.26.15 
SO 2.30. 3 
31 



13.32.52 
13.52. 3 
14.11. 1 
14.29.46 
14.48.15 



4.12. 9 
4.16.12 
4.20.15 
4.24.19 
4.28.24 
4.32.29I 



21. 8.53 
21.19. 6 
21.28.56 
21.38.24 
2i.47.dO 
21.56.13 



6.20. 5 
6.24.14 
6.28.23 
6.32.32 
6.36.4d 



23.22.52 
23.20.40 . 
23.18. 3 
23.15. 2 
23.11.37 



T^BLE I. 

Of the Sun's Right Ascension and Declinaiian/or 1808. 



1 6.40.48 

i 6M.s§ 

i6.49. 4 

46Jft.ia 



Jvay* 



MMh 



§ 



Bight 
•iceB. 



^7. 



Id 7 



1.29 
5.32 

4;. 9.38 

.(8.43 
.17.49 



DcdUL 
ir. 



: Bigbl 



D.M.S. 
2S. 7*47 
23. 3.33 
22.36.54 
22.53.52 
22.48.26 



22.42.36 
22.36.23 
22.29.46 
22.22.45 
22.15.22 



August. 



bfai^ 



it^ 



8>I537 

3^.29 
8.53.22 
8.57.13 
9. 1. 4 



■**^-*. 



' 0* M* ^» 
18. 1^ 
17<4^4<I 

17^1. 6 
17.15.16 
16.59. 9 



9. 4.54 
9. 6.44 
9.12.33 
9.16.22 
9.20.10 



M. 



16.42.45 

1^.26. 5 
16. 9.10 
15.51.58 
1534.32 



September. 



^m^^ 



*«^ot 



H. II. B. 
10.41 ;41 

Kl.45.18 
10.48.56 
I0<52.3S 
10.56. % 



i^Mkrfk 



8.16.3^ 

7.54.41 
7.39.41 
7.lOiM 
6^ 



0.59.46 

1. 3.22 
I. 6.59 
1.10.35 
1.14.11 







■^ 



117 



127 

137 
14}7 
15 



.^.53 
.25.581 
:30. 2 
.34. 5 
7.38. 8 



22. 7.56 
21.59.26 
21.50.54 
21.42. 
21.32.43 



9.23.57 
9.27.44 
9.31.30 
9.35:16 

9.39. 1 



15.l6.50 
14.58.53 
14.40.42 

14.22J7 
14. 3.38 



1.17.46 
1.21.22 
I.24.5tii 
1.98.33 
1.32. 9 



4.32.47 
4. 9.52 
3.46.53 
3.^.A) 
8. 0.43 



i^i*B*^ 



Odi 



167.42.11 
177.46.13 

187.50.14 
197.54.15 
207.58.16 



21 8. 2.16 
218. 6.15 



238 
24 8 
2^8 




21.23. 4 
21.13. 4 
21. 2.41 
20.51.56 
20.40.53 



942.46 
9.46.30 
9.5a 14 
9.53.58 



13.44.45 
13.25.40 
13. 6.21 
12.46.50 
12.27. 6 



1.35.44 
1.39.20 
1.42.55 

M6.31 
1.50. 7 



2.37.63 
2.14.19 
\M' 2 
1.27.43 
1. 4.2^ 



 - • 



i«-ii* 



rik^> 



1.10.14 
kl4.^2 
(.18.101 



»68.22. 7 
lf%M, 4 

SI8I&.29.59 
8.36.55 

.8.3y>19 

{8.4149 



20.29.27 
20.17.40 

20. 5.33 
19.53. 6 
19.40.19 



10. 1.23 
10. 5, 5 

10. 8.46 
10.12.27 
10.16. 6 



». 7.11 
n.47. 4 

11.216.46 
11. 6.17 
1045.37 



1.53.42 
1. 57.18 

1. 0.54 

2. 4.30 
2. 8. 6 

 ■! 'ill I I 



o;40.59 
0.17.^5 

Sdiith. 
O. 5.51 
0.29.17 
0.52.43 



i9.27.l3i 
19.13.46 

19. O. I 

18.4j^.57 
18.31.35 
16.1^.54 



10.19.48 
10.2^.26 

10.27. 7 
10.30.46 
10.34.24 
10.38. 3 



10.2447 

10. 3.47 

9.42.38 
9.21.10 
8.59.^2 
8.38.17 



2^.11.42 
2.15.19 
2.18.551 
2;22.32 
2.26. 9 




249.45 



» <  i - i nn 



i^.^ 



274 



^ABLE I. 



Cfihe Suiia R%^ Ascenrion and Declinalwnjbr 1^08. 



OB 

• 


October. 


November. 


December. 


tUght 


Dedin. 


Right 


Declin. 


Bight 


Dediii.* 


afoen. 


t. 


•seen. 


t. 


ascen. 


t. 


H. M. 6. 


D. M. S. 


U* M . 8. 


Dr. M. 8. 


H. M. 8. 


D. M. 8. 


1 


12^47 


3.13. 6 


14.26. S 


14.28.54 


16.29.58 


21.50.53 


2 


12.33.24 


3.36.24 


14.30. 1 


14.48. 1 


16.34.18 


21.59.57 


3 


12.37. 2 


3.59.39 


14.33.57 


15. 6.54 


16.38.38 


22. 8.36 


4 


12.40.40 


4.22.52 


14.37.54 


15.25.32 


16.42.59 


22.16.49 


5 


1244.19 


4.46. 2 


14.41.53 


15.43.54 


16.47.20 


22.24.36 


6 


12.4758 


5. 9- 8 


14.45.52 


16. 2. 1 


16.51.42 


22.31.56 


7 


12.51.37 


5.32.10 


14.49.51 


16.19.52 


16.56. 5 


22.38.51 


8 


12.55.17 


5.^5. 9 


14.53.52 


16.37.26 


17. 0.28 


22.45.18 


9 


12.58.57 


6.18. 2 


14.57.54 


16.54.43 


17. AM 


22.51.19 


10 

11 


13. 2.38 


6.40.51 


15. 1.56 


17.11.44 


17; 9-15 


22.56.53 


13. 6.19 


7. 3.35 


15. 5.59 


17.28.27 


17.13.40 


23. 2. 


12 


13.10. 1 


7.26.12 


15.10. 4 


17.44.51 


17.I8. 4 


23. 6.39 


13 


13.13.43 


748.44 


15.14. 9 


18. 0.58 


17.22.30 


23.10.51 


14 


13.17.26 


8.11.10 


15.18.14 


18*. 16.45 


17.26.55 


23.14.^5 


15 


13.21. 9 


8.33.29 


15.22.21 


18.32.13 


17.31.21 


23.17.51 


16 


13.24.53 


8.55.40 


15.26.29 


I8.47.22 


17.35,47 


23.20.39 


17 


13.28.38 


9.17.44 


15.3037 


19. 2.11 


17.40.13 


23.22.59 


18 


13.32.23 


9.39.40 


15.34.47 


19.16.39 


17.44.39 


23.24.51 


19 


13.36. 8 


la 1.28 


15.38.57 


19.30.46 


17.49. 6 


23.26.14 


20 


13.39.55 


10.23. 7 


15.43. 8 


19*44.32 


17.53.33 


23.27.10 


21 


13.43.42 


10.44.36 


15.47.20 


\Q.57.56 


17.57.^9 


23.27.86 


22 


13.47.29 


11. 5.56 


15.51.32 


20.10.59 


18. 2.26 


23.27.35 


23 


13.51.18 


11.27. 6 


15.55.46 


20.23.39 


18. 6»53 


23.27. 5 


24 


13.55. 7 


11.48. 6 


16. 0. 


20.35.56 


18.11.20 


23.26. 7 


25 


13.58.56 


12. 8.54 


16. 4.14 


20.47.50 


18.15.46 


23.24.41 


26 


14. 2.47 


12.29.31 


16. 8.30 


20.59.21 


18.20.13 


23.22.46 


27 


14. 6.38 


12.49.57 


16.12.46 


21.1028 


18.24,39 


23.20.24 


28 


14.10.30 


13.10.10 


16.17. 3 


21.21.11 


I8.29. 5 


23.17i>3 


29 


14.14.23 


13.30.11 


16.21.21 


21.31.30 


18.33.31 


23.14.14 


80 


14.18.16 


13.49.59 16.25.39 


21.41.24 


18.37.57 


23.10.27 


31 


14^22.10 


14. 9.34 


 




18.42.22 


23; 6.12 
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TABLE III. 

Right As^ndou andDecKnatipn 2^86 prmipal Stars. - 



f 



1806. 



m$. 



yPej^i.. .. .'.2 
4 Anetis . . • . ft.S 
aCeti ..2 



Tauri 2 

^ Ononis .... I 
Sirius 1 



Aldebacan 
Capella . . 
fiigel 



1 
1 
1 



Castor 2 

Procyon . . 1.2 
Pdlux 2 

a HydriBB 2 

. Regukis . . . . i 
L eonis . . . . 1 »2 

P Virginis .... 3 

a Virginis . . . ^ 1 

Arct urus . . . . 1 

'^ Libras 



••.••• 



•flt librae 2 

a CoroDs. . . . 2.3 



a Serpen tis. . • . 2 

Antares .... 1 

a Hercules . . 2.3 



aOphiucbi. . . .2 

« Lyree t 1 

a AqttiisB 3 

a Aquilse ... .1.2 
j3 Aqutbe .... 3.4 
«flt Capricorni . . 4 
^ Capricorni . . 3 
a Cygni .... 1.2 
a Aquarii .... 3 



I 



bmalhaiit 1.2 

otPegasi 2 

i^ Anlromedae. . 2 



Mean R* A. in 
Sidereal Tfane. 



Q. m* f. 

3 15^40 

1 56 15,66 

2 52 8,88 



4 24 48,00 

5 2 22,62 
5 55 13,11 



6 14 2,17 

5 44 40,23 

6 36 36,06 



7 22 11,92 

7 29 8,17 

7 33 25,43 



Aon. 

varin- 
tioD. 



MduiDecBn. 



AnuBtl 
▼ariatSoo 



S. + 

3,069 
3,347 
8,U5 



3,426 
4,415 
2,876 



3,781 
3,243 
2,653 



14 6 24,90N. 

2% 32 24,98 N# 

3 19 22,4011. 



a. 

+20^ 

-¥ 17 Af 

+ 14^ 



16 6 31»40Nr I ^ SM 
45 47 5,86 N. + 4^7 
8 25 59>32 s. I — 4,8^ 



28 25 52,56 N. 

7 21 38,16 N. 

i6 27 21,548. 



3,853 
3,142 
3,688 



9 18 

9 56 

U 39 



3,08 
1,65 
9,14 



11 40 35,27 

13 14 59,29 

14 6 48,83 

14 39 58,66 

14 40 9,99 

15 26 28,63 



2,946 
3,212 
3,067 



+ ^,$1 

t+ l,4fl 

•f 4,21 

g2 18 8,76 N. -- 7fi9 

5 42 51,48N. I — 8,53 
28 29 2,58 W. 

7 49 19>70S. 



12 54 41,74 N. 
15 39 25,24 N. 



3,125 

3,147 
2,728 

3,296 

3,297 
2,545 



15 34 43,17 

16 17 32,06 

17 5 48,33 



2,945 
8,658 

2,731 



/2 51 32,42 If. 
10 8 29,80 s. 
20 11 59,41 N. 



::irm 



-17>19 
-20,04 



15 10 4^,66 s. 

15 12 26,848. 
27 22 34,54 N. 



-20^22 
+ 18,80 



4. 15,19 
4-15,21 
-12.4^ 



7 2 48,60 N. 
25 59 4,92 s. 
14 37 26,48 N. 



17 25 55,91 

18 30 22,08 

19 37 1,91 



2,776 
2,027 
2,846 



-^ 



19 41 18,83 

19 45 46,85 

20 6 53,03 



2,925 
2,944 
3,336 



20 7 16,83 

20 34 49,06 

21 55 48,75 



3,339 
2,038 
3,081 



12 42 47,88 N. - 3,03 
38 36 36,34 N. + 2,91 
10 9 6,72 N. + 8,38 

8 22 i,64N. + 9,11 

5 56 1,28 N. -h 8,57 

13 5 89,70 s . - 10,80 



-ii,70» 

+ SA9i 
4,48 



■*^'^ 



13-7 58,36s. 

44 35 33,84 N. 

I 15 15,66 s. 



— 10,81 
+ 12,56 

-i7,a^ 



22 46 54,18 

22 55 6,\^ 

23 5$ 22,89 

I ' j I  ' ^ ' ' 



3,343 

%97S 
3,i370 



30 38 26,30 s. 
14 9 99,^ H. 
27 58 34,24K. 
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MISCELLANEOUS ASTRONOMICAL PROBLEMS. 

1 . In what latitude north, will the shortest day be 
just 4. of the longest? Ans. Lat. 41*" SS* 7". 

2. At what time of the day, in the month of May, 
when the sun's declination ,is 20° 16' 32", will the 
shadow of a perpendicular object be just equal to its 
length ? ^ Ans. 9** 13' 16" a. m. 

3. In what latitude, on the first of June, will the 
sun's altitude, when due east, be double his altitude 
at 6 o'clock ? Ans. Lat. 49"^ & s. 

4. At what time in the afternoon, on the 9th of 
June, is the sun's altitude exactly the same in the la- 
titudes of 50° and 60° north ? Ans. 4^ 49' 1 1" p. m. 

5. On the 24th of May, in latitude 50° 12' n. re- 
quired the time it will take for the body of the sun 
to rise out of the horizon. Ans. 3' 58". 

6. On July 1st 1792, in latitude 57° 9' n. and lon- 
gitude 2° 8' w. the stars Vega and Altair were ob- 
served on the same vertical circle, at 10^ 9' per 
watch } required the apparent time of observation, 
and the error of the watch. 

Ans. Apparent time Itf* 8' 14", watch too fast 46". 

7. On October 25th 1792, in longitude 21° e. by 
account, the interval in mean time, between the rising 
of Aldebaran and Rigel, was 3** 17' 30"; required the 
apparent time of die rising of Aldebaran. 

Ans. 6' 36' 4". 

8. On July 4th 1804, in latitude 35° 48' s. and 
longitude 23° 26' E. the mean times per watch, of 



I 
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several equal altitudes of Altair, were 8^21' 15^" 
and 14** 31' 41^"; required the error of the watch for 
apparent time. Ans^ Watch too fast 53". 

9* Oh the 19th of December 1604, in latitude 
37^ 46' N. longitude 21^ 15' £. a certain phsenomenon 
was observed at the same instant that the altitude of 
Arcturus, when east of the meridian, was found to 
be 34® 6^' ; required the apparent time of observa- 
tion, the height of the eye being 10 feet. 

Ans. Apparent time 16^ 33' 34". 

10. On February 14th 1792, in latitude 43*' 26* n. 
and! longitude 54® 16* w. the altitude of Jupiter, at 
12* 23' 5" per watch, was found to be l6® 9.7*; re- 
quii'ed the error of the watch> the height of the eye 
being 14 feet. Ans. Watch exact. 

• 1 1. In latitude 51® 31' n. having found the azimuth 
of an object to be s. 48® 10' e.j it is required to find 
the error in the apparent time of observation, corre- 
sponding to a supposed error of 10' in the altitude. 

Ans. l' 26". 

12. In latitude 54® 42' by account, having found 
the azimuth of an object to be 26® 17' j it is required 
to find the error in the apparent time, answering to 
a supposed error of 10* in the latitude. Ans. 2^ 20". 

13; At ff" 51' 58" A. M. per watch, the correct alti- 
tude of the sun's centre was 21® 11', at 10*48' 54" it 
was 24® 40', and at 1 1* 29' 42" it was 26® j required 
the apparent time when the greatest altitude was 
observed, and the error of the watch. 

Ans* Apparent time 1 1* 29* 16"^ watch too fast 26". 
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14. Oa Novcimbw S Iftt 179ii» at 10 holu;$^ jqdoced 
timei tbfi^ tnia distiwce between « Ononis and jUm 
Qioo&'a c^tre wa^ found to be 105'' 3^ 14" ; &om 
which it is required to find the moon's longitude* 

Ans* 1 V 10° 5! 50", 

14. On Decembei 30th 179% the moon's eastern 
Uitib waa observed to pass the meri^n at 1 3^ 53' 3$%9'^i 
fimn which it is required to &id the loi^tnde of the 
place of observation. Ans» 79? 13^ is^ 

16; On Nov. 13th 1B04, in latitude 45"^ 35' 25" n. 
and longitude by account S0° w, the meridian altijbude 
of the mo<Hi^ lower limb was found to be 4&° 33' 40" i 
roquired the longitude of the place of observatic^, th^ 
height of the eye being 15 feet* Ans. IQ^ 45' Wt 

17. On October 2d 1800, the beginning of a liwur 
ecUps^^was observed at &" 1^' p- m. per watch, and 
tiie end at 12^ 52' p. m.j required the longitude ^ 
the place c£ observation^ the watch„ for a{^weiit 
^imBi being 13^ too slow. Ans^ 41^ 30" w« 

18. Required the altitude and longitude of the 
nonagesimal de^ee, in latitude 57^ 8.9' m. and Ion* 
gitude in time 8' 40" w. on Kbvember 26th l,78i7» al 
11^ 18' 8" apparent time. 

Ans. Altitude 53^ 22', longitwte ^5*" 84^'; 

19. On June 3d 1788, in latitude 57^ 9? n. and 
h^ngkude, by account, 8' 32" in time» the beginning 
eif a solar eclipse Was observed at 19^ 33' 19!" appaimit 
tune, and the end at 20^ 49' 29" ; required the Ion* 
gttude of the place of observation. Ans. 2^ 9( w, 

20., On November 26th 1787, in Utitud*;5r 9^' n. 
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los^mfe by aeomntS' 98/' w. mtinwv 13m immer* 
flkm cf n D, in an occultetioff of that star by the 
moon, was obseired at 1 1^ 18' ft^ i^parent time, and 
the emersian at ISf SSf ISf' ^ lequired the kngitsde 
0£ tbe place of observation. 

Ans. Long, in tine r «5" w^ 

21. On December 9th 1809, an emenicm of the 
£ist satellite of Jupiter was observed at 16^ 58' 35" 
per watch^ which was 3^ 58" too skyw for s^fpuent 
tkaye ; reqinred the longitude of dM place of obseiva^ 
liasu Ans. 12^ 35^ w. 

. 9£. . Oa November 6th * 1 804^ in longitude 1 58^ w; 
the mmdiaa aLtitiMb of the sun^s. lower £mb was 
aCf^ 37' V. $. reqcwed the hdatnde q£ the place^ IIm 
ikeif^ o£ the eye being 13 fedt. Ans. 18^ 19^' s; 

93. On Deeember &5th 1804, the neddaan idtii* 
tudei of Sa^wn waa found to be 68^ 4A' ml ;: requimd 
die latitude of the place, thahe^t of the eye beiiBJIg^ 
I5foet. AnaftSPll's, 

S4. On DeceBobei: 14tb 1804, in longitodb^ SO"" w. 
tbe BMridiaB allJAvida of the moenfs lowet limb was 
fouod to be 8)'' 15' n. ; required the klkude o£ the 
place, the heigfal of tbe.eye being 16 foot ' 

Am. HP It n, 

85. la north ktitiide» at: 11' 10' and at isr'4&' per 
watch, ihe akitode of the. sin's loweir limb, vihm 
4[:wsected^ wm S6^ 5i^» and hia dediratioa 5^ 17' su; 
r«qtiHred ihft Utitude of the place. Ans. Si" 9' M 

S& Aid^ aa' SO" 4*. m appannt ti««^«hetnieaiti. 
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tude of the sun's centre was 34"" 39V and at 11^ 9' 3S" 
it was 4fl^ 19'; required the latitude and declinatimi. 

Ans. Lat. STt n. Dec. 10^ 2/ n. 

27* On June 4th 1 8049 in latitude by account 3/ n« 
at Ky* 29' in the forenoon, per watch, the correct 
altitude of the sun's centre was 65^ 24', and at I2t 31' 
it was 74^ 8' ; required the true latitude. 

Ans. 36^ 5/ n. 

28. On January 1st 1805, in north latitude, the 
true altitude of Capella was G9^ 23', and, at the same 
instant, tiie true altitude of Sirius was 16^ 19'; re- 
quired the true latitude. Ans. 57^ 8' n. 

29* On the 12th of December 1804, being in 
north latitude, and in longitude 24^ w. by account^ 
at 5^ 24' p. M. per watch, the altitude of the moon's 
lower limb was 41*' 33', ahd at 7' 12' it was 52"* 5S y 
required the true latitude of the place, the height of 
the eye being 20 feet. Ans. 48° 52'. 

80. On the 15th of May 1804, in latitude 33"" 10' n. 
and longitude 18^ w. about 5 o'clock a.m. the sun 
was observed to rise e. by n. ; required the variation 
of the compass. Ans. 11** 26* w. 

31. On November 19th 1806, in latitude 50'' 22' n. 
and longitude 24'' 30' w. about three quarters past 
8 o'clock A. M. the altitude of the sun's tower limb 
was 8*^ 10', and his bearing per compass s. 21'' 18' e. ; 
required the variation, the he^ht of the eye being 
20 feet. Ans. 24** 12' w. 

32. On August 19th 1810, in latitude 41" 46'^ n. 
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longitude 144** 40' w. at 9»» 13' 44" a. m. apparent 
time, the magnetic azimuth of the sun's centre was s^ 
80° 20' w. required the variation. Ans. 1 6^ 42' e^ 

33. On August 26th 18(^; in the forenoon, the 
sun's magnetic azinciuth was s. 22° 41' £* and his cor- 
rect central altitude 33° 14' ; and some time afterwards^ 
the magnetic azimuth was s. 14° 53' w. and the true 
altitude 42° 36' ; required the latitude and variation. 

Ans. Lat. 57^ 8 J' n. variation 29° 3 T w. 

34. Required the latitude and longitude of a star, it» 
right ascension being 1 6^ 14', its declination 25° 5 1' n., 
and the obliquity of the ecliptic 23° 28'. 

Ans. Lat 46° 6^' n. Longitude 234° 36'- 

35. In latitude 20° n. the gnomon of an horizontal 
dial being perpendicular to the plane of the horizon, 
it is required to find at what hour in the afternoon, on 
the longest day, the shadow of the gnomon will stand 
still, and how many degrees it will run back. 

Ans. Stands still at 2^ 12' 8", and runs back 12° 32'. 

36. At London, on the 10th of December 1780, at 
what time of the night were the stars Aldebaraaand 
Rigel on the same azimuth circle ? 

Ans. 9^ 32' 23" evening. 

37. At what time in the evening were the stars 
Betelguese and Pollux on the same almacanter, or 
of one common altitude above the horizon of Lon-* 
don, on the 10th of December 1780? 

Ans. 9*^ 12; 24", 

38. Being at sea, in an unknown latitude, I ob- 



senred the ^tar Schedsr in Cassiopeia, and Almaaoh 
ia Andromeda, to hare the same azimuth/ when dM 
attitude of Schedar was 97^ li^ j required the lati- 
tude of the place. Ans. 30"^ 44'. 
39* Being at sea5 in an unknown place, the stiU* 
Aldebaran was observed to rise S^ 15' later than the 
bright star in Aries i required the bttttttde (j£ the 
place. Ans. 54* S8'. 

40. Some time in the month of May 1780, at a 
place in the Western ocean^ the sun's meridimi aki- 
tttde was observed to be 63% and I^ 48^ 14" after it 
was found to be S4^ SKf i required the 4piy of tiie 
nMmth and the latitude of the place. 

Ans. 19th May, latitude 48** (f ir n. 

41. Some time in Jmly, in n. latitude, the scm was» 
observed to« rise at 4^ 24' 36" a. m. and his ahftiide^ 
at noon, in Hie san^ pkee, was ^^ ) teq%uied the 
day of the month and tiie ktitnide of the place^ 

Ans. July 23d, latitude 48^ 0' 10* n. 

4S. At a place in the Western oceany in t&emdfith 

of May, the sun's^ altitude,, at 6^ a. m. was l4P 4J^', 

and at 8^ 8' 1 1" it was 36^; required the latitude c^ 

tht place, and the day of the month. 

Ans, Lathudttf 48^ n. May 'T9th. 

49. At a placr in ibe Western; etemo^ the sun WM 

lobseiTed, at rising, to bi 59^ li^ 40" from the tfM& 

north point of tiiehorkony and his altitlide at &" Aviir 

was 14^' 43^' ; i^equired the latitude and declination. 

Ans. Latifudt 48^ ft, DgcMnation 30^ 
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44. At a ]^oe in die We6t»9 ocean, some time in 
M«y 1763, the altitude <^the suifs centre, at h^ 8' 1 1" 
A. IT. was 36^, and at ff" lOf 51" it was 46*^ ; required 
tbe latitude and declination. 

Ans, Latitude 48'' n. DecUnation Id"" 59'* 

45. Some time in July 1763, three descending alti- 
tudes of the sun were fotind to be 54^^ 46^, and S6^, 
and &e intervals of time between them 60' SS'^ and 
69l 40"} required the times when the observations 
w^e made. Ans^t Time 2d obser. 8^ 48^ 59"9 

Time 3d obser. 3^ 51' 39". 

46u It is required to find the declination of a plane, 

upon which the sun, on June 10th, in latitude 5 I^SS'n* 

wfll ccaitinue 9^ 50'. Ans. 60^ 31'. 

47. To determine the latitude of the place, where 
the shadow of the gnomon, on an horizontal (iial, will 
move, between 3 and 4 o'clock, with the greatest 
velocity possible. Ans. Latitude 49^ 29* 43''. 

48. It is required to find the greatest error of an 
horizontal dial, made for a place in latitude 5 1^ 32' n. 
but placed in latitude 54^. Ans. 4' 27^ 

49* It is required to find, in latitude 66^ n. when 
the continuance of the morning and evening twilight 
is just equal to the length of the day. 

Ans. January 28th and November 1 2th. 
50* In what latitude, on the 2 1st of June, will the 
sm be due east, ^liien he haa run half his course be- 
twem the time of his rising and noon ? 

Ans. Latitude 64* 35' 48" n. 
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. 51. At what time, on the lOtb of June, in latitude 
1 2° 30' N. will the sun^s azimuth be the greatest pos- 
sible ? Ans. 8** 5' A. M. or 3** 55' p. m. 

52. In what points of the ecliptic, between ^ and 0, 
does the sun's longitude exceed his right ascension the 
greatest possible? Ans. In 16° 14' 16" of Tmirus. 

53. On what day of the year, in latitude 5 1° SSf n. 
does the sun's azimuth increase the most possible in 
2 hours after rising ? Ans. Nov. 19th or Jan. 2Sd. 

54. On what day of the year, in latitude 5 1? 32' n. 
does the length of the afternoon exceed that of the 
forenoon the most possible, reckoning the day to 
b^n at sun-rise and to end at sun-set ? 

Ans. 19th April, when sun's long, is 29*^ 32'. 

55. A person has an horizontal dial, made for the 
latitude of 51° 32' n. how must he set it so that it 
shall go true in latitude 53° 15' k? 

Ans. Directly n. and s. inclining 88° 17' from 
the zenith. 

56. To determine a place on the earth, where a 
degree of the meridian is equal to a degree of the equa- 
tor ; supposing the ratio of the two axes to be as 229 
to 230. Ans. From lat. 54° 17' 38" to lat. 55"" 17' 38^ 

57. The latitude of London being 3i° 3Q!, the lati- 
tude and longitude of Moscow 55"^ 45' and 38° 0', and 
those of Constantinople 41° 30' and 29° 15' req[)ec- 
tively, it is required to find the latitude and longitude 
of a place that shall be equidistant from aU the three. 

Ans. Lat. of the place 51° 17' and long. 19"" 13". 

j^ I W ' r , 

t * 
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OF THE 8I0NS OF ^ 

TRIGONOMETRICAL QUANTITIES. 

As no account has been given, in the former part 
of this work, of the change of signs which the various 
trigonometrical lines are liable to undergo, according 
to the magnitude of the arc to which they belong, it 
will be here proper to enter into some explanation of 
this part of the subject, which requires tQ be particu- 
larly attended to in many analytical investigationsv 

1. For this purpose, let a c b d be a circle, haying 
the sines, tangents, &c. represented as in the figure; 
and suppose one of the extremities a, of an arc a m 
to remain fixed, while the other extremity m passes 
successively over the circumference of the circle, 
from A through c, b, d to a again. 




' Then as the sine m p continually recedes from a, 
till the point m arrives at b, and afterwards approaches 
towards a, on the other side of the diameter a b, 
till it is united with it again, it is plain that the 
^ines of all arcs, in the first semicircle a c b, are . 
affirmative or-f , and that the sines of all arcs, in the 
second semicircle b d a, are negative; or — . 

It is also evident, that the sine m p increases from 
o, during the Ist quadrant a c, till, at the end of it. 



it becomes equal to the radius ; and that it decreases 
during the 2d cpiadrant c b, till it again becomes o. 
After this, it passes to the other side of the dia^ 
meter, and increases negatively durmg the 9d qua- 
drant B D» till it becomes equal to — radius; and 
tiien decreases negatively during tiie 4th ^luadrant 
D A, till it becomes o, as before. 

It appears, likewise, from att ini^>ection of the 
%ure, that the sine u t increases faster in the £rst 
part A M, of the quadrant i c, than irhen it ap- 
proaches near the end of it at c ; and, on f^ con- 
trary, that it decreases more slowly in the first part 
c li' x>f the 2d ^adrant cb, than when it arrives near 
the end Of it at b ; owing to the converaty of the cipde 
being more or less favourable to this variation. 

2. In like manner, the cosine o p, being referred 
to the centre o, will become negative as often as it 
passes that point ; and as this takes place both when 
the arc A M becomes greater than a c, and when, by 
its further increase, it is greater than a c b d, it is 
evident that the cosines of all arcs in the 1st and 
4th quadrants a c, j> a will be positive, or +# ftnd 
that the cosines of all arcs in the 2d and 3d quar 
drants c b, bd will be negatiLve, or — . 

It k ialao plam, that the cosine o r is equal to ra- 
dius when the arc a m is o, and that it conUmially 
decreases during the 1st quadrant a c, till, at the end 
of it, it is o. After this, it increases negatively during 
tkB 2d quadrant c b, at the end of whkh it b equal to 
«* radius. It the» decreases amatively during the 3d 



quadrant b d, at the end of which it is o ; and in tii6 
4th quadrant d a, it again becomes positive, and in- 
creases till it is equal to radius, as before. 

And since the cosine of the arc a m is equal to the 
sine of its complement m c, it follows, reversedly, 
from what has been said respecting the variation of the 
sines, that the cosine o p increases slower in the first 
part^A M of the quadrant a c, than when it approaches 
near the end of it,'at c; and, on the contrary, that it 
decreases faster in the first part c m' of the 2d qua- 
drant CB, thain when it arrives near the end of it, at B* 

3. The tangent a t becomes negative as often as it 
meets the radius o i^ produced, on the opposite side of 
the point a, or diameter a b, from that in which it is 
first drawn ; and as this takes place both when the arc 
A M becomes greater than ac, and when, by its further 
increase, it is greater than a c b d, it follows that the 
tangents of all arcs in the 1st and 3d quadrants a c, b d 
are positive, or +, and that the tarigents of all arcs fit 
the 2d and 4th quadrants c b, d a are negative;^or ^-. 

In the 1st quadrant a c, the tangent a t increases 
from o till it becomes infinite, or greater than any 
given quantity; and during the 2d quadrant cb, it de- 
creases negatively, from an infinite quantity to o. After 
this, it is again affirmative in the 3d quadrant b d, 
and increases from o to infinity, as in the 1st quadrant; 
and in the 4th quadrant b a, it decreases from an in-* 
finitely negative quantity to o, a»in the 2d quadrant. 

It is also apparent, from the nature of the figure, 

u 
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that the tangent a t increases more slowly about thd" 
middle of the quadrant a o than in any other part of 
it ; and that it augments with great rapidity as the 
point M approaches near c ; having no limit to its 
increase, as the sine has, but admitting of all possible 
degrees of magijiitude, from o to infinity. 

4. Again, as the cotangent c s is computed from the 
point c, in the same manner as the tangent at is 
computed from a, it will evidently vary in its direc- 
tion and length like the latter, being + in the ist and 
3d quadrants a c, b d, and — in the 2d and 4th cB, 
DA. In the 1st quadrant ac, it_ decreases from in- 
finity to o ; and in the Sd quadrant c b, it increases 
negatively from o to infinity. After this, it becomes 
affirmative in the 3d quadrant bd, and decreases from 
infinity to o ; and in the 4th quadrant da, it increases 
negatively from o to infinity, as in the 2d quadrant. 

5. In like manner, the secant becomes — as often 
as the revolving radius o m passes the centre o, and 
changes with the cosine, being + in the' 1st and 4th 
quadrants a c, d a, and — in^ the 2d and 3d c b, b d. 
In the 1st quadrant ac it increases from radius to 
infinity ; and in the 2d quadraait c b, it decreases^ 
negatively, from an Infinite quantity to radius. After 
this, it increases negatively in the 3d quadrant b d 
from radius ta infinity ;' and in the 4th quadrant d a 
it is again affirmative, and decreases from iiifinity to 
radius, as in the 1st quadrant. 

6. In the same way it may also be shown, that the 



cosecant o t changes with the sine, being + in thtf 
1st and 2d quadrants, a c, c b, and — in the 3d and 
4th D B, DA. In the first quadrant a c, it decreases 
from infinity to radius, and in the 2d quadrant c b, 
it increases from radius to infinity. After this it 
decreases negatively in the 3d quadrant b d, from 
infinity to radius ; and in the 4th quadrant d a, it 
again increases negatively till it becomes infinite. 

7. From an inspection of the figure, it likewise 
appears, that the versed sine a p increases from o 
during the 1st semicircle acb, till it becomes equal 
to the diameter a b, which is its utmost limit. It 
then decreases during the 2d semicircle bd a, till it 
becomes o ; but being always computed in the same 
direction, from a towards b, it is positive, or +, in 
every part of the circumference. The same jJso 
takes place with respect to the chords am, mm, &c. 
each of them being common to two arcs, which are, 
together, equal to the whole circle. 

8. It may, also, be. further observed, byway of 
elucidation, that all these lines change their direc- 
tions as often as they become either infinite or no- 
thing. When they become infinite, their increase is 
at its utmost limit ; after which they take a contrary 
direction, and decrease. When they become o, their 
decrease is at its utmost limit ; after which they again 
increase in a contrary direction ; thus changing their 
algebraic signs whenever they pass through a state 
of infinity or a state of nothingness. 

u 2 
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9. These changes^ in the signs of the several tri- 
gonometrical lines, may be commodiously exhibited, 
at one view, as in the following table : 

1st quad. 2d quad, dd quad. 4th quad. 

Sin and cosec + + — — 

Cos and sec + — — + 

Tan and cot + — 4- — 

10. The value of these lines, at the termination of 
each quadrant of the circle, may also be exhibited in 
a similar manner, as below : 





o« 


90* 


180* 


270» 


360* 


Sin 





r 





— r 





Cos 


f 





— r 





r 


Tan 





cio 





00 





Cot 


00 





00 





00 


Sec 


r 


00 


— r 


00 


r 


Cosec 


00 


r 


00 


— r 


oo 



1 1 . Beside the limits here mentioned, it is commop, 
in many analytical processes, to employ, indifferently, 
arcs of all magnitudes, whether negative or positive, 
or greater or less than 360°; in which cases their 
sines, cosines, &c. may be derived from the above 
figure, iii nearly the same way with the former. 

Thus, if to any arc a m, there be added one or 
more^ circumferences of the circle, it is evident that 
they will terminate again exactly in the point m, 
and that the arc, ^ augmented, will have the same 
positive or negative sine, cosine, &c. with the arc 
A M. Whence, if c denote an entire circumference, 
or 360% we shall have 
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Sin<r=:sin (c+a?)=8in (2c+a?) = sin (3c+a')&c. 
cos47=cos (c + a:) =:cos (2c +a?) = co8 (3c +a?)&c. 
tan47=tan (c +0?) =tan (2c +0^) = tan(3c +0?) &c. 
cot .r = cot (c + ^) = cot (2 c + «r) =±: cot (3 c + j?) &c. 

&c. 
12* AhOf if two equal arcs, am, a m be taken in 
opposite directions on the circumference of the circle 
A c B D, one being considered- as positive, and the 
other as negative, their sines, in this case, will be 
equal, but affected with contrary signs, while the 
cosines will be the same for each. Whence 
Sin (— a) = — sin a; cos (— a) = + cos a 
Tan (— «) = — tan a; cot (— a) =: — cot a 
Sec (— a) == + sec a; cosec (—«) = — cosec a 

&c. 
13. Also, if T be made to denote the semicircum* 
ference of a circle, the radius of which is r, and n 
be either o^ or any whole number, the above table 
may be rendered general for an arc of any magnitude 
whatever. Thus, 



Sin nw 
Sin 



= 



4n + l 






Sin 



4n + 2 

— - — V = 



2 

Sm — — » = 

2 

. 4 n — 1 

Sm — - — » = — r 



Cos 2« «• 
Cos 






4ft+l 
-2-'" 



= 



n 411 + 2 

Cos ;; » =B — r 

At 

r\ 4n + 3 

Cos — Tx — «• = r 
Cos — ~- »• = (i). 



(t) This table is formed by adding the circumference of the 
circle continually to the values of the quadrants in the former 
table. 
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And sin a = sin (ir — a) = sin (2 «- — 6f) = sio 
(3 TT — a) &c. 

14. It is likewise evident, from what has been said, 
that if a single trigonometrical Kne only be given, it 
can always be placed in two different quarters of the 
circle, with its proper sign ; but if two of these lines 
be given, which are not the reciprocals of each other, 
there will be only one quadrant in which both their 
signs will agree. 

Thus, if the tangent of any arc or angle be expressed 

by the form •^, the numerator a may be considered 

as representing a sine, and the denominator i,a co- 
sme J and the union of the two signs determines the 
quadrant in which the arc or angle must be placed : 

as, for instance, —^belongs to the 1st quadrant, — ^ 

to t-he 2d quadraAt, ^ to the 3d quadrant, and.^ 

to the 4th quadrant, 

15. In addition to these observations, it may also 
be remarked, that the sine, tangent;, &c. of any arc 
being of the same magnitude as the cosine, cotan- 
gent,' &c. of its complement, and vice vers£t, the va- 
lues of these lines may be expressed in terms of each 
other, as follows : 

Sin a = cos (90^— «), cos a = sin (90®— a) 
txm tf == cot (9tf^— a), cot (2 = tan (90"^— 6f) 

&c. 

16. Moreover, as the sine, cosine, &c. of any arc, 
is of the same magnitude as the sine, cosine, &c. of 
its supplement, the same lines may be expressed, in 
a similar manner, with their proper signs, thus : 
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Sin a = sin (180°— a), cos a = — cos (180**—«) 
tan a = — tan (180°— aj), cot a = — cot (180''— fl) 

&c. 

17. Or, by substituting 90° -r-tf for a, in each of the 
latter forms, it will appear that the sine, cosine, &c. 
of any arc or angle ^^elow 90°, is equal to the sine, 
cosine, &c. of an arc or angle as much above 90° as 
the other is less. Thus, 

Sin (90° - a) = sin (90° + a) ; cos (90° - at) = - 
cos(90° + fl). 

Tan (90°— a) = - tan (90° + a)} cot (90° + a) = 
— cot (90° — n) 

&€. 

In each of these forms, however, regard must be 
had to the change of signs, when the arc or angle a 
is greater than 90°, which may be /easily done : for 
since cos a = sin (90°— a), it is plain, that knowing 
how to value the sines m all possible cases, we shall 
be able to value the cosine, and thence all the rest 
of the trigonometrical lines. 

OF TRIGONOMETRICAL FORMULAE. 

18. From the figure above giv€n, it will be easy, by 
means of right-angled and similar triangles, to deduce 
the following formulae, for the sine, cosine, tangent, 
&c. of any arc or angle in terms of the rest. Thus, 

e- yr; S— nana r* 

Sm C = \/^r" — COS* a zz — — rz   

>/r« + tan* a Vr* + cot* a 

r\/Bec*o— r* ^ r* ^ cos a tan a ^ r cos a 

"" sec a "" cosec a "" r "* cot a 

cos a sec a r tan a ^ tan a cot a 

'^ cosec a "" sec a "" cosec a 
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^ : r* r cot a 

Cos flj = V r« - 8m« a = = = . ^ 

>/r* + tan« a v r« + col^ a 

r* r v'cosec* a -~ r* r sin a sin a cot a 

sec a cosec a "" tan a r 

tan a cot a sin a cosec a 

'^ sec a "^ sec a 



Tan a = — -- = . = -r- = vsec^o-r^ 

cot « Vr«— sin^a ^^s a 

r« r sin a r^ cos a cos a sec a 



Vcosec* a r* ^^s a sin a cot* a cot a 

r sec a sin a cosec a 

cosec a cot a 

"" cos a r» 






tan a sin a ^r*— cos* a V^sec*a— r' 

a/ ^ r cos a r' sin a cos a sec a 

= V^cosec* a— r«,= — : =: — = 

sin a cos a tan* a tan a 

. r cosec g _^ sin a cosec a 
sec a "" tan a. 

ri^ r cosec a r* r« , 

5ec a = — = _ = = vr* + tan« a 

Vcosec«a— r« ^r«— sin« a con a 

rV*+cot*a r tan a cot g tan g __ sin a cosec a 

cot a sin a , cos a cos a 

r^ r cosec a tan a cosec a 



sin a cot a cot a 



g^ rseca r* r« r\/r«+tan*a 

Vsec« a—f* 8"^ ^ Vr*— cos* a tan a 

— -— r cot a tan a cot a r* 

— Vr« + cot* a = z: r ;= 

cos a sin a cos a tan a 

r sec a ^^ cot a sec a __^ cos a sec a 

tana "~ r "" sin a 

19. The versed sines and chords, being seldom 
used, are omitted in the above table ; but if, in any 
case, they should be wanted, they may be readily ex^ 
pressed in terms of the rest, by substituting the parti* 
cular values of them» given below, in any of those forms. 
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Vers fl =E r— cos flf, covers a r: r— sin aj, supvers a 
= r + cos a. 

Ch fl = >/2r (r — cos a), COCh tf =: v/2r (r— sina) 
SUpch a = V^2r (r + C08 a). 

In all of which forms regard must be had to the 
change that takes place in the signs, when arc « is 
greater than 90*^- 

Having thus exhibited the various expressions of 
the sine, tangent, &c. of a single arc, it will now be 
proper to show the method of obtaining the sine and 
<:osine of the sum and difference of any two arcs, 
' upon which the greater part of the most useful pro- 
perties, both of these and the other trigonometrical 
lines, entirely depend. 

20. For this purpose, let a b, the greater of two 
proposed arcs, be denoted by a, and bc, the less, by b : 
also, make b d equal to b c ; and having joined c D, o b, 
let fall the perpendiculars c g, mrtf b f, d e, and 
4raw m H, D K parallel to the radius o a. 




Then, because the chord c d is bisected ini», ho 
will be equal to h k^ or 972 r, and d r to r k: also, m h 
is equal to 6;i, or n e, and m n to oh. 

And since cmo^ nmn are right angles, if the aiigle 
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V. 



umo, which is common, be taken away, the remain- 
ing angle cmn will be equal to o w w, or o b f. 

Hence, the triangles c h m, onnif and o f a being 
similar, we shall have 

{oB : om :: BF imn) (mn = "° ^ ^^^ ^ 

I I J sin 6 cos a 

f^OB : OF : : cm : HC J \h c = 

But mn + HC = o h+h c = c g, which is the sine 
of AC, or of flj + *} and mw — Hc = GH— HK=:KG 
= D E, which is the sine of a d, or of a — b. Whence 

sin a cos 6 + sin 6 cos a 



Sin (fl + i) =2 



Sin (a - *) = 



sin a cos 6 — sin 6 cos a 



Again,. 



foB : OF :: owi : on") f o n = — ^ 

J I J Sin a 81 

f^oB : BF :: cm :97iHJ (^mn = 



cos a cos i 
sin b 



But on — mn = o;j— gw=: og, which is the co- 
sine of A c, or of a -|- i ; and ow + mH=:ow + GW 
= ow-|-wE = OE, which is the cosine of a d, or of 
a — 6. Whence, also 

cos a cos 6 — sin a sin b 



Cos (a + i) = 
Cos (fl — i) = 



cos a cos b + Bina sin 6 



Q. E. I* 



21. From these expressions for the sine and cosine 
of the* sum and difference of any two arcs, and the 
values of the simple arcs, given in the preceding 
table, the formulae for their tangents, cotangents, &c. 
may be readily obtained, as foDows : • 
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Tan (fl±4) = 
Cot (fl ± *) = 



f* (tan a ± tan i) 
r> q: tan a tan & 

cot a cot 5 ip r* 
cot b ± cot a 



c% ^ \ ^ sec a sec b 

Sec (fl ± «) = -r — :^ ;-— , 

\ ^ y r« qi tan a tan 6 

, ^ i' . \ cosec a cosec ^ 

Cosec (^ ± «) = rT- — : — 

^ ^ cot 6 ± cot a 

The formulae for the chords and versed sines are, 
olso, as below : 

r\\. / 7 \ ^^ supch 6 ± ch 2» supch a 

Ch (fl ± i) = ^ — i- — 



1r 



Vers (flf ± i) = 



( tj vers a supvers i '± \/ vers A subvers a)* 



22. Hence, if* be made to represent the semicir- 
cumference of a circle, as before, and ^ «•, ir, 4- «*f &c. 
be substituted for a, and a for 6, in the expressions 
above given, for the sine and cosine of the sum and 
difference of any two arcs, we shall have 



Sin (^ir + «) = + cos a 
Cos (I* + a) = — sin a 
Sin («• + a) = — sin a 
Cos (* + fl) = — cos a 
Sin (4*+ a) = — cos a 
Cos (4-^+fl) = + sin a 
Sin (2«' + flj) = + sin a 
Cos (2» + a) =?: + cos a 



Sin (^ir — a) = + cos aj 
Cos {^Tt — a) =+ sin a 
Sin (ir — fl) = + sin a 
Cos (ii* — a) = — cos « 
Sin (4.«' — a) = — cos a 

Cos (4* — ^) = ■— sin a 
Sin (^ic — d) = — siii a 
Cos (2* — <2) = + cos a 



53. Or, if n be zero, or any positive or negative 
whole number whatever, the same formulae may be 
rendered more general, as follows : 
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Sin /-^^«- + fl)= + cosa 

Cos (-^^«- + tf)=— cos« 

Sin (-^«r + a)=— costf 



Sin (--i^*— a)= +costf 



Cos( 
Sin ^ 
Cos( 



411+3 

2 

/4«+4 

2 

411+4 



ir + a):= + sin a 
ir + a)= + sin a 
r+«)= + cosa 



Sin (^^tr±a) = qFcosfl 






2 

Cos(— ^i*— fl)= +sina 
Sin (-^Y^*— fl)= + sintf 

Cos (~? fl*— fl)= — COSfl 

Sin (l!!±? !•-«)= -cosfl 
Sin (j^^—-*'—d)=—sma 

Cos(^*-fl)=+COSfl 

Cos (— ^*±a)=±±sin(i 



24. From the expressions for the sine, cosine, &c 
of the sum of two arcs, we may also easily deduce 
the following formulae for the sine, cosine, &c. of 
the double arc, by barely takipg b equal to a, and 
then substituting the values of the lines, thus ob- 
tained, in terms of the rest. Thus, 

2 sin a cos a 2 sin* a 2 cos* a 2 f* tan a 



Sin S a = 



r- 
2r« 



tan a cota r* -+ tan* a 
2 7^ cot a 2 r sin a 2r*tana 



tana + cota r*-|-cot*a 
2 f* cot a 



sec a 



sec^a 



= 1^ ch 4 a 



Cos S^H — 



cosec* a 
co8« a — sin* a r* — 2 sin« a 2 coeC a '^ r* 



— . y(y* — tanPa) ^ r(cof a — y*) ^ r (cot g^ tana) 



y* + tan* a 



cot* a + r 



cot a + tan a 



r(2f*— sec'a) r (cosec* a— 2 r*) , , ^ 

s:: V .  ^ sa*-^ — r~i-i=*supch 4fl 



sec a 



cosec a 
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^t^ _ ^ 2f*tana 2 r^ 2rcosahina 2r8inaco8tf 

Idtl 8 A z: -= '  = r-T-T^ 

r»— tan*a cot a— tana r* — 2 8in*a 2cos*a— r* 

2 r* cot fl 2 r* tan a 2 r* cot a 



cot* tt'^r^ 2 r* — sec* a cosec* a — 2 r** 

^ . -J __ cot*a— r* r«— tan*a cot a— tana r(r*— 2 8in*a) 

vJOt S! A -— -— — - — ="-r-: = ^"TT": 

2 cot a 2 tan a 2 2 sin a cos a 

r(2cos*a— r*) 2r* — 8ec*a cosete*a — 2r* 



Sec 2 a :s 



2 sin a cos a 2 tan a 2 cot a 

r sec* a r cosec* a r* 



Cosec 2 a = 



2 r* — sec* a cosec* a — 2 r« r« — 2 sin* a 
r^ r (r*-htan*a) _ r (cot* a + r*) 

2 cos* a — r* "■ r* — tan* a cot* a ^r'^ 

r (cot a + tan a) 

cot a — tan a 

r* r* -f tan* a cot a 4- tan a 



2 sin a cos a 2 tan a 2 
r* + cot* a r sec a cosec* a sec* a 



2 cot a 2 sm a 2 cot a 2 tan a 

sec a cosec a r cosec a 



2 r 2 cos a 

25. The versed sines and chords of the double ar<is 
may also be expressed in terms of the rest, by sub- 
stituting the following particular values of them in 
any of the above forms. 

TT ^ 2 sin* a ^ f* — 2 sin a cos a 

Vers 2 a = , covers 2 a = 

r r 

2 sin* (45® — a) ^2 cos* a 

= ;: , supvers 2 a = -^— . 

Ch S a = 2 sin a, coch 2 a = 2 sin (45^— a), supch 
S azzZ cosa. 

26. In like manner, if ^ a be substituted for a, in 
each of the above expressions, for the sine, cosine, &c. 
of the double arc, we shall obtain the following for- 
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hiulag for the sine, cosine, &c. of the single arc, in 
terms of the sine, cosine, &c. of the half arc. 

Sin a = — ^ = -1 — r~= t^— = -7-; ri- 

r tan -^ a cot 4^ a r'^ + tan* 4- * 



r tan -^ a cot 4^ a r'^ + tan* 4- « 

2r« _^2r«cot4^a 2rsin^a 2r«tan-l.fl 

4-0 + cot i fl *" r*+cot*ia sec ^ a sec* 4- « 
. .  cot -r a 2 tan a cos^ -J- « 2 r cos \a 11^ 

= ■"1 — Ti — = — z = r"=^cn2a. 

C08ec*4-a r* cosec 4- a -* 

^ cos* 4 a — sin« 4- a r* — 2 sin^ 4 a 2 cos* L a-'i^ 

Los rt = — = = 

: r r r 

— y (^* — tan* i a) _ r (cot»j. a — r*) ^ r(cot4^fl — tan|g) 

"~ T* + tan* 4. a cot* ^ a '\- r^ "" cot | a + tan | a 

r(2r« — sec*4-a) r(cosec*ia — 2r*) , ,^ 

sec* ^ a cosec* -J- a -«^ r 

rp _^ 2 r* tan 4- a _ 2 r* 2 r sin 4- <> cos 4^ a 

*" r* — tan* 4 a ~~ cQt 4- a --^ tan 4- a r* — 2 sin* i a 
2 r sin 4- fl cos -^ q ^ 2 r* cot 4- a _ 2 r* tan 4 « 
"" 2 cos* 4- a — r* "" cbt* 4^ a — r* "" 2 r* — sec* i a 

2 r* cot ^ a 
"" cosec* 4.0— -2 r*' 

>s, cot" 1 a'^r'^ r* -».nan* 4 « cot 4" <> -^ tan i a 

Got a = — ; = r^ — = 

2<K>t4' a 2 tan 4- a 2 

^r (r* — 2 s in* 4. a) __ r (2 cos* 4- a — r*) __2r* — sec*4a 

'"* 2 sin 4- a cos ^a "^ 2 sin 4- a cos ^a'^ 2 tan 7 a 

__ cosec* 4- g — 2 r* 

"~ 2 cot 4- « ' ' 



2 sin* 4- 



^ ^ t sec* T « _ ^ cosec* ia _^ 

fl — 2 r« — sec* 4^ a "" cosec* ^ a ^ 2 r^ "" 7*3 ^ .« .^ « 
— ^ _^ (^* + tan* i a) _ r (cot*ig + r*) 

^ 2C0S* t a — r* ~ r* — tan* t a "" cot* fa — r* 
r (cot i g + tan i o) 



cot -J a — tan t a 



3oa 



osec a ^ 



f» r«+tan«ia cotj.a+tan^« 

2 sin 4- a cos -i-a 2 tan 4 a - 2 



__ r«+cot»4.a _ rsec-J-o _ co8ec«-i-« __ sec* 4* 
"^ 2 cot ^ a "^ 2 sin i a "" 2 cot 4- a ""2 tan -J- « 

^ sec i fl cosec i-a r cosec -i- a 

"" 2r ~ 2 cos 4 a 

A 1 2 sin* i- a ^ 2.«,..o i\ 

Also, vers a = ^— covers azz — sm* (45 — |^ «) 

2 cos* -i a 

supvers a =: — . — 2_ 

Ch fl =i 2 sin 1^ a, coch a = 2 sin (45^ - ^ a), supch 
= 2 cos f a. 

27. Andby finding the values of the sine, cosine, &c. 
of |- a in the most commddious of these latter equa- 
tions, we shall obtain the sine, cosine, &c. of the half 
arc in terms of the sine, cosine, &c. of the whole arc. 
Thus, 



Sin |- « i= iy/^-^r sin a — |- s^r^^r sin a =: r -/ 

.secfl-*-r .r vers a ^ , 

- r\/ = \/ — ;; — = t ch a. 



r — cos a 
2r 



2 sec a 



^ r + cos a 



Cos|-ll = ^\/^*+»'8in« + |-V^r*— ^8in<j z= T^/ 

.sec a+r .rsupva , , 

= '^*/-7nirz — v^"^~f — = i supch a. 



2r 



2 sec a 
r sin a 



^Ti 1 # oiti !• r^ '-' r cos a ^ f — cos a 

Taa*a = — r— — = — — :— = r %^ 

** r + cos a - sin a ^ + cos a 

^sec fl— r . vers a 

= ^v'r-:: — r- = ^V^ o^ ^ = cosec a— cot a. 



sec a+y* 



2r— vers a 



^ , r sin a r* + r cos a .r + cos a 

Cot * flf s: as ; :r2 r a/ 

^ r — cos a »'" '^ ^ 



sm a 



r — cos a 



-sec«+r ^2r— versa 

= r^ -zzTs^ = cosec a: + cot fl. 

^ sec a^r ^ vers a ^^ wv . 



2r 



* ^ r + cos a ^81 



2 tan a 



cos a ^ sm a 4- tan a 

^ 2r — vers a ^ 



= r^ 



2 sec a 
r + sec a 



supv a 
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r^ 1 /^ . 2 taxi a .2sec<r 

Cosec A a =rv/ = rv^-- ; — = r-/ 

-* ^ r— cos a '^ tan a— sin a see a— r 



vers a 2r*8upv a 

Also, vers ^ a = r — cos \ Cy covers |^ a = r — 
sin |- a, supvers ^ a = r — cos J fl. 

Ch ^.fl = ^2r(r— cos 4 a), COch ^ a =\/2r(r— sin^a), 
SUpch ^ a = \/2r(r+cos4.a). 

28. The formulae given in art. 20 for the sine, co- 
sine, &c. of the sum or difference of any two arcs, 
also furnish a number of other useful expressions ; 
among which the following may serve to change the 
product of two or more sines, cosines, &c. into their 
sums and differences, or vice versA. 

Sin a sin i = |^ r cos (^ — 6) — ^ r cos {a + b) 
Cos a cos bzz^ r cos (« — 6) + ^ r cos {a + b) 
Sin a cos ft = |^ r sin (a + ft) + ^ r sin (^ — ft) 
Sin 6 cos a = ^r ^in (a + ft) — |- r sin (a — ft). 
To these -we may also subjoin the additional forms,. 
Tan a tan 6 = ;^^i^^=g=^i^) 

COS (a 4- 6) 4- COS (a~o) 
r\ . ., oCos (a+6)+C08 (a~6) 

Cot a cot 6 = r* — ^ — 77 7— rr^ 

COS (a~6)— COS (a 4- 6) 

Tan fl cot 6 = r.!|^ii±g±?|l^! 

Sin (a-f-o)— sm (a— 6) 

Tan 6 cot a = r» "° i^+^^T"' .^""^j 

Sin (a+6)+sm (a— 6) 

Sm a sm ft = r« ^ — ^ 

4 cos a COS 6 
rr» ^ I- *cos (a— 6)— cos (a+A) 

Tan a tan ft nr   \ — ^ \ ^ \ 

2 cos a cos b 



M5 



Sin a sin 



sin* ^ (a + *) — sin* I (a — i) 



{sm* ^ (a + 6) — sin* t (^ — 
or 
cos*| (a '^ A) -*• cos*^ (a + b) 

{cos* i (flJ '^ 6) — sin^ i (« + *) 
or 
cos»^ (a + *) — sin* ^ (« - 4) 

29* And if in these formuls there be substituted 
^ (a + b) for u, and |^ (a ~ ft) for ft, we shall obtain 
the following ones, which are often employed in tri^^ 
gonometrical computations for reducing the sum of 
difference of two factors to their product. 

Sin a + sin ft = — sin ^ (a 4- 4) cos I (a —> ft) 
Sin « — sin ft == — sin ^ (a *^ ft) cos'^ (a + ft) 
Cosa + cos ft sss: ^ cos ^ (a + *) cos J (a — ft) 
Cos ft *- cosa = — sin i (tf + *) sin J^ (/i *— ft) 



Tana+tani»-::rrr + isrr 

t tin ft 



Tan a -^ tan ft 



COS a 

r ifaia 

cos tf 



iditfta 



Cot g + COtfti= ^J^^ 4- 



Cot h-^cotatx 
Cot a+tanft:ss 
Cot tf-^tanfts 



sin a 

T COS tt 

sin a 

r cos 41 

sin a 

r cos d 
sin a 



cos ft 
r cos ft 

sin ft 
rcosft 



sin ft 

rsin ft 

cos ft 

rsin ft 

Cos ft 



i SBtt 



f« sin (a + ft) 

cos 4t cos ft 
r* sin (a — » ft) 

cos a cos ft 
r* sin (a + ft) 

sin a sin ft 
»^sin(g — ft) 

sin a sin ft 
f*cos (g — ft) 

sin a cos ft 
•*cos (a + ft) 

sinacosft 



And if 90^ -^ ft be substituted tot ft, we tibalt liaV6 
the following formulae, which will be found applicablci 
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to some particular cases of spherical trigonometry, 
wliere the common rules would require two analogies^. 

Sin «+cos b^ J sin (45^+ ^)cps Q±^ - 45") 
= — cos (45 ^ — — ) cos (45 —) 

Sin tf-cos i= f cos (45^+ '^) sin (^ - 45") 
= - sm (45° - -J-) sin (-y- - 45*) 

Sin 6 + cos tf = 4 sin (^^ + 45") cos (^-^ - 45") . 
= - COS (45" - -^) sm (45" - — - ) 



4 Sin 6- cos tf = f sin (^ + 45") sin (^ - 45") 
= — cos (45 —J cos (45 '^— t" y 



Mn <i tan a r 



30. Also, since = = — -"? ^e shall obtain^ 

. ' costf r cot a ^ 

by division, the following expressions, which will be 
found convenient in many logarithmic computations. 

Sin a + sin t ^ sin j- {a -j- &) cos 4: (g — &) ^ tan 4. (a + 6) 
sin a — sin 6 "" cos -f (a + 6) sin f (a — 6^ "" tan i (a — ^) 

Co3 fl + cos ^ cos i (a + h) cos 4- \a — ^) cot -^ (a + 6) 
cos ^ — cos a sin 4 (^ + 6) ^i^ t (a -r ^) tan 4; {d-^b) 

Sin a + sin 6 cos b «- cos a tan 4- (a + ^) 
cos a + cos^ sin a -^ sin 6 • r 

Sin £t + sin 6 cos a + cos 6 ^ cot 4. (a — £) 

cos A — cos a *"" sin a — sin 6 "~ r 

. , Sin fl — sin 6 __^ cos 6 — cos a ^^ tan | (<»*— b) 
cos a + cos 6 "^ sin fl + sin 4* "~ ^ r 

Sin a — sin b ^^ cos « + cos b ^ cot^ (a + b) 
cos 6 — cos a sin a -J- sin A "" r 
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iTana-ftan^ _ cot g-f cpt b _^ ain {a+b) 
taa a — tan b "" cot ^— cot a sin (a— 6) 

Tan a+tan 6 , tan a— tan 6 tan a tan 6 



cot a -r cot 6 
Tan a+cot b 



cot 6— cot a 
cot &— tan a 



tan a cot b 



cot a+tan 6 cot a— tan b ' r* 

Tan /i-ftan J ^ tan a Ian (a+A) _^ tan (a+6) 
col a — tan 6 "" r« "" cot a 

^ Cot a + cot ^ cot b tan (a + ^) tan (a+&) 
cot a — tan 6 r* tan 6 

Tan a— tan b ^ tan a ttfn (a— fc) __ tan (a— i) 
cot a+tan 6 "" r« "" cot a 

Cot 5— cot a _^ cot 6 tan (a— 6) _^ tan (a— ft) 
tan 6+cot a "" r* tan 6 



•in a + cos ^ 



tan (45^-^^) cot(2±i-40 



To these may also be subjoined the suiditional forms, 

Sin0f+6> _ cos;.(o +6) _ . ^. . . C08i(g-fe)8in(a+6) 

— — or sm a-hsin 0=5  , . — rr 

cos i (a +6) 

. , sinlfa— 5) sin (a+6) 

~y or sm a— sm 6= ^ — --7 rr 

(a -6) sm 4. (a+i) 



am a+sin 6 cos t (a —6)' 
Sin (0+^) ^ sin-j. (fl+6) 
sin a-*sin 6 ^ sin 4- 

31. And if one of the expressions in art. 29f be 
multiplied by th^ other; we shall obtain, after some 
simple substitutions for the two last cases, the fol- 
lowing formulae for the difference of the squares of 
the sines, tangents, :&c. of any two arcs. 

Sin* a - sin* b a: sin (a + *) sin {a — V) 

Cos* h — cos* a = sin {a + i) sin (a — V) 

Cos* a — sin* ft = cos (a + ^) cos (a — h) 

cos* a cos* 6 ' 
• X 2 



</ 



i 
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ri J. L _L- r* 8HI (a -f b) «in (a r- h) 

Cot« b — cot« a = -^T v^-p •' 

sint a SHI* 6 

C0i« « - COt« i = »•« CO. (g + A) c ^g -j) 

wn* o cog* o 

« , ^ , , cos (/7 /^ b) sec a sec 6 ' 

r + tan « tan i = — ^ — ^ ' - >■ — - 

Ml cos Xa 4- b) sec a sec b 

— tan a tan b = — ^ 



r' 



32. Also, if 45'' be ptit for a, and a for &, in the 
formulas for the sin^ tangent, &c. of the sum and 
difference of any two arcs, (art, 20^ 21,) we shall 
haver trfWr a few simple subatitutions a^ ^^eductionsr 
the following expressions for the sine, tangent, kcr 
of 45'* ± a, 45^ ± ^ a, and 50""* d. 

Sin (45^ + tf) tt cos (45^- 4) ac ^^ ^ +^^'° ^ 
SiA (45^ - *) « co$ (45^ + n) .= e21?.^lfL? 
Sin (45^ + fa) = cos (45^ - J a) = yliliSifJ 
Sin (45^ - J a) = cos (45^ + i fl) « ^ ^ ^ "j^^^ 
tan(4S^ + i «) = cot (45*^ -^*J^«) « r ^^^ 



T '*f*' BID S 

Sin a 



r— *8in« 



Taii(45''-i4) = eot (AS' + ^a) = r^~^ 
Tan (45« + J a) === I^!l±^=^ ^ -!^??^ =. -15!li 

^ » z -^ ^OB a r — «m a coseca— r 

' '  > , • 

Tan(45 — *a^) as  :■ >  — ^=^ ' >: ' r ' ^ ' '■ - ^ - r ' 
^ ^ -^ cos a r + wna cosec fl + r 

Tan(45° + a):^tlL±^^^rv''^t^^ 

rr« />iro \ r(r — tana) .r — sin 2a 

Tan(45° — ii) «  , g rV , ^» ^r 

^ -^ r + tana ^r + sinia 

n 1. /Ato . \ r<r — tauq) r (cot a — r) 

Cot (45 H- «>== "  , -; ^:a rv-i in : 

^ ^ r -f tan a r -f cot a 



IWMI 



cotc45' - tf> = ' : .^ r . +* g^> = '•<'^^^^''^ 

^^^ -^ IT — tmia cota — r 

«a (30" + a) == CQS (60' - «> = '^ '^ •^^''"^ ^^ 

33. From art. 38 and 40, we may also readily ob- 
tain the formulae given below, which have been found 
of considerable use in the computation of the comr 
mon trigonometrical tables. 

o- /- , N 2 COS a sin na — r sin (» — I) a 

SlB (n + 1) a = : ^^ rr^ 

C0S(n + 1) a = ^eo.ac^i»a^.rcos^,i->l)^ 

Or, ' 

o- r shj O* — 2) a + 2 sin « COS f« — iVa 

Sm n a =c ^ ^ — ^ > — 

r 
g^ r cos (« ^ 2) a — 2 8tn a sin (n — i ) a . ^ 

Cos n a = ^ ^^ — (k). 

84. The following expressions may likewise be ob- 
tained in newly a similar inray with the former ; but, 
being of less use in their application, they are here 
^ven s^arately« 

Q. Sin (45®+ a) - sin (45®— a) cos (45®— a) -cos (45®+fl) 

V2 va 

^. _ Sin (30®+ fl)— s in (30®— a) cos(6D^— <i) -cos(60®+fl) 

Sin fl — r ^-^'(4^^-i^) -- j ,^" (45®+ifl) - tan (45®-f g) 
f*+ Un»(45®-ta) tan (45®+ 1 «)+ tan (45®-^ia) 

(^ Here, if a be 1®, and n be put =5 2> 8y 4^ Ac. successiyely, 

we shall have 

Sin 2® = sin 0® + 2 sin i® cos 1® 
Sin 3® = sin 1® + 2 sin 1® cos 2® 
Sin 4® = sin 2® + 2 sin 1® cos 3® %LC. 

And the cosines of 2®, 3®, 4^> &c. may be expressed in a similar 

manner* 



Cotas 
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2 f* 2 r« 



"ian(45*'-hiii) + tan(45^— 4fl) cot(45** -ia) + (coW5® +4«) 

2C08 (45*'+;«)co8 (45®-^) 28in (45°— ifl)8in (43**-h>fl) 
r r 

_, ^ tan(45«^+|4i)..Un(45°— 4a) cot(4fl®— ^a)— cot(45^+;fl) 
Tana=s ^  

2 2 

. 35. Finally, to these may be added the equation^ 
given below^ which have been found of great service 
in the computation of the sines, tangents, &c. of the 
commop trigonometrical tables. 

Sin (30*' + «) = cos (eo""— fl) = cos fl-sin (30**-fl) 
Cos (30'' + fl) = sin (60**— a)=;cos (30°-«)— sip a 
Sin (60Va) = cos(30''— £^) = sin (60°-fl) + sina 
Cos (60'* + a)=?sin (30^— a) =; cos a -cos (^O^^-a) 

Tan(30%a)==cot (60---.) = --;-^(^°.^-^-^;^^^^"^> 
Tan (30--a) ^ cot (gp- + a)=, ^^^ ^^"^■^^^> ^tanQpo^-;.) 

Tan (45'' + a) as tan (45° — a) + g tan 2 a =2 cot 
(45^ + a) + g t^n 2 tf . 

Sec a =.tan a + tan (45°— |^ a) 3: tan (45°+ id) 
— tan a. 

36. (/) Having thus given a variety of the most 
simple and useful expressions for the sines, tangents, 
&c. of the sum or difference of any two arcs, .it may 
not be improper to subjoin the following formulae for 



(/) Formulas of this kind may be> obviously^ multiplied without 
end ; but it is copceived that the coHection here given will be 
found to be more complete and methodical than any which baff 
Jiitherto appeared. 
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the arcs themselves, in .which radius is. supposed to 
be unity, or 1., 

Arc tan w + arc tan V'= arc tan -^ — - 

1 —jy 

Are tan x — arc tan y = arc tan ^7^ 
Arc cot X + arc cot y = arc cot ^"^7 
Arc cot > — arc cot u = arc cot '^ 
Arc tan .r — * arc tan - x  = i arc cot — r — 

* 1 — x* ** 2 Ji" 

Arc cot a:* = i arc cot  J^ = A arc tan ^ ^, 

-« 2 Jr * x' — 1 

A .1 -1 

Arc sec x = arc cos — ; arc cosec x -=1 arc sm.— 






Arc vers *r = 2 arc sin ^/—y arc covers x = 90*^ :p 2 

;arc sin v'-~; arc chord »r = 2 arc sin -^. 

Also, 
Arc to tan ^ + arc to tan ^ = arc 45® 
Arc to tan r + 2 ajrc to tan 4. = arc 45®. 
37. It may also be remarked, that, by means of 
the formulae here given, and the known values of the 
9ines of 30*, 45®, 60® and 90®, it is easy to obtain the 
values of the sines, cosines, &c. of a great variety of 
' other arcs, in surd numbers ; the most simple and 
-commodious of which are the following: 
Sin a® = cos 90® =0 

Sin 7r = cos82r = -^./^^^^"^^^ 

Sin 9"* ;= cos 81® = ~v/3T"v<5 — -^ x/s - \/5 

4 4 . 

Sin 1 1/ = cos 781° i= -f-s/2-VfT^ 



8m 15* =co9 7^ = -J" (V6- ^/«> 

Sin 18" »U08 78' = f (-l + \^5) 

Sin 22i* = cos 67i° = -J- V^w* 

3in 27* = 008 CS* = -^ y^|+/« -' -r- ^s---/il 

Sin 80* =» cos 60* = -J- 



»• ^5. AAO «/tl» —a J! 



^in 33|* = cos 56^* « -^ v^ »- v'aw* 
Sin 3^ =3 cos 54* — -j v'lo-a,/* 
Sin 37i* :? cos 52i* = -j- • v'^^"'^ ^ 
Sin 4^ 1=1 cos 45* = y •« 
Sin 52i* =;x cos 37i* = y ^li^—^ 
TSin54* sb cos 36* =y(l + ^5) 



Sin 56*^ = cos 38*" = y •»+ Vir:7^ 

Sin 60' =008 30* = ^ ^3 

Sin 63* s? cos 27* == y v^s+vi + -j \^3Tvk 

Sin 67f* = cos 82^* :? ^ v'a+va 



Sin 72 == cos 18 = — v^io+ay* 
3in 75* = cos 15* =y (v'6+ v'S) 



Pin 78i* = cos 1 U° = 4 v^a+^v^+vi 



5U 

Sin sr = COT ^ =r ^ •sTTS + 7 •rTTS 

Sin 90'' = cos ?? r (m). 
SimSiar sur4 expressions may also be readily found 
for the tangents, secants, &c. of the same arcs, by 

ineans of the equations, tan 5= 



r 8in . - r cot 

cot = 



cot 






sec = — , and cosec = 



COS 



sm 



38. Again, if the arc b be taken equal to 2 a, d a, 
A a^ &c, successively, the sine of any multiple of a 
single arc may be readily determined, by means of 
the known formula for the sine of the sum of two 
?rcs, given in art, 80, 



■**■ 



»w^" 



■••■■> 



{m) Since >/3 4- V^ = i v'lO + i V^, and ^^^ t/5^\^ ^ 
i/10-<— r 'Z^* it is plain, from the above table, that, considering 
the V^ 's/^f <^<^ ^10, as known quantities, there will be only 
four extractions of the square root required to obtain the values of 
the sines and cosines of all the arcs which are multiples of 9^. 

It also appears, from the same table, that sin (60 + «)==: sin 

(60 — «) + sin «; sin 34® — sin 18® = sin 90® — sin 30® = -^; 

imd sin 81® + sin 37® + sin 9®.s= sin 45® 4- sin 63®. Or, more ge- 
nerallj. 

Sin (18® + x) + sin (18® — x) s^ 2 sin 18® cos x 
Sin (54® + x) + sin (54® — «) =7 2 sin 54® cos a 
And because sin 54® — sin 18® = i, and cos x ss sin (90® «- x) 
we shall have, sin (54® -h «) + sin (54® - *) — »in (is® -h jf) — 
^in (18® — #) ssin (90®— x). Which formulas may serve as very 
lisefql checks in the calculation of trigonometrical tables. 
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(n^ Thus, if J = 2 a/ and radius = 1 , we shall have ^ 
, mi 3 a zz sin a cos 2 a + sin 2 a cos a ; but sin a ^ 

^! (art. 24), and cos 2^ = 2 cos* a — 1 : whence 

. 2 cos a ^ ' ' 

6in a COS 2 a = (2 cos a — 1) ;:? sm 2 a cos fl — 

2 cos a ^ ^ 

= sin 2 a cos tf — sin a : which value, being 

2 COS a ^ ' o 

substituted in the first equation, 'gives 

* Sin 3 a = 2 cos a sin 2 a — sin a. 

And, by following the same mode of investigation, 
we shall readily obtain the sines of the arcs 4 a^ 5 a^ 
;Scc. in terms of the sines and cosines of the inferior 
^rcs, as below : 

Sin fl =: sin a 

• - 

Sin 2 (z = 2 cos a sin a 
Sin 3 « = S cos a sin 2 « — sin a 
Sin 4 fl = 2 cos a sin 3 « — sin 2 a 
Sin 5 a = 2 cos a sin 4 a — sin 3 ^, hCp 

Which series, it is obvious, may be .continued at 
pleasure, without any new calculation, by multiplying 
twice cos flbytheprecedingsine,and then subtracting 
the sine preceding the last, for the next following one. 



(ii) When the radius, in any trigonometrical expression, is dcr 
noted hy l, instead of r, the latter symbol may be readily intro* 
duced into the equation, by joining either the simple letter r, or 
'its powers, to such of the factors as will render them all homoge- 
neous, or of the same dimensions. Thus, if radius =^1, and 
4 sin' a = 3 ^Ti^ a ~ cos a -f 2, in which thef highest termis of 3 
dimensions^ the equation, by introducing r, will become '4 sin^ a =s 
3 r sin* a^-^'v'^ cos a-k-^r^. 
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Thus, 
Sin na=zi cos a sin (n— 1) a— sin (w— 2) a 

Or, 

Sin na zz sin (w— 2) ,« + 2 sin a cos'(» — 1) a . 

And by substituting the values of cos a, sin 2 a^ 
sin 3 ^^ &c. as taken in terms of the sine and CQsine 
of the single arc, the same series may be easily 
varied, as follows : 
Sin a =2 sin a 
Sin Q a zz 2 sin a v'l— sin«« 
Sin 3 a = 3 sin a— 4 sin' a 
Sin 4 a = (4 sin a—S irfn' a) \/ 1 —sin* a 
Sin 5 fl;= 5 sin a— 20 sin* a + 16 sin* a 
Sin 6 a = (6 sin a-^SZ sin' fl + 32 sin* a) \/i^$in*a 
Sin 7 a = 7 sin a — 56 sin' a + 112 sin* tf -^ 64 sin' a 

&c. 
Or, 
Sin a = v' 1 —cos* a 
Sin 2 a = 2 cos a v^i-cos«a 
Sin 3 a = (4 cos* fl— 1) v'l— cos«a 
Sin 4 a =2 (8 cos* a— 4 cos a) v''i— co8«a 
Sin 5 a = (l6 cos* a— 12 cos* a+ 1) v'l— cosaa 
Sin 6 a = (32 cos' a — 32 cos' fl+6 cos a) ^/i— co8«« 
Sin 7 fl =(64 cos*a— 80cos*^z+24cos'a — l)v^ i—cos'ii 

&c. 

3^, Hence, observing the law of the coefficients 
and exponents of the several terms in the above ex- 
pressions, we may readily obtain the following general 
fprmulae, for the sine of any multiple of an arc, in 
terms of the sine of the simple ^c. Thus, 



3ie 

Or. 

Sin na = n sin a — --^^ (a) sin* a—- rr^ (») sin' a 

Where A, b, c, &c, are the preceding terms with 
their proper signs ; and if » be ^n odd number» the 
(series will terminate j but otherwise not. 

Again, if these two formulae be divided by the ex» 

panded value of -/»*— «m* =^ r «— ^^ r- i^^^. ^^ 
»nd then multiplied by i/PCSST, we sbalthave 
Sm »a = 4 - sm a ^t-t-t-^ sin' g+ oo.>^ ' 

sm* a ^ J^A.^^\ • sm^ a . . . - - ± g 

2.3.4.5.6.7 f^ 



5in*~ri} -v/r«— sin% 



Or, 

Sm It a = <{ - sm flt— ----^ (a) sm' a — tt-tCb) sm* a 

Kr 2^1*^'' 4.4r*^ 

g^(c) sin* a - -^^^ (d) sin* a, &c. } ^r^-sin^^fl. 

In which case, the series will terminate' when n is 
an even number. 



And if — be substituted for 'n, in each of the two 

n 

formula in the first part of this article, we shall hav© 
the following series for the sine of any part ©r sub- 
multiple of the arc a. 
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Sin - <i =s - sin a— ;^ ^ , sm a-\ — ' , A , . ^ 

n n 2.3n»r» ' 2.9.4.5. a' r* 

Or, 

Sin — a =s — sin a + r^-r-i (a) sm' a + -mrr 

(b) aiii* «+^^J^' Cc) «itt^ '^i ftc, (o). 

40. Moreover, if we still suppose the arc b suc- 
cessively equal to ^, 2 a, 8 a, 4 a, &c« and proceed 
in a similar manner with the formula for the cosine 
of the sum of two arcs, giveii in art. 20, we shall 
obtain the following expressiona % 
Cos a =2 cos a 
Cos 2 a =5 2 cos A cos a — T 
Cos 3^ = 2 cps a cos 2 a — cos a 
Cos 4 a z: 2 cos a cos 3 a — cos 2 a 
Cos £ a :^ 2 cos a cos 4 a — cos 3 a, &Cv 
Where it is plain^ as in the former table of sinefii^ 
tliat multiplying any cosine by 2 x;os a, and then 
subtracting the next preceding cosine^ we shall ob-' 
tain the next following one. Thus, 

Cos na -SSL, 2 cos /z cos (n-*- 1) fl^cos (w— 2) a. 

Or. 
Cos aitf s cos (n— 2) a— 2 sin a sin (n-^I) a. 
And by substituting the preceding values q£ cq0 
2^, cos da, &c. in each of the succeeding forms of the 
above table, the same series may be varied as follows t 



.hi^^— ■' I I > mh Ii 



(o) The fcnrmulfle here gi?en, for the sine and coibe of any arc 
or its multiple, are equally applicable to the dsprd of the arcj and 
the chord of its supjptement, using the cKinieter> or ^r> instead of n 
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Cos a :£ COS a 
Cos 2 fl = 2 cos* a — 1 
Cos S a c= 4 cos' a — 3 cos a 
Cos 4 <i = 8 cos* fl — 8 cos* a + 1 
Cos 5 a = 16 cos* 11 — 20 cos* a 4- ^ cos a 
Cos 6 tf = 32 cos* a — 48 cos* a + 18 cos* a — 1 
Cos 7 tf = 64 9os» a — 1 12 cos* ^ + ^6 cos*ii— 7 cosa, 
&c. Or, 

Cos a = \/i— sin^a 

Cos 2 a = 1 ^ 2 sim a 

Cos 3 a = (1 — 4 sim a) \/i— sinta 

Cos 4 a = 1 — 8 sim a + 8 sin* a 

Cos 5 a = (1 — 12 sin* <i + 16 sin* a) i/III2n*a 

Cos 6 a = 1 — 18 sins a + 48 sin* a — 32 sin a 

Cos 7 a = (1 — 24 sin a + 80 sin* a —64 sin* a)y/i —gin* a 

&c. 

41. Hence, observing the law of the coefficients 
and exponents of the several terms of these expres- 
sions, we shall obtain the following general formulas 
for the cosine of any multiple of an arc, in terms of 
the cosine of the simple arc. Thus, 

Cosntf = ^^|cos a — -r*cos «+-^;5r- 

4 «-4 ,ii(ii— 4)(ii-5) 6 »-6 ii(ii— 5)(ii-6)(«-7) 

r cos g-- ^i o 06 — rco% fl+-^ — r«^^» ' 



t' cos 



a^ I &c. 



Or, 



• " 2r— » 2*co»*a 2.2»cot«a 3.2«(n-3)c08«a 

•4.2» (n— 4) cos a ' 



i 
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Which series must be continued to — -=- terms, when 

2 

h IS an odd number, and to ——when it is even ; but 

the same series will be equally true when n is any 
fractional' number. 



42. In like manner, since tan 3 a =: 



tan Q -f tan 2 a 



l-*tanatan2a 

(art. 21)^ and tan 2 a = y_^^^ (art* 24), if this latter 

expression be substituted in the former equation, 
and the whole be reduced to its most simple terms, 
we shaU have 

rr^' o ^ _ 3tan_fl— ten' a 

1 —3 tan* a 

And by following the same mode of investigation, 
we shall readily obtain the tangents orthe arcs 4 a, 
5 Uy &c. in terms of the tangent of the single arc, as 
given below. 

Tan a = tan a , 

rry ^ 2 tan ^ 

Tan 2 tf = , ,^ ^ 

1 —tan* a 
rr« ^ ^ 3 tan a— tan' a 

Tan 3 a = 



Tan 4ai=: 



1 ->3 tan* a 
4 tan a— 4 tan' a 



1— 6 tan^a+tan^ a 
rr« i. 5 tan a— 10 tan' a + tan* a ^ 

1— 10 tan* a +5 tan* tf ' 

43. Hence, also, by observing tlie liw of the co* 
efficients and exponents of these last expressions, it 
will be easy to deduce the following general formula 
for the tangent of any multiple of a. Thus, tan na=z 

n(n— l)(n— 2) , n(ii— 1)(«— 2)(«— '3)(if-^) , 

nt$m — i —^ — rtan»a+-Ji i^ /v j\ r^ tm^iSct^ 

. 2.3 r^ 2.3^.5 r* ' 

1—     tan«.fl + -i ^^\  : ^ / ton* a, &c. 

2r* 2.3.4 r* . • ' 
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Of, Tan«a = 

ntttna^- — --^\- (a) tan' a -I- ^ -J^ '- (b) taa'a&c, 

2«3 r^ A»o f^ 

Where n may be any numbety eitfier whole or 
fractional ; btft the series can only temmiate when 
n is a whole number* 

44. The cotangents of the multiple arcs S a^ 3 a^ 
4 a, &c* may also be readily expressed; by substituting 

-— in the place of the tangent of a^ in the last 

table } which being ddne^ we shall have 
Cot a = cot a 



Cot i asz 
Cot 3 fl « 
Cot 4atst 



2 cot a 
Cot' tt't^B cot 4 

3cpt*a^l 
cot^ C'^^d cot* g+l 

4 cot^ a-^4 cot a 



^ ^ ^ cot*a^lOcot9d4.5cota ^ 

Cot S atst .— — _-^X-_— . &c. 

' ^cot^ a^lOootfttf+l 

45. Hence, also, it will be easy, either from the 
icibove expressions, or from the former series for the 
tangent, to deduce the foDowing formula for the co- 
tangent of any multiple arc. Thus, cot ti a at 



2 2.3.4 

_j^.^ n(n'l)(n^2) __^^^s^ . w(n>l)(ii-2)(ii.3 )(n.4) ^^^ ~ 

ncot #^ rr r«€0t aH ^ ^ ^ ^ r*eot 4 

2.3 2.3^.5 

Or, Cot na ta 

2 cot* a 3.4 cot* a 5JS c<H? a 

2.8 cot' a 4;6 cot^ a 6,? cof a ' 
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46. In like maimer, the secants of the Same mul- 
tiple arcs, ia, 3 a, 4 a, &c may be exioessed by 
substituting ^ for cosine of a, in the former table 

of those lines j which will give 
Sec a = sec a 
Sec2a = -?S£l_ 

2— 8ec« a 

Sec 3 a = -J5fi— 

4—3 sec* a 

Sec 4 a = ?!£!-l 



8r-8 sec* a+aec* a 

Sec 5 a = !i^Li_ &c 

16-20 sec« a+5 sec* a 

Or, generally, sec ;) a = 

^. sec" a 



«c. Also, 

. Vers « a = «' vers a - ^ (a) vers a - 2!zi* (b) 

vers a - ^ (c) vera a - ^ (d) vers a, &c. 

47. Also, by means of art 40, it will be easy to find 

the powers of the sine and cosine of the simple arc» in 

terms of the sine and cosine of certain multiples of 

that arc. For, since 2 sin a = 1 — cos 2a j 4 sin' 

a = 3 sin a — sin Sa; and 8 sin* a = cos 4a + 8 sin* 

a — 1 = cos 4 a — 4 cos 2 a + 3, &c. we shall have 
Sin a = sin a 

2 sin'' a = 1 — cos 2« 

4 sin^ a = 3 sin a — sin 3 a 

8 sin^ a,zz 3 — 4 cos 2^ + cos 4^i 
16 sin\a = lo sin a — 5 sin 3 a + sin 5 a 
S3 sin^ « == 10 — 1^ cos 2/z + 6 cos 4a -*- cos 6a 
64 sin azz35 sin a^Ql sia 3a+7 sin 5 a - sin 7as&c. 

Y 
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M^ere, beginhing at the last term, the law of the 
coefficients is manifest, being the same with that of 
the coefficients of a binomial, raised successively to 
its several powers, except that the numbers 1, 3, 10, 
&c. standing by themselves, are only half the coeffi- 
cients of the corresponding terms in the like powers 
of the binomial. 

48. Hence, we shall have sin" a = 

— ,| ±siniia:f nsin(n— S)a±^^~^ sin («— 4)ir, 

&c. Or, sin" a s 

-Jrij =tcosnaTircos(ii— 3)a±^-^^^^cos(n— 4) a 

In the first of which series, the upper sign must 
be used when n is an odd number, and equal to 
4 m + 1, and the lower sign when n is equal to 
4 wi — 1, wi being any number whatever. 

In the second series, the upper sign must be used when 
n is equal to 4 times any number y??, and the lower 
signs when n is equal to twice any odd number nt. 

49*. Similar formulae may also be found for the 
successive powers of the cosine of any simple arc, by 
applying the expressions in art. 40 in the same man- 
ner as above. Thus, 

Cos a = cos a 
2 cos^ a =: 1 -f cos Sa 
4 cos^ a = S cos a + cos 3 a 
8 cos^ as3+4cos2a + cos4a 
16 cos* a s: 10 cos a -f 5 cos 3 a + cos 5 a 
38 cos^ as 10 + 15 cos 2 a 4- G cos 4 a + cos 6tf 
64 cos' a = 35 cosa+Sl cos 5a+7 cos 5 n-f cos 7 a, 
&c. &c. 
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t 

Where the coefficients observe the same law as in 
the fbtmcr table of the sines ; and if we regard the 
last terms of these equations as the first, or take them 
all backwards, the following genersd formula will be 
readily obtained : Cos*" a = 

— j|coswa + ncos(n— 2)a + -~-^cos (w — 4)a-|- 
n(«-• i) (11-2) V ^. «(«- 1) (fi-:2)&c. 

— ^ — -77-^ '- cos (n — 6) a - - - -^ — - '] ^ — ' — 

2.3 V . / 2.3.4, &c. 

cos (n — n) a, or cos a, according as it is an even or 
an odd number. 

50. From these latter series, expressiions may like-^ 
wise be derived for determining the value of the sine, 
cosine, &c. in terms of the arc, and vice vers^ ; but 
as the mode of deduction, commonly used for this pur- 
pose, is not so clear and satisfactory as cotild be wished^ 
it will be better to employ the doctrine of fluxions, 
from which they may be easily obtained, as follows : 

Let z ^ the length of the arc, and a* =: sine; then, 
by a known formula, 

• — ^' — r i ^— 4.-4. JLfl 4. ^'^^ 4. 

* "■ Vj^JIT? "" A r "^ 2 r» "^ 2.4r» "^ 2A.6 r' "^ 

3'g y ^ &P ^ - • 4. flf 4. l^ 4. ?!i!!i 4. ^'^y ^ * 

2A.6.S r»' -^ "" •* ^ 2 r« ~ 2.4r* ~ 2A.Cr^ ~ 2.4.(5.8 r^ 

&c. ; the fluent of which is z ^ x + — —  + r-rr-r 

2.3 r" 2.4*5 r* 

+ 2l^ + ixiS^ *^^- ^^^' ^y T^vevimg the 



series, we shsdl have i = ;ar — -^rrr^ + ^,. .' . 

2.3 r« • 2.3.4.5 r* 

* -I- &c 

2.3.4.5.0.7 T* "^ .^* 



t2 



2.3 r*  4.5 r^ * 6>»fr* ' 8.9 r* 

Sin ^1 = 

^ «.S r* "'"'!J.8.4.5 r* 2.3.4.5.6.7 r* ^•4*^.6^.8.9r« ^' 

Of, 

a« a« a« a« «« <, 

2.3 r« 4.5f* Stt* ilgT^*^ lO.llf-^^ 

And the same series will equally apply to the 
ehord of any arc e?, substituting the chord for the 
sine, and the diameter d, or 2 r, instead of r. 

51. Also, if 90"*— flj be substituted for a, we shall 

have 90''-a:= sin (90^ - a) + ^'"'1^^''^ &c. j or 

COS^ g Q 

tts±90^-M-COS«— *— -^&C. AndC(yflflri:t*— — *sill*itf 
^ 2r^ 2.3.4 r' 241-4.5.6 r> ^» ***^- 



I 



Whence a = 

^^o cos' g 3 cos* g 3.5 cos^ a « 

■^ 2.8 r« 2.4.5 r* 2.4.0.7 ♦* 

Or, 

t'tosa . r'-Cos'g , 3 ^r*».cos*g\ , 3«5 /r^-cos7fl\ . 

t  - I I «— f «  |< I ■*■ I f ■<■ 111 I I Arc 

1 ^ 2.3f ~2.4.5\ r* / * 2.4.6.7\ r« / ' 

Cos a tz 

a* . a!^ g« , (^ - 

2r " ».8.4r3 2.8.4UI.6r* ^ a.3..^.8r7 **^. 

Or, 
«• g« g« a« g* . 

2f* 8.4r» 5.0 f* 7.8 f* 9.10 
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Si, Again, let jrskl^gth of tk« arc, as before, and 
/ = tangent ; then, by a vieil known formula, z s: 

?:i:ti = ^ ^ {■;: - T* + -pi* &cO = '- 7 + -;?» &<?• 

the fluent of which is ;5 = < — ^ -f — , &c. And by 

reverting the series we shall have /= ^+^+'^t^c. 

Whence 

. ^ tan* a , tan* a tan^ a . tan» a tw*'i| <. 

^ = tan ^-.^+ .^-_. +.^-.^^ fee- 
Tan a=ii+^+.^+i^+.^i^+ 

133^ 4^> . 21844 a'» , 9 ^956^0'^ - 
155925 r«o *^ 6081Q75 r»« "*" 63851^875r** 

53. And since tan a = — —-» or cot a =: — — , we 

cot a ' tan a' 

shall readily obtain, by means of the above series, 
the foUpwing expressions for the cotangent. 

r« f^ v^ r* r^ 

cot o Scova ^ 9 cot» . 7 cot* « ^ 9 cot* « 

p f* a ^ 2a* fl' 2a» 



3 4Sf* (M5r^ 4725 r« 93^55r* 
1382 «" 4#" 



&C. 



(538512875r'o 18243225 r** 

^4f Also, because sec a =; ^, or cqs a p= ^j^, 

the series before given for the cosine, may be easily 
converted into the following expressions for the se- 
cant: 

a=90 ^ — -W-— — — w — — — — — r— $ &c. 

^^ aaca 2^fiec»i» 2.4.5 aec' a iA^^»^^(f 

Or, 

( sec a-r , sec* o-r* , 3 (sec* o-r*) , 3.6 (aec» a-r') « i 
I sec o ~2.38ec»a ~ 2AM aec» a ~ 2.4.6.7 sec^ a *^ / 
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Sec a - r + -^ + lil +iLfl 4. ^^''* + I^^£L 

"* ^ »r'a4r» ~ 720 r»^ 8064 r* -3638800 r« 
J40M3aH_- 
' 95800380 r" 

55. In like manner, because cosec a ? -r— ,or cdntf 
= , we may obtain, by means of the series be- 

C08eca •^ , » ^ 

fore given for the sine, the following expressions for 
the cosecant : 

I* , n . 3 r« 3.5 r^ . . 

£1 ::: 4. j -f -f-&c. 

cosec a 23 cosec^ a 2.4.5 cosec^ a 2.4.67 cosec^ a 

Co«c. = ? + J + ^ + ,lL^+ "'" • 



a ^ d ^360r«^ 15120 f* • 604800 H 
73 o» , 1414477 fl" 



To&C- 



3421440 r« ' Q58837 184000 r> 

56. Also, because vers a^=:r ^ cos tf, we may ob- 
tain, by means pf the formulas for the cosine, the 
following series for the versed sine ; observing that 
d in the second is eqxffll to the di^met^, or 2 n 

, , versa 3 vers* a 3.5 vers* « 

a = '{ Or, 

/ y . ▼e" «/ X .3* vers a, . . «• vers «... > 

^dyersa{l+—j(^) + ^jj^(-)+-g;^ (c) &c.) 

Vers a ?= 

57. And since covers « e; r -^ sin ^ , fand supv a = 
r + cos a, we may obtain, in like manner, the fol- 
lowing expressions for those lines. 

Covers a =s r -- a 4- -?-. - ~rz. + 



a 







2.3 r? 2^f4.5 r* ' %SA4'6'J^^ 



2^.3.44.67.8.^ H 



&G, 
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Supvers a ss S r — 

58. The sine, cosine, &c. of any arc may also be 
expressed by means of certain factors, which are 
found by taking such values of the arc that each 
Aide of the equation shall vanish when the sine, or 
cosine, &c. of the arc, so taken, becomes zero. 

Thus, sin ± It V being 3 o (art. IS), if sinjs{ssx 

<1 - -— + 5JJ5 — &c.)} be supposed zzzxslxz' 

&c. it is plain that sin z will be o, whenever % has any 
of the values that can be taken from the expression 

j:* s ± n V ; and as 1 T -— wiU also be s: o, when 

^ n «r is substituted for z^ if this be taken as a ge- 
neral factor, independently of the first z^ we shall have 

S9* In like manner, since cos — -— v s o ^art 1 3), 

if cos J8? ( = 1 — Y + j^, &c.) be supposed = si x 

z" X si" &c. it is evident that cos z will be o, whenever 
z has any of the values that can be taken from the 

expression ;k = ± — j — ▼. And as 1 -h tttttw^s 

also =: o, when ± — -— w is substituted for j?, if 

this be taken as a general factor, we shall readily 
obtainthe Allowing formula for the cosine of z ; viz. 



989 



c<»,,o-v)xo+v')x(i-ii)x(i+f:) 



«(l-|^)xO + ||)&c. 



m IT 



And, if -— be substituted for js^ in each of the 

above expressions, we shall have the following for- 
mulas for the sine or cosine of any part of the qua- 
drant or semicircamferencer 

c°» a;r=(-r-) "" (nr) ^ (-57-) "" (-rr*) 

60. Or, since sm ^—r — ^ = cos— , and cos ^ ^^ 



m tf 



=sin— , if w -• iw be put in the place of m^, we shall 
have (7?) 



i^M^a 



(p) If the fim of these exprefifiioi)9» for the sine of » be divided 

by the second, we shall have 1 — :-^/^— .2..— ,»2 $^\ and co&- 

^ ^, ^r 2 8 244880. ^ ,. ,. ,. ,. 

sequently — =— ,— . — .— .— . &c. ss 2 (1 — |) X (I — Vr) X 

(1 — 7V) X (l -*- iV)> &c. which is the same as the series given bj 
Wallls in his Arithmetic of Infinites, fior the v^ue of-} of t3» dr* 
cumfe'rence of the circle. 



The first of these formulae for the sine also stves-^ ss — Bin — 

® 2 jw 2» 



880 

Sm -— = — ( ) X l—T ) X (— r — ) X 

61. Also, if the first of these expressions for the 
sine be divided by the second for the cosine, and 
the terms of the series, thus obtained, be afterwards 
inverted, we shall have 

» R— M\»4>m/ \8» — w/ Mn + m/ 



Tan 



\5 n — wi/ 



mir «-^«/w4-m\ /3n— w\ /3n + m 



Cotp = 

2n «t 

\4 n + mx 



(w-i-m ^ •an— w\ /sn-t-mx 

2n — m/ ^ \2 It -f m/ ^ \4n-m/ 



»> *' 



which^ on the supposition of. — = 1^ is the same as the former. 

n ' 

Or, since sin — =s -— , we shall have, (by taking — = 4.) — =s 

ss/% 1($ 04 144 256 . 

-^—•— .•——.. — • occ. 

1 15 63 143 255 

And if this be combined with the series of Wallis it will give 
2«x6»xlO«Xl4«xl8*&c. 
^^""1X3X5X7X9X11X13X15X17 &c. ^ ^^^^^ the 
more remarkable, as it cannot be obt^ned by any other method. 

Also L *• = L 4 + L (I - ^) + L (1 - A) + L (1 ^ ^) + I 
(1 — ■^) &c. whatever may be the kind of log«., tabular or hyper- 
bolic. And as these log% when expanded, form series^ of which 
the terms, taken vertically, can be summed, we shall readify ob- 
tain hyp. L AT as ia44729858849400l7414842» and tab. L «• s 
O497I4gq7^l0g4l888543512(l. 
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63. In like inaiiner» the foUawing expressioiift for 
the secants and cosecants may be obtained. 

« m «• n / ^ \ / 3ii \ • 3 It V 

Cosec — = ^{^-^ILJ\ X ("-iS—X X (^ ^^ ^ 

><(l — 7—^ >^ (^5 — -^ — ^^&C. 

\4 fi 4- m/ \o • — m/ 

63. And if the former expressions for the sine and 
cosine be combined with the others, we shall have 

4(8n + m)^^- 

^ . m *• «• « — fli 1 (it 4- Iff) 3 (3 » «» lit) - 

Cot -- = — X X ^ ,\ \ X r-7T — : — : 

2n 2 It 2 (3 It — m) 2 (2 it + m) 

4 (4 n — iw) 

o ^* 2 It 3it 2it 4it 

IJec r— = — X   X — -r-^ X r— — X 



2it tf It — Mt It -f m 3» — m 3it-fm 

4 It 



en — nt 



&C. 



^ mtf 2 It _ 2ft 2it 4it 

CoseCr— = -r X -r X 



2n IT m 2ii — m 2it4-iit 4it — « 
4 II 



&C. 



4n + iit 

64. Again, if Ar be put for n^ and the sine and co* 

sine of the angle — be found in the same way as the 

former, we shall have, by dividing the first expres- 
sions by the latter, the following formulae : 

2it lit 2 It — lit 2 It -Hut 4ii — lit 4ji + m 

Tnr7='T^2ir-r^27+T^47ZT^45r4^ 

nn — r* 
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Sin?-' 



2n m 2«-*-M 2n^m 4fi— m 4ii+flii . 

X TT- X r-^r-— X r TT X 7 &C. 



ht n-^h n+k Sn— Ar 3«+ifc 5»— ifc 

CO»— K . 

. 2» ,: ' 

Cos — ' 

2n »i— m »+m 8«—m> ait+w» *•"""•* 

cos —- 

2» - -■ 

Cos - 

2» «— m fi+m Sn— M 3fi+ffi Sn^ffi ^ 

-^= — ^— X r r X r — rr X .  , X •: — rr Ao^- 



. ihr k 2n^k 2n+k 4»— ifr 4»+i^ 
nn *-• 

2n 

Whence, taking an angle — , of which the sine and 

cosiae are given, we can readily find the sine and 

cosine of any other angle — • 

65. From these_:and the fbrmer expressions, the 
natural and logarithmic sines, cosines, &c. may be 
obtained much more readily than by the methods 
employed by the first calculators of our present 
tables. For since 

Sin a? = a? — -—  + ^<> . , — ^^ . ^^^ &c« 

2.3 ' 2.3.4^ 2.3.4.5.0.7 

Cos^ = l-— + — -^ — ^&c. 

2 ~ 2.3.4 2.3^.5.6 

if— (-) be substituted for j?, we shall have 

n\2/ -•Vn 2/ 2.3.4 Vii 2^ 

And by taking *•= 3. 1415926535897932, and cal- 
culating the coefficients to 16 decimals, the following 
formulas will be readily obtained (q) : 

(q) See the Analyiu lufiniiorliM of Eoler, or the French trant-^ 
lation of that work, with notes, by Labey s where these and various 
other series^ of a similar kind, are investigated. 
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m 



Sin^.90^ = 



m 



.57079(J32(55r9489(W — 



.6459640975062463 



IF 
.07g69a626a46i670-T 

— 

fll0 



—0.0046817541353187 



+0.000l6d441 1847874 ^ 



.0000035988432352 



n 



II 



II 



lf|13 



+0.0000000569217292-^ 



—0.0000000006688035 



+0.0000000000060669—;^ 
-OXX)00000000000438^ 
+OXXXXX)00000000003 






Cos -. 90^ = 

n 
1.0000000000000000 

w* 

- 1 .2337005501361698-—- 

n* 

+a2536r^95o;^iai048o^ 

-0.02086348O763353O--2- 

fir 

+a0009192602748394^ 



- 0.000025202042373 1 



m 



ftO 



n 



10 



IB 



AM 

+0.0000004710874779-^ 



- 0.000000006386603 1 






m 



It 



+0.0000000000656596--^ 



m 



IS 



- 0.0000000000005294--J- 



imr 



+0.000000000000003^ 



m 



,«o 



t<0 



1S6. Also, because sin ^ = ^ ( ^ - ^ ^ x ('^Si?^ 

* 211 2»\2n/\2«/ 



2» 
n— 1 
ft 



^ X (^— T~ y &c. and cos — = 

C4-") " ('-S=) X (t?) ««=• if thele factor, 
be multiplied two by two, we shall have> by taking 
their logarithms. 



L Sin -— = L -— 
271 211 



1 .". 



ISS 



67* And by reserving the logarithms of a few of the 
first terms, in order to render the series more rapid» 
and csdculating the coefficients of the expanded terms 
' of the others^ the following formulas for the tabular 
log sines and cosines of any arc may be readily db- 
tained^ 

L sin — 90** =2 

n 
tiii+t(2«— m)+L(2n+m)— Slii 

+9.5940598857021903 



Cos — 9(f S 

n ^ 



-^*OL0r002282600590l9^ 

-0.0011172664416618-^ 

<^-OiX)0Qd9229l464539-;- 
-0.0000017292707984 ^ 



L(n— m)-(-L(n+Yn}— 2Ui 
+ 10.0000000000000000 



— 0.1014048593418938-;^ 

— 0.003 18729406545 11—- 



m 



6 



-- 0.0002094858000174-^ 



n 



8 



— OXXXXXX)0843629863 



10 



m 



-*Oi0000000043487]55 „ 



.0000000002319312 






-4^.0000000000126591 
—0.0000000000007027 
<--OX)00O00CO0(l000395 



n* 
m 



10 



n 
m 



10 



•^ 
»«•• 



n 
m 



.*> 



•« 



— 0.0000 1684834S5983 



m» 



in 






— O.OOOOOI48OI939869— 7 



— O.000000l36502272!B 



— 0.0000000129817147-ir 



-- OX)000000012614711 



in 



i« 



It 



10 



ml* 
— aO()OOO0O0O1245671-ig^ 

•^ aoooooooooois4559-zr 



—0.0000000000000022 — 



— 0.0000000000012581 






68. Hence^ as the sines and cosines of arcs, from 
zero to 45% comprehend the sines and cosines of arcs 

from 45^ to 90% — in these formula may always be 

taken less than i; and as the series are thus rendered 
very convergent, it will only be necessary, in many 
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cases, to calcuIiU;^ a few of their tenna^ to obtain the 
sine or cosine of the arc required. 

69* Several other formula for expressing the sine, 
cosine, &c. in functions of the arc, may also be ob-* 
tained by means of certain imaginary factors, which 
have been found of considerable use in physical 
astronomy, and various other branches of the modem 
analysis. 

Thus, radius being supposed = I, we shall have 
cos* s + sin i? = 1, of which the first member of the 
equation is the product of the two imaginary factors 
cos ci'+sin X ^ --l and cos !•— sin ^ ^/ — 1. And if 
any two similar factors cos a? ± sin <r ^^ — 1 and cosy 
± siny ^ — 1 be multiplied together, their product will 
be = cos X cos ^ - sin iT sin y ^ (sin x cos y + sin y 
cos ^) v' — 1 = cos C-r + y) ± sin (x+y) v' — !• 

In like manner, (cos j* ± sin i? ^^ — 1) x (cosy ± 
sin jf / — 1) X (cos z ±sm z ^/'— 1 )= cos («r+y +j8) 
± sin (^+y4"«) ^ — 1> &c* each of which are like 
the simple factors, and are produced in a similar 
way with logarithms, by barely adding the arcs. 

And if the arcs <r, y, z^ &c. be supposed equal to 
each other, we shall have (cos iT ± sin a? y^ — l)*=co» 
2 J? ± sin 2 i? • — 1, and for the three factors (cos x 
± sin iT • — 17 = cos 3 4^ ± sin 3 -r v' — 1. Conse- 
quently, in general, 

(Cos x± sin J* >/ — l)" = cos no;' ± sin nw V — !• 

Hence, by transposition and division, we shall 
obtain the two following equations for the sine and 
cosine of any multiple of the arc x^ in terms of the 
arc. 
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Cos « X = (c<»« + »in«V^l)' 4(<»o«»"«in«^/~l)- 

Sin nj— ^^^^'*'^'° ^^"'^^'"" ^^-^ ""*'"* ^"'^^^' 

70. The sine, cosine, &c. of any arc, or moltiple of 
that arc, may also be readily derived from the well- 

known exponential expression e = 1 + — + — — + 

r;r? + TTrrr* &c. where e is the number of which 

the hyperbolic logarithm is 1 • 

For, if in this formula, x ^ — \ and —x v' — 1 be 
successively substituted for z^ we shall have 

^1 2 23 ~ 23.4 ~ 

1 2 "*" 2.3 » 2.3.4 

2J4T "■ "^" 

And if these be added to and subtracted from 
each other, the results, after being divided by 2, 
and 2 \/ — 1, will give 

I Zi — 1 «. fl 4. ^  ^ 4. ^p. 

2 ~ 2 ~ 2.3.4 2.3.4.5.6 ~ • * 

^ ^ :— * — ^ ,1 — 4. Arc 

2 -•- 1 23 ^ 2.3 A5 2.343.6.7 ^ 

Of which series the second members are the 
known values, as before found, of the cosine of x 
and sine of a:*. Whence 

Cos X = ; sm .r =: 

2 ' 2>v/— 1 
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Tan a; = — i- 



Or, if each of the terms of the numerator and de- 
nominator of the second members of the two last 

equations be multiplied bye* , they will become 

And, if i» .r be substituted for x^ in each of these 
formulae, we shall obtain the sine, cosine, &c. of any 
multiple of those arcs : thus, Cos ma: = 

5 } sin w^=: .^^^ 



1 



Tan,nx=^x 

71- The same formulae also give € "^ = cos x + 
sin 4: v' — 1, and e^^ = cos jt — sin .r v' — 1 ; 
whence, by division, we shall have e * = 

co,.-^sinx^ rr=T=i^7ri; ^^^ by takmg the lo. 
garithmsirfeach memb0r,2^^ ^i =log(i±^|^) 

Btit log (i^) = 2 (2 + i 2' + ^3^ + r ;8^ &c.); 

therefore, putting tan .r -/ — 1 in the place of 2, and 
dividing each member of the equation by4v' — 1, 
we shall obtain 

X = tan X ' i tan' x + r tan* a? — f tan' a;* &c. 



\ 
\ 
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Which is the known series for the value of any ^ltc 
in ter^s of its^ tangent. . , 

72. It may here also be shown, that any trigono- 

metrical expression, of the form tan 4? = — 

can be converted into a series of the various multi* 
pies of the sine of Zy taken progressively. 

For, if in this equation, there be put instead of the 
tangent of .r and the sine and cosine of ^, their values 
in exponentials (art. 70), we shall obtain 

And, consequently, by reduction, 

e ^ = or — 1-^— — .-~- 



+ me ^ 



1 — m« 



xy' — I 



Whence, by taking the logarithm of each member 
of the equation, and converting the second into a series, 
according to the form log (1 ± 2) =s 2 — f js:" ± ^V 
— \z^ &c. we shall have 2 i v' — 1 = 

me — — ^ +— e — T^ 

2 3 4 . 

— dPV'— 1 »«* — 2xv'— 1 w' — 3x>/-l . m* 4xv^-L 

_^-2*^-i_ g sin 2i? \/ - 1 &c. (art. 70)f 
whence, dividing each side of the equation by 
4^-/ — 1, we shall have 

j'smsmo?— - sm2ir+ —sinS-r— -r,.^n 4 »r + &c. 

2 3 4 * 

Or, 

4'=si»sm:r— —smSi? — -r-8m3.r— — sm 4 j» -^ &c. 

2 3 4 
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Thef(^mer of whioh series answers to tbe case tan .r 
-, and the latter to tan j» = : (r). 
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73. Several other expressions for the sine, cosine, 
&c. of multiple arcs, may be derived from one or 
other of the preceding formulae; the most curious 
and useful of which are the following : 

Sin z =:'! sinz 

Sin S ;^ = 2 sin z sip (y""^) 

Sin Sz =: 4 sin ;2: sin (-^ — ;8)sin (-- +z) 

Sin 4 ^ = 8 sin z sin (— — ^) sin (— +z) sin (— - — z^ 

Sin 5 ^ = 16 sin ^ sin (j- — ^) sin T— +z) sin (— — ^) 

sin(-^ + ^) &c* 

Or, generally. 
Sin n z=z 2*"^ sin z sin (-^ — z) sin (— + z) sin 

(11 ^z) sin (^+^) sin Q^ -z) sin (?^ + z) &c. 

Where the sferies must be continued to ^ many 
factors as there are units inn. 

74. Cos z x= sin (—- — z) 

Cos 2 ^ = 2 sin (- — ^) sin (— + ^) 

 H I "  I I  • I I — — ^»l I    I  I- 

(r) The simple series xasiinz — ^8in2z4-7sin 3 x-isin 
4 z, &c. of which that given above is a more general form, was 
first discovered by Euler ; as was, also, the series jp = sin x sec 4^ x 
sec 7 X sec 7 «, &c. 

For the algebraidd solutions of several of the cases of sphericaf 

triadgles, according to this form^ see Tables Trigonom6triques de 

Borda; where the following theorem is likewise given for the decima 1 

,. . . ^, . , msin2f_im«sin2«.; -i-m'sinSx , 

division of the circle, x =s . ^„ + — : — -r — : — -7— n: &c. 

sin 1 sm 1 ' sm 1 
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Cos 3 X = 4 sin (i- ;j) siii(^ + z) sin (?i - z) 
Cos 4 x = 8 sin ( ~ a>) sin (I + <5) sin (1^ - 2) sin 

Cos 5;. = i^sin(^-z)sin(^ + z) sin (^- a) 

''° (75- +*>'"' (is- -^) 

&c. Or, generally, 

Cos«;. =S-'3in(5^- ^),in(^+x)8in(g-z) 

4^i* S^rf #*^rf 

^^^ (in ■*■ ^^^^^ (in^^^®^^ (a» "^ ^-^ ^^' *^ ^ factors* 
75. Cos z = cos ^ 

C03 2^ = 2 cos (-+ ^) cos (- — z) 

Cos^js = 4 cos (-g- + ^) c<>sk (-g — z) QOSZ 

Cos 4 -s = 8 cos (— + z) cos {^ — z^ cos ( -• + *) 

cos (I - -2^) 

Cos 5^ = 16 cos (— + j?) cos (~ — z) cos (— + z) 



/2* V 

cos \— — ZJ COS z. 



&c. Or, generally, 

Cos nz :=. 2*"* COS (^~-ir + z) cos (—^ w — z) 

('11 — 3 , V /« — 3 N /w— 5 X 

-^« + Z) COS (-JJ-» — Z) cos (.j-» + ^) COS 

C-^-^ir — ;?:) cos ("^-^-r + ^) &c. to n factors. 

76. Sec ^ = sec ^ 
3 Sec 3 z = sec (t + ^) + sec (t ^ ''^) "" sec (-1- 



z 2 
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1 

<  

5 Sec 5 « ;= sec (2^ + ;») + sec(~^a)^sec (j +:^) 

— sec (y — J8:) + sec ;8^ 

7 Sec 7 ;8r = sec (!^+;.)+sec(2^ -;.)-sec(^+^) 

— sec (— — jt) + sec (y + ^)+sec^y — ^)— sec-t 

&c. 
Or, generally, putting w :^ 2 w + 1 

nsecnj^fssec f — ir + ;ar) + sec(^— ir — ;») — sec 
(~- IT + ^) — sec (2Lzi2»- ^) + sec (^~^«^+^) 

+ sec (^ IT — ;8;)— ±sec;8:. 

77. Cosec z = cosec z 

3 Cosec 3 JK = cosec js: + cosec (t—^)'^ cosec j^— + ^) 

5Coseq5;2: = cosec js -t cosec (-r— ^)-^ cosec (— ~j8?) 

— cosec (-^ — jsr) + cosec (-j- + ;8:). 
&c. Or, generally, putting n =^2 w + 1 

n cosec w ^ =t cosec js: + cosec ( <ar) — cos (— + ^) 

— cosec ( z) + cosec (-^-+ ^)+ cosec (——;t) 

h-^^) — - - -T cosec (^—-z)± cosec 

Where the upper signs take place when m is an even 
number, and the lower when it is an odd number. 

78. Tan z = tan z 

3 Tan 3;^ = tan;* + tan (|-4-^) + tan(^ + ^) 
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6Ual5zsttanx + ts^n (J+*)-|- tan (^ 4- *) + 

&c. 

Or, since tan v = — tan (*■ — v), we shall have 
Tan z = tan z 

3 tan 3 ;» = tan ;5 - tan (— — z) + tan (-j + ;») 

5 tan 5 ;s = tan z —tan (-- — z) + tan (-r + ^) — ^tan 

CT-z) + im(}f + z) 

&c. 

Or, generally, putting « = 2 m + 1 

« tan n jzr = tan z — tan ^ z)+ tan ( — f-;a:)— tan 

(^ — ^) + tan (^ + ;») - tan (^- ^) + - - - - 
- tan (^ - -8^) + tan (!^+ ^). 

Also, 

Tan z = tan ;?: 

Tan 3 ^ = tan ;2;tan (~ — z) tan (— + z) 

Tan5 ^ = tan;a:tatt(y — z) tan (y + ;8:) tan(y — «) 

tan (^ + ^> 

Or, genierally, putting n ziim^ 1, sls before, 
Tann;5=tanj»tan(^ — j»)tan/* + jk) tan /^— ;ar) 

tan(^ + ;af)tan(-^ — i) x tan(^ — -a?) 

tan (^ + z). 

79. Cot ;? = cot jar 
. 2 Cot izszcotz-^- cot (-^ + z) 
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3Coi3« = cot« + cot(j + «) + cot(^ + x) 
4Cot4« = cot z + cot(5 + «) + «ot(fJ + «) + cot 



\ 4 

5Cot5a; = cot a; + cot(^ +*) + cot(^ + «) +cot 

(Li H. ,) + cot (If + .). 

&c. 

Or, since cot v = — cot (» — v), we shall have 

Cot z=:cotz^ 
2 Cot 2 5; = cot ;?: -- cot ( j — «) 

3Cot3» = cotz— cot(g — z) + cot(j + z) / 

4 Cot4a = cot«— cot(-j- — a) + cot(^ + z) - cot 

(2V s 



\4 ' 

5 Cot5 a = cot« - cot (-J - a) + cot (y + 2)- 
(>_•_.) + cot (^ + .), 



cot 



&c. Or, generally, 



.ncot««=cot«-cot(-^-») +cot(— + 2) - 

cot C-T - ^) + <^ot(T + «)-cot(?f-a) +cot(^' 

+ ;«;)- &c* to n terms. 

Also, 

— 2 cot 2 2: = tan ;» + tan (^ + ^) 

— 4 cot 4 ^ = tan ;« + tan (^ +;^)h- tan ( — -f «) + 

— 6 cot 6« = tan 3; + tan (^ +»+ tan(y + 2) + 
tan (^ + z) + tan (^ + a) + tan (^ + x) 
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• Or, 

2 Cot a ;8r = — tan jp + tan (-r- — s) 

4 Cot 4 ;8 = — tan ;3: + tan ^-j — -«)— tan/-j-+;8:)+ 

tan (j^ — ;s) 

6 Cot 6 5: = — tan ^ + tan (-^ — ^) — tan(-^+ ;«;) + 

tan(^-^)-tan(?^+^) + tan(?^ —z) 
. &c. Or, generally, 
n cot « z = — tan 2:4- tan t z) — tan (-- +z) + 

tan (^ — ;?) — tan (21 + ^) ^ 1- tan (^ — ^). 

80. The sum of the sines of any number of arcs 
in arithmetical progression, may be also exhibited as 
follows: 

Sin a + sin (a + i)+ sin (a + 2 A)+sin (a+ 3 b^ 

+ sin {a + 4 3) &c. ad infinitum = ^^J^^,\ ■> 

Also, 
Sin a 'hsin(a + A) + sin {a +2 A) + sin (a + 3^i) + sin 

(a -f 4 A) + — sm (a + w A)= — ^ / , 7^ ^ > 

8 1 . And the sum of the cosines of any number of 
af cs, similarly taken, is as below : 

Cos a + cos (a + A) + cos (a + 2 A) + cos (a + 3 ft) 

+ cos (a + 4 A), &c. ad infinitum = — ^'^ . "^^ -> 

^ ' 3sin4>i 

Also, 
Cos a + cos (fl( + ft) + cos(a + 2ft) + cos (fl( + 3ft) + cos 

(a +4ft)&c^ - - +co8(a +nft):;= — >  T^ / ^ .^^ T r ^ 
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82. As some of the common logarithmic formula?, 
for numbers, are often required in the investigation* 
of trigonometrical expressions, I shall here subjoin 
such of them as are thp most useful and necessary^ 
for the sake of reference. Thus, 

Log (1 +i?) = -J (p-i p" + 4p' - i p* + i p*-&c.) 

Or, Log a = 
i{(a- l)-i (a- 1)» + i (fl-iy-l (a- l)*&c.} 

Log a = 

m{— +H— ) +K— ) +K— ) +*^} 

Log fl = 
Also, Log -^ = 

si— -H—) +H—) -i(— ) +*«•} 

Log^ = 

51-7- + H^) +H— ) +K— ) +*«•} 

Logj = 

Mi^ft+Ka— 6) +K^) +n^«) +*^ } 

Or, Log a = 



J 
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Loga = log(<i— l) + 
u\a-l 2(a-l)' ^ 3(a-l)' 4(a-l)« ^ "^* ) 

Logfl = log(a— 1) + 
^l-L. + _L_ + _L_ + _J_ + &c. I 

M l2a-l ^ 3(2a-l)»_ ^ 5(2a-l)* ^ 7(2a^iy ^ j 

Where m = 1 for hyperbolic logarithms, or = 
2.302585093 for the common tabular logarithms) 
which number is the hyperbolic logarithm of 10, or 
what is usually called the modulus of the system. And 

if its reciprocal be used, it becomes — = .434294482 

for a multiplier. 

83. To these formulae may also be added the fol-* 
lowing, which will be found useful upon particular 
occasions (/). 

— i (a* — a"*) &c. I 

(t) For an investigation of the doctrine of logarithms, from the 
most simple algebraical principles^ see article Logarithms, given 
by the Author, in the Supplement to Hutton's Mathematical Dic- 
tionary, or Lagrange, Tb6orie des Fonctions Analytiques. 

To the logarithmic formulae, given above, may also be added 
those of Borda and Haros, cited by Lacroix, in his Lemons d'Al- 
gebre, which are as follows : 

Log (» + 2) = log (n - 2) + 2 log (w + 1) - 2 log (n - l) + 

U;^n + ^ (i^y + i (nT^„> *- } 

Log (n+5) =log (n-3) + log (»+8) + log («_4)+log («44) 

-log („>5)-2l0g»-l-{ j;j-£;^ + . (__Zi__)3 
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Log {a ^ z)tz 

W« + i{T-KT)'-^K7)'-*(7)*+»'} 

Log (« — «) = 

Log (a + z) = 

Log fl = J{V(a - 1) -k(ya - l)»+i(Va- l)* 

Also, a* = 1 + 

Where e =: number whose h3^erbolic logarithm is 
1, or the radix of the system of the common tabular 
logarithms, which is known to be S.718S8 18264. 

84. After these formulae, which will be found con- 
venient upon many occasions, it will be proper to 
show the method of obtaining the sine of the sum or 
difference of jany two arcs, in the form of a series ; 
which may be done thus : 

o* / I N sin a cos, z ± CM a sin z « ^ . \ 

Sm (fl± s) = , and cos (a ± j8?) = 

cosacoszqiBinasinr / , __. i. x • ** . 

^ : (art. 20); but sm z ^ z -^ ^-j. + 

--^-T- &c. : and cos z = r — -- + —-3 &c. ; whence, 
by substitution, we shall have 
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; Sin (a + ;5) = sin a + 

C08 a sin a cos a . sin a cos a. ^ . 

r ar* 2.8 r» ^ 2.3.4 r* ^ 2.3.4.5 r»*^ 

Sin (a — J?) = sin « — 

cos a sin a ^ . cos a . sin a . cos a ^ . 

z z* 4- jjS 4. 2* _  I* — &c. 

r 2r« ^2.3*^ ^ 23.4r* 23.4.5 r* 

Cos (a + x)=:cos a — 

sin a cos a ^ sin a . cos a ^ sin a . . 



Cos {a — 5r)=:cos « + 



sm a cos a ^ sm a . . cos a . sin a ^ « 

— « «• ^-, z' +  ar H • z* — &c. 

r 2r* 2.31^ 2.3.4 H 23.4.5 r* 



rz^ 



In each of which series, if — 5- be substituted for 

2, the arc will be expressed in degrees, instead of by 
its length ; r being = radius, dnd r® = number of 
degrees in an arc of equal length with the radius ; 
which is 57^2957795 or 206364".8. 

85» The logarithmic sines, cosines, tangents^ &c. 
of any arc, may also be found from the expressions 
already given for their natural sines, cosines, &c. as 
follows : . 

Sin a=a -^ + —j;,- iJijg^ &c. (art. 50) 

_ J. a' a* H^L—Xr 1 

"■ t a^ r» ■•■ 2.3^.5 1* %3A^j6.7 r» '^^' ) 

Whence 
Log sin fl =log a+log(l-5^ + ^^~^,ttc.) 

Or, by putting;, = - (;^ - ^^^ &c.) we shaU 

have, log sin a =: log a + log (1 —p) = log a — -- 

{i^ + i P* + T /^ &c, I , as is evident by changing +p 
to — p, in the first form of logarithms, apt. 8S. 
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And, by restoring the value of jp, it will become 
Log sin a =z log a ^±{^+^^+^^1^.} 

86. In like manner, cos a n r-^^ + 



a« 



2.3.4^.(5r* 



2r ^ 2^.4r» 

&c. (art. 51) and consequently log cos a := 

* 

log r + log (1—^ + TTTZ — 1,.^^^^ &c.) which 

being treated as in the former article^ gives 

Log cos a = log r -^ { 5^ + ^^ + 35J;; &c. } 

87. Again, tan a =s « + ^ + 1^ +i^&^ 
(art. 52)j whence log tan aj = log a + log (1 + ^ 

9 T 

+ r— ; + 3 ' iVyyj> &c.) J and by finding the logarithm 

of the series, according to the form log (1 +i')> ^^ 
shall have 

Log tan a = log a H — I ^ + ^ J^t^ + :ttt^ &c. i 

^ . ^ ' M ( 3 r« ' 2.3«.5 r* ' 3*.5.7 r* J 

From which three formulae we can also readily 
obtain, by addition and subtraction, the expressions 
fox the logarithmic secants, cosecants, and cotangents. 

88. The logarithmic sines, cosines, &c. of the sum 
or difierence of any two arcs may likewise be readily 
found, in nearly a similar manner with those of the 
simple arcs, as follows : 

Log sin (a + ^) = log |sin a cos z + cos amLz\ 

3= log I sin a cos ^ ( 1 + ^^ ^ ^'° ^ ) [ = logj sin a cos z 
(1 + tan z cot a\:=, log sin a + l cos z + log (1 + 

tan z cot a). 

Whence, log sin (a-^-z) = log sin a + log cos z + 

- 1 tan jsr cota^^ tan* ;3r cot* a + ^ tan' jsr cot' « - &c. \ 
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And log sda (a — z) =: log sin a + log cos z — 
— / tan z cot a^i tan* z cot* a+-f tan' ;?: cpt^ «+ &c. | 

89. In lil^e maimer, h pos (a ± j8r)=log {cos d cos ;?: 
jpsm a sin zj j log{ cos a cos ;r(l -^^^^-^J \ = log 

tos a + log 003 z + Ipg (1 T tan a tan z). 

Whence log cq? (^ + z) :=z t cos fl( + log cos ;sr + 

— itan ataaiz^i tan a tan z +t tan' a tan' z &Q.y 
And log cos . (fl — ;2;) = log cos a + log cos z — 

— J tan a tan ^ + ^ tan* a tan z + ir tan' « tan' js: &c. 1 

90. One of the most commodious forms for the tan- 
gent may be found from ike formula , ° ,^ .^xT. — ^ =5= 

^ -^ ^ ' tan (a+z)+tana 

n (^'l'^-*'^ -- ;^"°^ (art. SO), which, by reduc- 

sin (a+af+a) sm (2 a+z) ^ - ^' ' -^ 

X / I \ i. 1 ' Sin (2fl+; 

luJn,- givea ta9 (^+ ^) =? tan ''^ ^ 



^ I ^ sin (2 fl+g) L 

V SID (2a+«)<'< 



• J _ 

ainz 



Whencelog tMi (a+^)=^log tan a + -j^ | ^^^^^^ 
^ 7 sin z Y J- ' /_i!2i_v &c 

T^otti which^ eixpressions the formulae for the lo- 
garitfatnic recants, cosecants, and cotangents may be 
readily obtain^. 

9 1 , The Iqgaritfamic sines, cosines, &c. of the sum 
Or difference of ainy^ two arc$ may alsa be otherwise 
expressed, as follows : 

-" Ldg sin (« + ^) =: log sin a 4- 

M 1 nn a 2 sin* a 3 sin' a 12 sm* a J 

Log sin (« - 0) = log sin a — 

Ifcoaa . I .. cog a ^ l->.a COS* g ^ . -. 



360 

Log cos ({i + xr) = log cos a — 

— J z -4 Jg^ H J8r H ^^ Z* &C* f 



i{ 



Log cos (a — z) =:log cos a + 

sin a 1 ^ 4 SID a . l-f2sin^a 



j? — 






COS a 2co8^a 

92. It is also evident, from the algebraic expres- 
sions for the natural sine, cosine, &c. of any arc, 
given in art. 1 8, that their logarithmic sines, cosines* 
&c. will be as below. 
Log sin tf = 20— log cosec a = log cos a + log tan a 

— 10 = 10 + log tan a — log sec a = 10 + log 

pos a — log cot a. 
Log cos a=20— log sec a=10+log sin /i—log tan a 

= 10 + log cot a — log cosec a = log sin a + log 

cot a — 10. 
Log tan {i = 20 — log cot ^ = 10 + log sin a — Ipg 

cos a = log sin A — log cot a + log cosec a ^ log 

cos a ,+ log sec a — log cot a. 
Log cot fl = 20 — log tan a = 10 + log cos a — log 

sin a = log cos a + log sec a ~ log tan a =: log 

sin a 4- log cosec a — log tan a. 
Log sec a =: 20 — log cos a = 10 + log tan a — log 

sin a = 30 — log sin a — log cot a = 10 + log 

cosec a — log cot a. 
Log cosec fl =i 20 — log sin a ::=: 10 + log cot a — 

log cos fl = 30 — log cos a — log tan a = 10 + 

log sec a — log tan a. 
Log vers a = log 2 + 2 log sin |^ a — 10 = 2 log sin 

i a — 9.69899700. 
Log supvers a = log 2 + 2 log cos ^ a — 10 s 2 log 

cos i a ^ 9.69899700. 
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DEMONSTRATIONS OF THE PRINCIPAL THEOREMS 

IN PLANE TRIGONOMETRY. 

Having treated, pretty fully, in the first part of 
this work, of the practical part of Plane Trigono- 
metry, £lnd its most useful applications in the deter- 
mination of heights, distances, &c. it will be here 
proper to give the investigations of the principal 
theorems from whence those calculations are dc« 
rived ; which are the three foDowing : 

THEOREM I. 

93. The sides of any plane triangle a b c, are to 
each other as the sines of their opposite angles ; and 
conversely. 

A 




For let the triangle be circumscribed by a circle, 
and from the centre o, with tlie radius of the tables, 
describe the circle a be; and having joined o a, o b, 
o 0, draw the chords ab, bCj ca. 

Then, because the angles a o b, b o c, c o a at the 
centre, are double the angles acb, bac, abc at the 
circumference, and that the chords ab, bcy ca are 
twice the sines of half the former of these angles, or 
of their equals /i o J, boc, coa, they will be twice 
the sines of the whole angles a c b, b a c, a b c. 

And since oa,oby be are equal to each other, being 
radii of the circle a b c, as also o a, o b, o c,i;he lines 
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abf bCf ca will be respectively parallel to the oppo- 
site sides of the triangle a b, b c, c a. 

Hence the corresponding triangles o ab, oab, 
o A C5 oac being similar, o a : o a :: ab : ab^ and 
oa:o^i::ac: ac; therefore, also, by equality, 
AM : ab :: AC : ac; or ab : ^ a b : : a c : ^ a c. 

But ^ab and ^ac have been shown to be the sines 
of the angles c and b; whence a b : sin ii c : : a c : 
sin z B ; or sin ii c : a b : : sin z b : a c. q. e. d. 

Cor. Since a b : ab : : a o : a o, or a b : 2 sin z c 
: : A o : flf o by similar triangles, it follows that each 
side of the triangle a b c is to twice the sine of its 
opposite angle, as the radius of the circumscribing 
circle is to the radius of the tables. 

THEOREM II. 

94. The sum of any two sides of a plane triangle 

A B c, is to their difference, as the tangent of half the 

sum of their opposite angles is to the tangent of half 

their difference. 

6. 




For about one of the angular points b, of the tri- 
angle, and with the greater sides a as a radius, describe 
a circle, meeting b c, produced, in e and f, and ac in 
D : also join d b, e a, f a, and draw f a parallel to ac. 

Then, because b a is equal to b £, it is plain that 
E e is the sum of the two sides a b, b c, and c f their 
difference. 
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And because the outward angle a b e is equal td 
the sum of the inward angles bag, b c a, and the 
angle afe at the circumference is half the angle 
A B £ at the centre, the angle afe will be half th^ 
sum of the angles b a c, b c a. 

Also, since the angle a c b is equal to the sum of 
the angles c b d, c d b, or c bd, cab, the angle f bd 
will be the difference of the -angles b a c, bc a j and 
the angle f a d at the circumference, or its equal 
A F G, will be the half difference of those angles. 

But the angle e a f, in the semicircle, being a 
right angle, a o, a e will be the tangents of the 
angles a f g, a f e to the radius fa. 

Hence, since a c, o f are parallel, e c is to c f as 
£ A is to A G ; that is, the sum of the sides a b, b c is 
to their difference, as the tangent of half the sum of 
their opposite angles b a c, b c a is to the tangent of 
half their difference. Q. e. d. 

THEOREM III. 

95. The base of any plane triangle a b c, is to the 
sum of the sides, as the difference of the sides is to 

« 

the difference of the segments of the base. 




For, about one of the angular points a, of the tri- 
angle, as a centre, and with the greater side A c as a 
radius, describe a circle, meeting a b produced in e 

S A 



«»4 

imd iv und the biw c B ia ^ : aJao draw the per- 
pendiciiiliur a p. 

TbeB,» because a «;» av are each equal to a c» it is 
flMQjfeft tliat B s: is the Qum of the sidea ab, a c» 
and B F their diiSference. 

And becauae the peq>eudicular ab, jfrom the 
cwtxe^ bisects co in d, it isako plain that b^ is the 
djiflference of the segments of the base c p, a b^ or 

But suice the lines c Oi a f in the circle cut each 
other Hi B, the rectangle of a £» b f is equal to the 
rectangle ofcBfU o. 

Hence, c b is to as as b t is to a g ; that is^ the 
base Bc is to the sum of the sides a b, a c, as the 
difference of those sides is to the difference of the 
aegmenta of the baae c p, ]>a, q. £« p. 

$CJM«auM» When the perpendiculajr a d falls with* 
out the triangle, the segments of the baae must be 
both reckoned the same way, fi:om the angle c or b, 
to the foot of that perpendicular. 

To these three propositions^, which furnish solutions 
to all the problems that can occur in Plane Trigono- 
metry, it may be proper to add the following, which, 
when applied to each of the angles, is alone sufficient 
for that purpose. 

THEOREM IV. 

96. As twice the rectangle of any two sides of a 
plane triangle : radius : : sum of the squares of tiie 
same two aides-^the square of the other side : cosisie 
of the angle included by those sides. 
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B 9 

For let A ID be perpifttidicular to the base is c, falling 
eith^t within or without the triangle, as in the ^guxe^* 

Then, in the case in which the perpendicular falls 
within the triangle, we shall have ac*=ab« + bc'— 

Sbcxbd, orBD=   ' • — 



1^ ^ 



2BC 

But ABO being a right-angled triangle^ it will be as 
rad : A B : : sin B At) or cos b : b o ; or b d = ^ " ^^ ? , 

r 

And if this value be substituted in the first equation, 

., .n . ABC68B AB*+fcC*— AC* 

it Will give :3: =~T ; or COS B = r x 

f* 2 B G 

AB*4'B<?**"AC^ 
3ABXBC 

Again^ If the perpendicular ad falls without the tri- 
amgle, we shall have, AC*=:AB* + Bc* + aBCXBp, 

^^ ' AC*-i-AB«— BC* 

or B D s£ "      ' • 

2bc 

And since a b D is a right-angled triangle, rad : Ad : : 

A'h eoft Ailly 

sm BAD or cos abd:bd} orBOrs — --. 

But ABD being the suppleikient of abc, cos abb zb 

A b cotf Abo 

— COS A B C ; whence BD Iti — .rr.rrrc^ i^ , 

' r 

Andif this value be substituted in the £rst equation, 
we ahdyi have 



AC«— AB«— BC« 



AB COS ABC 



fc> W i» M H ^ 



 355 — , 5 or COS ABC 

3a2 
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= r X — ; whence, ii these equations 

2AB X BC ' ^ 

be turned into analogies, we shall have 2 a b x b c : 
rad : : A B* + B c* — A c* : cos z. a b c. 

Scholium. If the three angles of the triangle be 
denoted by a, b, c, and their opposite or correspond- 
ing sides by a, 6, c, the four theorems here demon- 
strated may be exhibited in generaV terms, as follows: 

a sin B 



1. Sin A = 



b 



2. Tan^=jJ^cotiA 

a 

4. Cos A =r(^li^'). 

DEMONSTRATIONS OF THE PRINCIPAL THEOREMS 
IN SPHERICAL TRIGONOMETRY. 

In treating of the practical part of Plane Trigono- 
metry, no distinction was made between right-angled 
and oblique-angled triangles, on account of the three 
rules, which are there given, being sufficient to solve 
every problem that can occur in this branch of the 
subject, whatever maybe the species of the triangle. 

But in Spherical Trigonometry, where, from the aa- 
ture of the subject, the rules of practice become more 
numerous, it was judged proper to class the various 
species of these kind of triangles under the three heads 
of right-angled, quadrantal, and oblique-angled trian- 
gles, and to give the rule for each case separately. 

The common rules, however, for the various cases in 
this branch of the science, as well as in the former, may 
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be all derived from the three following theorems, which 
have the same generality with those mentioned above; 
and are here demonstrated, from geometrical princi- 
ples, in a manner equally simple md perspicuous. 

THEOREM I. 

97. In any right-angled spherical triangle a b c, the 
sine of either of the legs is to radius, as the tangent 
of the other leg is to the tangent of its opposite angle. 




For let o be the centre of the sphere, and having 
joined o a, o c, o b, draw c £ perpendicular to o b : also, 
in the plane a o b, draw f e perpendicular to the same 
line o B, meeting o a, produced, in f ; and join f c. 

Then, since o e is at right angles to both b c and 
£ p, it will be at right angles to the plane e f c. 

And because the plane cob passes through o e, it 
will also be perpendicular to the plane efc; or, 
which is the same thing, the plane efc will be per- 
pendicular to the plane cob. 

But the angle a c b being a right angle (by hyp.) 
the plane c o a or c o f will be perpendicular to the 
^ame plane cob. 

: H^^nce the planes e f c, c o f being each perpen- 
dicular to the plane cob, their common section 
F c will, also, be perpendicular to c o b. ... 
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And since so, £ f, which lid in thd planes cob, 
ii o B, are each perpendicular to o b, the angle p % c 
will be the measure of their inclination, or of the 
spherical angle c b a. 

Also, F c o, c E o, being right angles, f c will be 
the twgent of the arc a c, and c b the sine of the 
«r<s Q », to the radius of the sphere o c. 

Hence, wojs^ being a right^ngled plane triangle, 
right-angled at c, we shall have £ c : rad : : c f : tan z 
F E c; or sin c b : rad ; : tan a c : tan ii a b c. q. e. d. 

Scholium. By using the same notation as in the 
former theorem the present one becomes r tan b =; 

sin a tan b ; and if --r= be put for tan b, we shall have 

r sin a = tan b cot b, 
which, is the formula for the second case of right* 
angled spherical triangles. 

THEOREM II. 

98. In any spherical triangle a b c, whether right- 
angled or oblique-angledf the sines of the sides are 
as the sines pf their opposite angles; and conversely. 




B 



For, let o be the centre of the sphere and haviBg 
joined o a, o c, o b, draw a d perpendicular to the 
plane o b c ; also make n a perpexkdicular to o^ and 
B F to o c ; and join a £, a f. 



Then, became, xd is petpciidia:^ar to the plane 
OBC, each of the planes ade, afd, whicl^ paM 
through A D, will also be perpendicular to that plane. 

And since b d is perpendicular to o b» and the 
plane a d e to the plane o b c, the line a e, wUdi 
lies in the plane a d e^ and is diawn from the same 
point £) is also perpendicular to o b. 

In like manner, because f n is pa^ndicular to 
o c, and the plane a f d to the plane o b c, the line 
F A, which lies in the plane a f d^ and is drawn from 
the same point f, is perpendicular to o o. 

Hence the angles a b d, a f d, which measure the 
inclinations of the planes a o b, a o c, will measure 
the angles c b a, b 6 a of the spherical triangle a b c. 

Also, A Ff being perpendicular to o c, is the sine 
of the .angle a o f, or fef the arc a c ; and a e, which 
is perpendicular to o B, is the sine of the angle a o b, 
or of the arc a b. 

But abb, a f d, being right-angled plane tri* 
angles, right-angled at d,, we shdl have a d :^ a E 
fiin^ AED, and ad =; af sinz. afd. 

Whence, by equality, a e sin z a e d z= a f sin z. 
afd ; wd consequently, a £ : sin /. a f n : a f : sin 
a e D ; or sin A B : sin opposite z. c : : sin a c : sin 

opposite Z. B, Q. £• D. 

ScfidtttiM. If the three angles of the tri^tigle 1 b c 
be denoted by a, b, c, and their corresponding op- 
posite sides by a^ k^ c, the proportion obtained above 
may be rqiresented by the following equaiidn : 

Sin a sin B s:; sia 6 un A. 



aeo 



V 



And if A B c be a right-angled triangle, of which c is 
the right aligle, and c the hypothenuse, we shall have 

r sin azzunc sin a, 
which is the formula for the first case of right-angled 
spherical triangles. 

THEORSM III. 

99' As the rectangle of the sin6s of any two sides 
of a spherical triangle : radius : : rectangle of radius 
and the cosine of the other side -^ the rectangle of 
the cosines of the same two sides : cosine of the 
angle included by those sides. 




For having joined o a, o b, o c, draw f p in the 
plane o b c, and d e in the plane' o A b, each perpen- 
dicular to their common section o b, and join b f. 

Then, because the angle e d f is the measure of 
the inclination of the planes ob c, o ab, it is also 
the measure of the spherical angle ab c or b. 

And because cos edf=^^^ ^^H — ? and cos e o r 

2DEXDF 

r(OE" + or«— Bi«) , . , o 2OEXOPC08BOF 

= ' ^ \ or BF«= OE'-fOF* » 

20 EXOF r 

if this be substituted in the first equation, we shall have 

r(DE*+Dr*— OK*— 0F-)Hh20BX0F cos EOF 

COS E D F = -^ ' . 

2 DEXDF 

But OB*— ED* and of'— df« are each equal to 6p*j j 
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whence^ cos e o f, or its equal cos z. b r: 

OB xOFcoesoF — r'x od* ob x'of cot ac — r x od' 



DE X DF 

Or, since — = -. 

' D B Sin DOJS 



DB X DF 

OF r 



Bin A B' D F 



8in D o F 



O D 



tin B C D E 



COS DOE 

sin DOE 



COS A B O D 



COS D O F COS B C 



tin A B' D F Bin D O F sm B C 



if these values be substituted in the former equation, 

V n r r* COS A C — T'COS A B COS B C , 

we shall have cos b = : — •. — : , and 

sin A B sm B c 

consequently, sin a b x sin b c : r : : r cos a c — cos 

A B X cos B : cos /LB. Q. £• J>« 

Scholium. By using the same letters for the sides 
and angles of the triangle, as in the two former theo- . 
rems, the above formula becomes 



Cos B = 



r* cos 6 — r cos a cot c 
sin a sin c 



Which principle being applied successively to all 
the three angles, furnishes three equations, which are 
sufficient for resolving all the problems of spherical 
trigonometry ; having the same generality with re- 
spect to spherical triangles, that the theorem given 
in art, 9^ has with respect to plane triangles. 

A similar formula may also be readily obtained for 
the cosine of either of the sides in terms of the sines 
and cosines of the three angles. For since any sphe- 
rical triangle, whose sides are a, b, c, and opposite 
angles a^ A, c, answers to the polar triangle, whose 
sides are 180'' — a, 180® — b, and 180® — c, and the 
angles 180° — a, 180® - A, 180® — c, we shall have 

r^ /to/xo- \ r«cos(l80*— A)-rcos(i80^-i)co8(l8tf'-c) 
COS ( 1 oO — a ) =: : — 77:33 s^'' — TTITS ;  

> ^ Sin (180^-«b) sm (180^— c) 



And becaoM 6o» (180P -*- d) is *« cob a, co& (lB(f 
— a) =5 — cos A, &€• this equation, when reduced, 
becomes 

^ r*cotA + r cos BcosG 

L»OS (t s ^'^  .  " J"  '■ ' 

sin B am c 

Which latter formula resolves immediatdy the case 
in which it is required to find a side by means of the 
three angles, as the former does when ,it is required 
to find an angle by means of the three sides. 

100. Having obtained by art. 97 the proper fiir*^ 
mulse for the solution of the first two cases of right- 
angled spherical triangles, the rest may be easily 
derived from them, by means of the compLemental 
triangle, as follows : 




Let ABC be a right-angled spherical triangle, 
and DAB the Complemental triangle, formed by pro* 
ducing the sides b a, c a, if necessary, to quadrants. 

Then, because the triangle d a £ is also right- 
angled at £, it fdlows, from theorem £, that r sin a' 
X sin e sin a \ aiid since sin a' = cos e f = cos ^ b, 
and sin e s cos i, if these be substituted for d kndcy 
we shall have^ for the 3d case^ 

r cos B s: cos ^ sin A« 

Also^ since r sin a' =; tau d cot n, by 1st theorem; 
and m d mo» mw m COB Bf iaax d^cot Cf andcotD 



s cot F s ten a^ we dudl have, by substitiition, 
for ikt 4th case, 

r cos B = tan a cot c. 
in like manner, because r sin £/ s rin s ain n, by 
the 1st theorem, and sin d^ cos c, sin ^ s cos (, 
and sin n = sin c f r: cos n, we shall have> by a 
similar substitution, for the 5th case, 

r cos c =3 cos a cos b. 
Finally, because r sin rf = tan a' cot a, by the 1st 
theorem, and sin d^cos c, tan a = cot e F=cot ^ Bj 
we shall have, by a like substitution, for the 6th casey 

r cos c = cot A cot B, 
Hence, all the cases of right-angled spherical tri- 
angles being collected together, may be commo- 
diously exhibited at one view, 9s foUows : 
r sin a = sin c sin a = tan b cot b 
r cos B = cos £ sin A = tan a cot c 
r cos c = cos a cos h = cot a cot b. 
The same forms will also hold in any case, by 
taking such other sides and angles as are similarly 
situated with respect to each other. 

10 L The various cases of quadrantal spherical 
triangles may also be derived, in a similar way, from 
the principles above demonstrated, by means of the 
complemental triangle, as follows : 
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Let a' b' c' be a quadrantal spherical triangle, and 
A c' D, or b' c' f the complemental triangle, formed by 
producing the sides a V, b' c', if necessary, to quadrants. 

Then, since by theorem 2 the sines of the sides of 
any spherical triangle are as the sines of their oppo- 
site angles, it follows for the first case, that sin ▲' b' 
(sin 90°, or rad) : sin v^ c' : : sin A' : sin z b' j or . 

r sin b' = sin b' sin c'. 

Also, because the triangle a' c' d is right-angled at 
D, r sin c = tan a cot c' a' d, by 1st theorem ; but sin 
c =: sin /. b', tan a =: cot a\ and cot c' a' d = tan 
b' a' c', or tan Z a' (b' a' d being a right ^ ) ; whence, 
by substitution, we shall have, for the 2d case, 

r sin b' =: cot a' tan a'. 

In like manner, because r sin a = sin b' sin c' a' d, 
and sin a = cos a\ sin c' a' d = cos b' a' c', or cos z a' 
(b' a' d being a right L ), we shall have, by substitu- 
tion, for the 3d case, 

r cos a =: sin b' cos a'. 

Again, because r sin a sr tan c cot c', by the 1st the- 
orem, and sin a =: cos a\ tan c := tan a'b' n, or tan b', 
we shall have, by substitution, for the 4th case, 

r cos a' =: tan b' cot c'. 

Also, because r cos c' = cos c sin c' a' d, as has been 
shown for case 3 of right-angled triangles, and cosx 
= cos L b', and sin c' a' d = cos b' a' c', or cos jL a' 
(b' a' d being a right L ), we shall have, by substitu- 
tion, for the 5th case, 

r cos c' =: cos a' cos b'. 
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Lastly, because r cos c' = tan a cot b\ as has been 
shown for the 4th case of right-angled triangles, and 
tan a = cot a\ we shall have, by substitution, for the 
6th case, 

r cos c' = cot a cot b'. 

Hence, also, by taking, for the sake of uniformity, 
such sides and angles as correspond with those of the 
former triangle, all the cases of quadrantal spherical 
triangles may be exhibited as below : 

r sin a' = sin a sin c' = cot V tan b' 
r cos V = sin a cos b' = tan a' cot c' 
r cos c' = cos a' cos b' = cot a' cot b\ 

Where, hy comparing together the similar forms 
of the two tables, it appears (as well as from the 
polar triangle, def 11) that if the sides and angles 
of any quadrantal spherical triangle be. considered, 
reversedly, as the angles and sides of a right-angled 
one, the rules for the latter will equally apply to all 
the cases of the former ; observing to change the 
terms like and unlike for each other, when the hypo- 
thenusal angle is concerned. 

102. Next, in order to apply the theorems, above 
demonstrated, to the solution of the remaining cases 
of oblique-angled spherical triangles, it will be pro- 
per, for the sake of convenience, to present the for- 
mulae already obtained, under all the varieties of 
which they are susceptible ; which, for the case of 
the sines, in theorem ii, are as follows : 

sin a sin B sin a sin c 



Sin AS 



sin b sin c 
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^. sin 6 sin A sin b sin c 

oin B i= " ' I ' ' 2S  i 

sm a sin c 

sin c sin a sin c sfn b 



Sin c zz 
Sin a = 
Sin A = 
Sin c = 



sin tf sin ^ 

sin c sin A ^ t^in 6 sin a 

sin c "** sin B 
sin c sin b sin a sin b 



iin c sin A 

sin a sin c sin i sin c 



^-— • 



sm A sin B 

The three first of which equations furnish the 
means of determining an angle of the triangle, hj 
means of two of the sides, and the angle opposite to 
one of them ; and the three latter determine- a side 
by means of two of the angles and the side opposite 
to one of them, 

1 OS. In like manner, the general expression obt^ned 
by theorem iii, when applied to all the sides and angles 
of the triangle, admits of the fbllowing permutations: 



Cos A = 



sin ^ sin c 



^ r* cos 6 — r cos a cos c 

C'OS B 222    . '  .  n I .  . 1 1 



Cos C = 



sin a sm c 
r* cos c^r cot a cos b 



sin a sin d 
g^ r COS b COS c + sin 6 sin c cos A 

r^ 1 r cos a cos c + sin tf sin c cod B 

COS O =  * '^ ' 



r« 



/^ r Cos a cos 6 «4- sin a sin b cos C 
Cos C zz ^ ^. 



r« 



The three first of which equations give the angles^ 
by means of the sides ; and the three latter give either 
of the sides, by means of the pther two sides and 
their contained angle. 



104. Also, I the second general expression, ob- 
tained from the same theorem, when applied as be- 
fore, gives the following formulae : 

r^ cos ▲ + r cos b cos c 



Ck)sa = 



sin B sin c 



^ . r' cos B + r cos a cob c 

Cos O = ~ — . 

sm A sin c 

^ r^ cot c 4* r cos a cos b 

v^OS C ss . 

sin A sm B 



Cos A = 



COS a sm B sm c — r oos B cos c 



^ cos 6 sin A sin c — r cos a cos c 
Cos B = 



"*♦*" 



Cos c = 



cos c sin a sin B — r cos a cos b 



The three first of which equations give the sides 
bjr m^ms of the angles; and the three latter give 
either of the angles, by means of the two other 
angles and their included side. 

105. Again, if the value of the cosine of c in the 6th 
of the 2d set of equations, be substituted for the cosine 
of c in the Ist of the same set, we shall have r cos a 
sin e := r cos df sin 6 — cos c sin a cos b; and by sub- 
stituting in this equation the value of the sine of c, as 
given in the 6th of the 1 st set of the same formulae, it 
will become, after reducing it to its most simple form, 

r cos a . r cos a sin ^ — Mn a cos h cos € 

— : = cot A = -— -— : : . 

sm A sm a sm c 

106. And if this expression be apptied to each of 
the three angles of the triangle, by using all the per- 
mutations of which it is capable, we shall have the 
six following formulae : 

r cos a sin 6 — sin a cos b cos c 



CotAss 



ainasinc 



/-, . r rin a cos b — cos a sin & cos c 

Cot B = 



Cot A = 

Cotc = 

CotBsr 

t 

Cotc = 





fiin b sin c 


r cos a sin c — sin a cos c cos b 




sin a sm b 


r sin a cos c — cos a sin c cos b 




sin c sin b 


r cos 


6 sin c — sin 6 cos c cos a 




sin b sin a 


r sin 


6 cos c — ' cos 6 sin c cos a 



sm c sm A 

Which equations determine any two angles of the 
triangle, when we know the third angle and the two 
sides by which it is contained. 

107. The cotangent of either of the sides may 
also be determined, in a similar manner, by means 
of the 1st and 3d set of equations; or more readily 
by the 1st of the 3d set and the polar triangle. For 
since cot ( 1 80** — a) = 

rco8(l80*^-A)Mn(l80^— b)— sin(180^— a)co8(180^— b)co8(i80^>c) 

sin (180® — a) sin {\S(f — c) 
. ,, , ' r cos A sin b + sin A cos b cos c 

we shall have cot a = — : : : 

smAsmc 

And this, being applied to each of the three sides, 
by using all the permutations of which the letters are 
capable, will give the six following formulas : 

r cos A sin B + cos c sin a cos b . .^ -v ^^^ ^ 



'J - I 



Cot C — — ^ — . r- ■■' A / \-::r——~^~^^ 

smcsmA 9>^ " <^r*^© 

^ , . r sin A cos b -f cos o cos a sin b 
Cot = 



sm c sm B 
r cos A sin c -I- cos b sin a cos c 

sin 6 sin a 
r sin A cos c + cos 6 cos a sin c 



Cot a = 

Cot c = • . • 

sm b sm c 

r^ J. L ^ c^B B sin c + cos a sin b cos a 

Cot = I  :   

sm a sm B 

r sin b cos c 4- cos a cos b sin c 



Cotc = 



sm « sm c 



/i 



' 'j i L'TD^.\-^^^^ .l.-^.^Gx" 
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I 

t 

\ Which equations serve to determine any two sides 
of the triangle, when we know the third side and 
the two angles between which it is contained {u}. 

108, Of the five classes of formulae here given, 
which are sufficient for resolving directly. aU the 
cases of spherical trigonometry, the four last deserve 
particular notice, not only oa account of their ele* 
gance, but from their possessing the property of 
showing whether an arc or an angle be greater or 
less than a. quadrant, or 90°. 

For the cosine and cotangent of any arc being — 
in the first quadrant, and + in the second, which is 
the limit of the sides and angles of every triangle, if 
care be taken to give to the known quantities, which 
enter into any of these formulae, their proper signs, 
the sign of the result will show the species of the arc 
or angle sought. 

But this cannot be known from the expression of 
the sine of an arc or angle, as its value and sign arQ 
the same both for the arc and its supplement. 

109. From these formulae, which, except those of 
the first class, are not adapted to logarithmic com- 



(ti) These formuls are equally applicable to every species of 
spherical triangles, whether right-angled, quadraatal, or oblique- 
an^ed ; and in the two former cases they may be easily resolved 
into the simple forms before given for the solution of those trian- 
gles. The whole doctrine of spherical trigonometry might, there- 
ft>re, have been deduced from the 2d and 3d theorems above given, 
or from the 3d alone % but for the sake of the learner, it was 
judged proper, in the case of right-angled and quadrantal tri- 
angles, to follow a mode of investigation which appears something 
more easy and natural. 

2 B 
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putalioBy we can retdHy deduce the four elegant the- 
orems commonly known under the name of the Ana- 
logies iff Napier t which are of great use in facilitatii^ 
the 8<dution of several cases of spherical triangles. 

Thus, by a combination of the values of cos a and 
cos €, given in art. 103» we shall have the two fol- 
lowing equations : 

r cos A sin c = r cos a sin 6 — cos c sin a cm b 
r cos B sin c =: r cos 6 sin a -* cos c sin 6 cos a 
And by adding these together, and reducing 
them, there arises 
Sin c (cos A +COS b) = (r — cos c) sin (a+ A). 

_ ^ . sin 5 tin a sin c tut 

But smce ;r— = -T— - = ;r— , we shall have 

sin B sin A sm c 

Sin c (sin a + sin b) = sin c (sin a + sin 6) 
Sin c (sin a— sin b) = sin c (sin a— sin i) 
Which two equations, when divided by the preceding 

Sin A + s in b sine sin a -f sin i 

one, give ^ ^ ^ eos b "^ r — cos c sin (a + b) 

dn A — sin B sin c sin a — sin ^ 

COS A + COS B r — COS c sin (a 4* 5) * 

And reducing these, by means of the formulae 
given in art. 27 and 30, they become 

Tan \ (a+b) =^^4fe|J cot J c ' 

« \  ^ COS T (a + ^) 

Tan \ (a— b) = "° ' /7 li cot i c. 

^ ^ ^ sin f (• + t) * 

Which equations determine any two angles of a 
spherical triangle by means of the two opposite sides 
and their included angle ; and are the same as the 
practical rule given in the former part of the work. 

And if the formulae, thus obtained, be applied to 
the polar triangle, by substituting 18(f — ii, 180®— b, 



J 
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180? -dr, 190** — *, and ISO""— c in the place of tf, *, 
A, B, c respectively, the result will give the two fol- 
lowing analogies. 

Which equations determine any two sides of a 
spherical triangle, by means of the opposite angles 
and their included side ^ and are the same as the 
pr^ci^cal rule already given for this purpose* 

110. The logarithmic formula for determining 
either of the angles of a spherical triangle when the 
thi^e sides are known, may be also obtained from the 
principles already laid down, as follows : 

If the value of the cosine of c (art. 103) be substi- 
tuted in the formula 2 sin* ^ c = r - r cos c (art. 27) i 
we shall have 

atm* i c ^ cos c ^ COS a cos i -f sin « sin 5 — r cos e 

f* ""- r "" sin a sin ^ * 

Or, rince cos a cos b+ sin asm b^r cos (a— A), 
(art. 20) the former expressiom will become 

2 sin* i C ^_^ r cos (« -. i») — r cos c 
r* "^ sin ri sin 6 

But by art. 29, r cos (a — A) - r cos c = 2 sin ^ 
(c + 6 — ii) sin 1^ (c + flf — ft) ; whence 

Sin« i c ^ sinf (c + 6 — g) gin f (c + g - 6) 
r* "** sin a sin 6 

r\^ • I .tin i (c + b -^ a) Bin i (c4- g — 5) 

Or, sm * c =: r ^ — ^ ' ^ — : . • ^ ^ L. 

* sin g sin 6 

In like manner, if the value of the cosine of c be 
substituted in the formula 2 cos' j- c = r + r cos c 

(art. 27)9 we shall have 

2b2 
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a cot* 4- c _ I , CO* c ^ r cos c — C08 g cos b + fin a an 6 
f« "" r "" sin a sin 6 

Or since — (cos a cos 6 — sin a sin 6) = — r cos 
(a + i) (art, 20) the former expression will become 

2 COS* i c r cos c — r cos (a + b) 

r* "~ sin a sin b 

But by art. 29, r cos c — r cos (a + A) = 2 sin ^ 
(fl + 6 — c) sin ^ (fl + 6 +c); whence 

Cos* 4- c ^ sinj. (g-f ^ + c) gip-r (a-fr^ — c) ' 
r* "" sin a sin 6 

Ur, cos * c := r v . : — 7 —• 

' * ^ sin a sin 

Or, because ?— = tan i c, if the former of these 

' cos 4- c -6 ' 

expressions be divided by the latter, we shall have 

* ^ Sin 4 (a + ^ + c) Sin i (a + ^ — c) 

Where either of these three formulae will deter- 
mine an angle, when the three sides of the triangle 
are given. 

111. By following the same mode of investigation, 
the logarithmic expression for determining either of 
the sides of a spherical triangle, in terms of the 
three angles, may be obtained as follows : 

If the value of the cosine of a (art. 104), be sub- 
stituted in the formula — -—^ = 1 — -^ (art. 27X 
we shall have 

sin*-}- a ^ sin b sin c — cos b cos e — r cos a 
r* "" 2 sin B sin c 

Or, since sin b sin c — cos b cos c — r cos a =: — 
r cos (b + c)— r cos a, the former expression will 
become 
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Sin« ^a ^ -^r co» (b + c) — r cos a 
f* "* 2 ^in B sin c 

But, by art. 29j r cos (b + c) + r cos a = 2 cos ^ 
(a -I- B + c) cos ^ (B + c — a) J whence 

Sin* -r a ^ — cos 4^ (a + B + c) cos f (b 4- c — a) 
r* "" sin B sin c 

, N ^-V • 1 . — cos I (a + B + C) C0S4 (B-fC— a) 

(j?) Or sm i^ ^/ = r v^ ^ . \ — ^^ — • — -^ 

^ ^ -* sin B sm c 

In like manner, if the value of the cosine of a, be 
substituted in the formula ^ ,^^ = 1 + ^^, we 
shall have 

Cos* 4- A ^ sin B sin c -f cos b cos c + r cos A 
r* "" 2 sin B sin c 

Or, since sin b sin c + cos b cos c = r cos (b — c), 
the former expression will become 

Cos* -T a ^ r cos (b — c) -I- r cos a 
r* "" 2 sin b sin c 

But, by art. fi9, r cos (b -^ c) + r cos a =: 2 cos ^ 
( A + B — c) cos i (a + c — b), whence 

Cos* 4. a ^ COS 4- (a 4- B — c) cos j- (a -f c — b) 
r* "" sin B sin c 

A J 1 ^ COS4. (A-f B — C) C08 4.(a + C — B) 

And, COS i a == r v' ' — — : — . • 

' -* ^ sm B sin c 



Or, because ^ = tan i a. if the former of 

cos 4. a ^ » . 

these expressions be divided by the latter, we shall have 



(g) It may here be observed^ that the second member of this 
cqtiationy though under a negative form^ is always affirmative ; for 
4- (a 4- B + c) being greater than 90^, its cosine will be negative ; 
and consequently the expression — - cos 4- (a + B + c) will become 
positive. And since b + c — a can never surpass IS0P$ or 4- 
(b + c — a) be greater than 90^, h is plain that cos 4- (b + C— a) 
must also be positive. 
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Tan i a ^ ^^ -""i; ('^+« + a)c« j.(b-f c-a) 

' ^ COS f (A + B — C) COS i (a + C — B) 

Either of which formulas will determine a side 
when the three angles of the triangle are given. 

1 IS. It may be still further observed, that by taking 
all the varieties of which these last formuke for the 
tangents are susceptible, we shall have 

lan JA- rv gin |(6 + c-a)8in i (fl + ^ + c) 

Ton 4. w — f / 8^P -r iff + c - <^) sin 4. (a -I- ^ — g) 
xanjB -rv^ sini (a +c-6) sin^. (a + 6 +c) 

Tanic = rv/ ""li^!r'^"°trt;:1 

-* ^ sin t (a + ^ - c) sin ^ (a + 6 -f c) 

— cos f (B + C -X a) cos ^ (a + B + C) 
COS 4. (a + B — C) COS 4. (a + C — B) 

^ ^ COS 4^ (b + C — a) COS 4^ (A + B — c) 

Tan i c^ r ^ - "1 ; < V" ' -^^ "^^^ <^ + ' "^ *=> 

* ^ cost (A + 0— b) COS t (B + C-- A) 

lis. In like manner, by taking all the varieties of 
which the preceding formulae for the tangents are 
susceptible, we shall have 



Tan^ar: r^ 



Tan 
Tan 
Tan 
Tan 
Tan 
Tan 



6-g 

2 



sm f 



sm4- 
cosi 



cost 
sin -5- 



sin i 



c + 6 ^ COS 



2 

2 
a+c 



codi 
sini 



sin f 
cosi" 



cosf 



» _i) tan ic 
tan |- c 



A) 



B + A) 

— ; — { tan * fl 
c + b) ^ 

^ " ^ tan 1^ b 
tan ^ A 



A + c) 
A — c) 



A+C> 
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2 sm t (* + «) 

2 sm i (a -f c) * 

Tan 4-" = ^5i*IfL^ cot i B. 

2 COS ^ (a + c) ^ 

114. And from these last 12 formulae may be de- 
duced the following, which serve to find the third 
side or the third angle, when two sides and the angle 
^posite to one of them are known. 

Tanic=^ii^ta«H*-«) 

Tanic=^i^tanK*+«) 
Tania = '!°l^"-^'i tani(<r~^) 

^ Sin t (c — b) . * ^ ^ 

Tan ^ A = ''°' ! i^ •*• '^j tan f (a + c) 

■" cos t (a — c) * ^ ' 

Coti c = ^54£±4tani(B- A) 
' Cot i c = ^2!li£±4 tan i (B + A) 

-^ COS -J- (d — a) -^ ^ ^ 

Cot i A == ?|=lii±*i tan i (c ^ B) 
CotiA = S2^ii+4itani(c + B) 
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CotiB=g "°:i'"*-"; tani(A-c) 

^ 8in i (a — c) -* ' 

Cot i B = ^2iii^ tan i ( A + c). 

Which formulae, joined to those of art, 102, for 
determining a side, or angle, when two sides and an 
angle opposite to one of them,' or two angles and a 
side opposite to one of them, are given, are sufficient 
for resolving, logarithmically, every case of spherical 
triangles. 

It may here also be observed, that these equations 
furnish the means of determining the affections of 
the sides and angles of spherical triangles, in all the 
cases which are not necessarily ambiguous, by barely 
attending to the signs of the quantities of which 
they are composed.; 

Thus, in the equation r cos a = cos h cos c, for 
right-angled spherical triangles, the S sides must be 
all equal to 90% or all less, or two of them greater 
and the third less ; as no other combination of them 
can render the sign of cos h cos c like that of cos a^ 
as the equation requires. 

Also, in the last analogy for oblique-angled spheri- 
cal triangles, art. 1 13, a§ cot \ b and cos )[{a-^c) are 
both positive, tan \ (a + c) and cos \ ifl^-c) must 
have the same sign ; hence, half the sum of any two 
sides is of the same kind as half the sum of their op- 
posite angles: which consideration will sometimes 
take away an ambiguity that might otherwise arise^ 
in cases where the quantity sought is to be deter- 
mined by means of a sine. 
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SPHERICAL TH80REMS. 



THEOREM I. 

115. If two arcs of circles meet each other, they 
make two angles, which are, together, equal to two 
right angles, or 180°. 




Let the arc a b meet the arc c d in the point b ; 
then will the two / " a b c, a b d be equal to two 
right angles. 

For, suppose the arc e b to be perpendicular to 
c D, then the ii ' e b c, e b d are right angles. 

And since the z. e b d is equal to the Z ' £ B a, 
A B D, the three z.'ebc, eba, abd are equal to 
two right L ". 

But the two z. ' E b c, z b a are equal to the / abc, 
whence the two z. * a b c, a b d are also equal to two 
right angles. Q. e. d. 

THEOREM II. 

1 16. If two arcs of circles intersect each other, the 
vertical or opposite angles will be equal. 

A D 




Let the two arcs a b, c d intersect each other in e, 

* 

then will the z. a s c be equal to d £ b, and a £ j> to 



C£B. 
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For since the arc ae meets the arc cd, the l * asc, 
A £ D are, together, equal to two righ^ jL ' (thea i). 

And because the arc d £ meets the arc a b, the z^ 
i^s B^ DBA are also equal to two right L *• 

Whence the sum of the z.*aec, AEDis equal to 
the sum of the z. ' d £ b, d e a. 

And if the Z. a e b, which is common,, be taken 
away, the remaining z a e c will be equal to the re- 
maining z. D E b. And in the same manner it may be 
shown, that the z. a s d is equal to c e b. Of ju b. 

Coa. If two axes ^ ciidb^ ioEteraect each other, 
t^ Z.* about the point of intersection are, together, 
equal to four right L ". 

theorem III. (y) 
117. An angle made by any two great circles of 
the sphere is equal to the angle of inclination of the 
planes of those circles. 




Let B A E be a spherical triangle, made by the two 
great circles c b a, c £ a ; then will this angle be equal 

to the angle of inclination of theplanes of those cirdes. 
For take the arcs a b, a e each equal to 90% and 
through the points b, Edrawthearc of agreatdrclcBE, 
and from d, the centre of the sphere, draw d b, d e. 



^M^i 



(y ) Any two great circles of the sphere, a b c, a £ c» which pass 
through the poles a, c of another great circle b e, cut all the pa- 
rallels H o, B £ into snii%ur arcs, or such as contain the same num- 
ber of degrees^ 
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Then because a b, a e are quadrants, the lines d b, 
D £ are each perpendicular to the common section 
A c ; and consequently b d e is the L of inclination 
of the planes c b a, c e a. 

the z bde, which is measured by the arc be, is equal 
to the z B A E, which fe measured by the same arc. 

And if F H be drawn in the plane c b a, and f o in 
the plane c e a, each perpendicular to the common 
section a c, the Z. h f g, which is equal to z. b d e, 
will also be equal to the Z b a £. Q. £. d. 

Cor. The z b a e made by two great circles eftis 
sphere ba, ea, is equal to the tnjLmy formed by 
two tangents drawn from the angular point a, one in 
each plane, these tangents being each perpendicular 
to the diameter a c. 

Scholium. As the z ' b a e, b c b, formed by the 
intersections of two great circles of the sphere, are 
equal, so it may be easily proved that if the arcs acb, 
ADB of any two circles, whether great or small, inter- 
sect each other, either in a plane, or on the surface of 
a sphere, the opposite Z ^ of the lunule bad, a b d 
will be equal. Jf 




For draw a e, a f touching the arcs ad, a c in a, 
and be, bf touching the arcs bd, b c in b, and meet- 
ing each other in e* and f : also join e f. 



Then since ea, eb are tangents to the circle adb, 
and meet in the point e, they are equal. 

And, because fa, fb are also tangents to the cir- 
cle a c b, and meet in the point f, they are equal. 

Hence the sides as, a f of the a a f e being equal 
. to the sides b e, b f of the a b f b, and the base s f 
common, the ^i e a f will be = the /. e b f. 

But these L ' are equal to the curvilinear /.'bad, 
A B D (cor.) ; whence the latter are also equal. 

THBOKEM ly. 

118. The distance of the poles of any two great 
circles of the sphere is equal to the angle of inclina* 
tion of the planes of those circles. 



Let A E B, c B D be two great circles, and p, p their 
poles ; then will the arc p^ be equal to the angle of 
their inclination a o c, or b o d. 

For since p is the pole of the circle a e b, and p.o( 
c E D, the arc F A will be equal to ^ c, being each 
quadrants, or 90°. 

And if Fc, which is common to each, be taken 
away, the remaining arc vp, which is the distance of 
the two poles, is equal to c a, which is the measure 
of the z. of inclination aoc. 4. e. d. 
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THEOREM V. 

119. If arcs be described from the three angular 
points of any spherical triangle a b c, as poles, the 
sides and angles of the triangle def, formed by 
their intersection, will be the supplements of the 
angles and sides of the former, and vice versd. 




For let the sides of the a a b c be produced^ if ne- 
cessary, till they meet the sides of the a n £ f, in the 
points o, H, I, K, L, M i and draw the arcs e a, e c. 

Then, since the points a, c are the poles of the 
arcs JB F, E D, the arcs c £, a e will be quadrants, or 
each 90° ; and consequently e is the pole of a c. 

In like manner, it may also be shown that f is the 
pole of A B, and n the pole of b c. 

Since, therefore, 1 is the pole of a h, and f the 
pole of A e, the arcs e h, f o will be each quadrants, 
and their sum eh + f g or kf + gh= 180^ 

But A being the pole of e f, the arcs a g, ah are 
also each quadrants ; and consequently o h is the 
measure of the z. b a c or a. 

Whence, ef + gh being= 180% ef + Z a is also 
= 180**; or EF=180°— ZA. 

And in the same manner it may be shown, that fd 
= 180''— Z B, and o ess 180''— jL c. 
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Again, c being the pole of m d, and b the pole of 
I By the arcs c k, b i are each quadrants ; and their 
sum CM + Bi or Mi + BC = 180^ 

But the arc m i having the point d for its pole, 
is the measure of the z. e d f or d ; whence z. d + b c 
is also = ISO"* J or Z.D = 180^ - b c. 

And in the same way it may be shown, that z. £ 
= 180° -AC, and ii f = 180* - ab. 

Hence, also, reciprocally, /.a=180°— ef, zb 
= 180° — F D, il c = 180° -de; and b c = 180° 
— Z.D, AC=:180°— ZF, ab;s180°- ZF. q.e.d. 

THEOREM VI. 

ISO. If th^ three sides of one ^erical triangle 
be equal to the three sides of another, each to each, 
the angles which are opposite to the equal sides Ip^ 
be equal. 

A J> 




C IC O "NT T 

Let ABC, D E f be two spherical triangles, having 
the side ab = D£, ac=zdf, and b c = e f ; then 
will Z. A= Z. D, Z B = E, and Z c = Z F. 

For take any two equal distances o o, o l, on the 
equal radii o a, od ; and in the planes oac, oab, draw 
OK, GH each perpendicular to o a; and in the planes 
D o F, DOE draw l n, l m each perpendicular to o n. 

Then, because the side o o of the a o hg = ol of 
the A OL M, the Zgok=:z.lon (being measured by 
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the equal arcs a c, p f), aad z.ook=:Z.oln (being 
right L ')9 the side ok: will be=:to lk, and ok to on. 

In like manc^r^ because the side o o of the a oh« 
SOL of the A o M X, the z. o o n = z. l o m (beii^ 
measured by the equal arcs ab, de), and the z. ooh 
=: Z. OLM (being right L % the side o h will be =: to 
LH, and OH to OM. 

Since, therefore, the sides o k, o h of the a o h k, 
aresthe sides on, o m of the a om n, and the L hos 
= z. MOK (being measured by the equal arcs bc, £f)» 
the side k h will also be = tp n m. 

HencCt the three sides of the a ohk being 6qual 
to the three sides of the a lmn, the z.*£oh, n lm, 
which are opposite to the equal sides kh^ n x will 
also be equal. 

But the c KOH» which is the inclination of the two 
planes a o c, o a b is = the spherical z. b a c, and the 
Z N L K^ which is Idle inclination of the iwo'»pliaies 
D o F, D o £, is = the spherii^l z. £ d f } whence die 
spherical z. * b a c, £ d f are also equal. 

And, if two equal distances be taken in the radii ob* 
o£, or 00, OF, and perpendiculars be drawn from tlieir 
extremities in the other planes, as before, it may be 
shown, in a similar manner, that the zi a b c is = z 
i> £ F, and z.acb=: Z.DPE (<)• Q. b« d. 



(j?) Most of the trigcmoinetrical writers have attempted to prore 
ioMy and several other proposkions in Spherics, by means of laying 
one triangle »n|^n the odier, as in plane geometry. But this 
method, in aev«rd xBases, is 'nat^sact, as there maybe twoBpherical 
triangles, as weH as t#o aelida, iir two olid angles, which are 
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THEOREH VII. 

lau If the three angles of one spherical triangle 
be equal to the three angles of another, each to 
each, the sides which are opposite to the equal 
angles will be equal. 




Let ABC, D X F be two spherical a % having z a = 
Z-D, Z B = Z. E and zc = Zf; then ab=D£, bc = 
£ F, and c A = F D. 

For, about the angular points of the two a » de- 
scribe the supplementa] or polar a ' g h K, l m n. 

Then, because the L a, b, c are, respectively, = 
to the Z ' D, B, F, the sides he, k g, gh which are the 
supplements of the former, will be = sides m n, n l, 
LM which are the supplements of the latter. 

And since the three sides of the a g h k' are equal 
to the three sides of the a lm n, each to each, the z » 
G, H, K will be. respectively equal to the Z ' l, m, n. 

But the z ' G, H, K being the supplements of the 
sides BC, c A, A b, and the Z ' l, m, n the supplements 
of E F, F d, D E, the side a b will be = d e, b c = e f, 

and C A := F D. Q. E. D. 

equal in all their constituent parts, and yet are not superposable, or 
equal by coincidence ; as is shown by Xe^em/re, prop. 11. b. vii. 
of his Geometry; where he also observes (note 1.) that Dr. Simp- 
8on,Hn objecting to the demonstration of prop. 38, b. xi. of £uclid> 
has himself fallen into this mistake, by founding his demonstration 
upon a coincidence that does not exist. 
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THEOREM VIII. 

129. If two sides and the included angle of one 
spherical triangle be equal to two sides and the in- 
clude angle of another, each to each, the remainmg 

sides and angles will be equal. 

A D 




c K o "NT r 
Let ABC, D E F be two spherical a ' having the 
side AB = DE, AC= D F, and Z.B ac=:Z.edfj than 
will the side bc = ef,Zabc= ^Idef, and 2I a c b 

r= Z. D F E. 

For take any two equal distances o g, o l on the 
equal radii oa, od; and in the planes oac, oab draw 
G K, GH each perpendicular to o a ; and in the planes 
D o F, DOE, draw l n, l m each perpendicular to o n* 

Then, because the side og of the a ok g is = to 
OL of the A ONL, the / gok = L lon (being nie»* 
sured by the equal arcs ac, df), and/. ogk= l oln 
(being right L '), the side g k will be = to l n, and 

ok to ON. 

In like manner, because the side og, of the a ohg, 
is =: ol; of the a oml, the L goh = / lom (being 
measured by the equal arcs a b, d e), and the L ogk 
=: Z o L M (being right L 0, the side g h will be = 
to L M, and o H to o M. , 

3inee, therefore, the sides g k, g h, of the a g h k, 
are equal to l n, l m of the a i m n, and z. K e h = 

2 c 
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ilNL M (being the inclinations of the planes which 
form the equal z * b a c, c d f)» the side k h will also 
be equal to n> m. 

Hence the three sides of the a h k o being equal to 
the three sides of the a o m k, the z. * h o k^ m o n, 
which are opposite to the equal sides k h, n m, are 
also equal. 

But these L * being at the centre of the sphere, are 
measured by the arcs b c, £ f at the circumference, 
which subtend them ; whence the side b c is equal 

to EF. 

And since the three sides of the a a b c are equ^l 
to the three sides of the a d £ f, it follows, from" the 
last proposition, that the Z.ABC = ilDEF, and L 

A C B =: Z. D F £. Q. £• D. 

THEOREM IX. 

123. If a side and the two adjacent angles of one 
spherical triangle be equal to a side and the two 
adjacent angles of another, each to each, their re- 
maining sides and angles will be equal. 

G L 




Let ABC, D E F be two spherical a % having the 
side B c = £ F, z. B = Z. E, and Z. c = z. f : then will 
side AJb =: D £, A c =: D F, and ZL a = ZL d. 

« 

For, about the angular points of the two a % de- 
scribe the supplemental or polar a ' o h k, l m n. 



J 
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Then, because the side b c = s f, the Z. * o, u 
which are their supplements, are also equal. 

And because the z ' b, c are = z * e^ f, the sides gk, 
o H, which are the supplements of the former, are =3 
sides LM, LN, which are the supplements of the latter. 

But since the sides o h, g k and the included l G| 
of the A G H K, are = sides l m, m n and the included 
L L, of the A L M N, the side h k will be = m n, Z. h 

= Z M, and ^ K::z Z. ^. 

Hence, also, z. a = z d, being the supplements of 

r 

H K, M N, and A B, A c, being supplements of the z. ' 
K, ;H, are = d e, d f, which are the supplements of z * 

K, Id. Q. £• D. 

THEOREM X. 

125. The angles at the base of an isosceles spheri- 
cal triangle are equal ; and if the angles at the base 
are equal, their opposite sides are eqtial. 

A 




Let A B c be an isosceles a , having the side a b r: 
to A c ; then will the z. a b c be equal to z. a c b. 

For, bisect the base bc in d, and through the 
points A, D draw the arc a d. 

Then, because the two sides a b, bd of the a ad b, 
are equal to a c, c o t)f the a a d c, and the side a d is 
common to each, the z. a b c will be equal to z. a c b. 

•2ca - 
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Again, if z. a b c be equal to z a c b, the side a b 
will be equal to a c. 

For if not, let a b be the greater, and take b e 
equal to a c, and draw the arc c £. 

Then, because the two sides e b, b c, and the in- 
cluded z. EB c, of the ABE c, are equal to a c, c b, 
and the included z. a c b, of the abac, the z £C b 
will be equal to z a b c. 

But z A B c is equal to z a c B (by hyp.); whence 
Z BCB is also equal to Z acb^ the less to the greater ; 
which is impossible. 

The side a b is, therefore, not greater than a c ; 
and in the same manner it may be shown that it is 
not lesi ; whence they are equal. q. e. d. 

Cor. a perpendicular drawn from the vertex of an 
isosceles spherical a to the base, bisects both the base 
and the vertical angle, except when the two equal 
sides are quadrants ; in which case there are an in- 
definite number of perpendiculars. 

THEOREM XI. 

125. The sum of any two sides of a spherical tri- 
angle is greater than the third side ; and the differ- 
ence of any two sides is less than the third side. 




Let ABC be a apheneal tmngle ; then will ike 



i 



»u«i of any two udes a b, a c be greater than b c ; 
and the difference of a b, a c less than b c. 

For draw the chords a b, a c, bc, which will fall 
within the sphere. 

Then, since these chords form a plane a , the sum 
of any two of its sides will be greater than the third 
side. 

And because, in the same circle, the greater chord 
subtends the greater arc, the sum of any two sides 
A B + A c, of the spherical a a b c, is greater than 
the third side b c. 

Also, since the side a b is less than Be + a c, if 
AC be taken from each of them, the difference erf 
A B and A c is less than b c. a* s. d. 

Cor. The shortest distance between any two 
points on the surface of a sphere is the arc which 
passes through those points. 

THEOREM XII. 

126* The greater side of any spherical triangle is 
opposite to the greater angle, and the least side to 
the least angle j and conversely* 




Let A B c be a spherical a j then if z. c be greater 
than z. B, A B will be greater than a c j and if a b be 
greater than a c, 2; c will be greater than z b. 
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For through the pcrint c draw the arc c d, making^ 
z B c D equal to Z. d b c. 

Then, in the a a d c, the sum of the sides a d + 
D c is greater than a c (theo. 11). - 

But z B c D being equal to z d b c (by const.) the 
side D c is equal to d b (theo. 10) j whence, also, ad 
+ D B or A b is greater than Ac. 

Again, if a b be greater than a c, z a c b will be 
greater than z. a b c. 

For, if not, it must be either equal or less. 

But angle a c b cannot be equal to Z. a b c ; for, in 
this case, a » (theo. 10) would be equal to a c, which, 
it is not. 

Neither can z a c b be less than Z a b c •, for, in 
that case, ab (by 1st part prop.) would be less than 
A c, which it is not. 

Whence z a c b being neither equal to nor less 
than z A B c, must be greater than it. 

And in a similar manner it may be shown that the 

* 

leaiit side is opposite to the least z , and the least z 
to the least side. Q» e. d. 

THEOREM XIII.' 

127. The sum of jthe three sides of any spherical 
triangle ig less than the circumference of a circle, or 
360° J and the difference of any two sides is less than 
l80^ 




I 

I 



V 
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Let A B c be a spherical a ; then will the sum of 
its^ three sides AB + BC + cAbe less than 360^ ; and 
the difference of a b, a c less than 1 80^. 

For, produce the sides b a, b c till they meet in 
the opposite point of the sphere at d. 

Then, since the arcs bad, b c d are semicircles ; 
tfee sum of the arcs BA + BC+DA + ncis equal 
to a circle, or 360^. 

But the sum of the two sides da + d c is greater 
than a c (theo. 11); whence the sum of the three 
fiides BA + BC+Acis less than a circle, or 360*. 

Also, the <iifference of a b, a c being less than b c 
(theo. 11), arid b c Jess than 180% a b -^ a € must be 
iess than 180^. q. e. nu 

THEOREM XIV. 

128. The sum of the three angles of every spherical 
triangle is greater than two right angles, or 180% 
and less than six, or 540''. 




r 

Let a B-c be a spherical a ; then will the sum of its 
il * A + b + c be greater than 180°, and less thap 540°. 

For, about the angular points a, b, c describe the 
supplemental or polar a d e f. 

Then, since z. a = 180° — e f, z; b = 180° -^ f d, 
and z. c = 180° -de, their sum Z.A + ZB + Z.C 
will be = 540° — (ef + fd + de). 
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But the sum of the sides ef+fd+de being less 
than 360'' (theo. 13), if this be taken from 540% the 
remainder will be greater than 1 80°. 

Whence, also, Za + ^b + Z.c, which is equal 
to this diflTerence, will be greater than 180^ 

And because each L of the a is less than 180% 
their sum a + b + c must be less than 540^ q» £• b. 

Cor. The sum of any two /. • of a spherical a , is 
greater than the supplement of the third angle. 

For /.A + ZB + Z.C being greater than two right 
/. % or than zacb+Zacg, if/lACBor cbe 
taken away, the sum of the remaining /. * a + b will 
be greater than /. a c g (a). 

THEOREM XV. 

129. If the sum of any two sides of a spherical 
triangle be equal to, greater, or less than a s^ni* 
circle, the sum of their opposite angles will, accotd- 
ingly, be equal to, greater, or less than two right 
angles ; and converselyt 




■•«f--J«i^i^"^'"^'"^'T'«"?^ 



(fl) Mr. Vince, in his Treatise of Trigonoiiietry (p. i 1 2, prop. J 7), 
has endearoured to prove that the sum of any two L ' 0f a spherical 
A is greater than the third. But thffi is not true, except in right- 
angled A% as may be easily shown, either by partial exam^^s, or 
by a general investigation. As an instance of the former kind, let 
ABC (fig. to the prop.)vbe an isosceles a> having its equal ^' a 
and B each less than 45^» then inll their sum be less tfaaa gO^; 
and consequently the remaining C c must be greatet than ^\ or 
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1st A B c be a spheric^ a i then if a b + a c be 
equal to, greater, or less than a semicircle, or 180^ 
the sum of the / * b + c will be equal to, greater, or 
less than 180''. 

For produce the sides b a, b c till they meet in the 
opposite point of the sphere at d. 

Then, if a b 4* a c be equal to the semicircle bad, 
the side a c will be ::=; a i>, and the/ ACD = z.i>orB 
(theo. 10). 

But z.Acr> +Z.ACB =; two right z ' or 180^; 
whence, also, Zacb +/.b = 180®. 

Again, if a b + ac be greater than the semicircle 
B A D, the side a c will be greater than a d j and z. d 
or B greater than z a c d (theo. 12). 

But Z.ACB + AJiCB zz two right Z. % as before ; 
whence, also, z a c © + z b is greater than 180®. 

Lastly, if A B + a c be less than the semicirde bad, 
the side a c will be less than A D, and z d or b less 
than z AC D. (theo, 12). 

But ZACD +ZACB being = two right z % or 
180®, the sum of the z ' a c B + b jls less than 180*. 

And, in a similar manner, it may be shown, that if 
the sum of the two z ' b + c be equal to, greater, or 
less than 1 80*, llie sum of their opposite sides a b + 
A c, will also be equal to, greater, or less than 1 80®, 

Q. £. D. 

CoR, 1. If each side of a spherical' a be equal to, 

I I I ■— — M— — ■— III   I  < IIBJIll ■■II . 

Otherwise the sum of the three Z^ of the a would be less than 
180^; which being contrary to the above proposition, is a suffi- 
cient iproof that idle principle Is erraneovM. 
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^eater^ or less than 180% each of the L » will, accord* 
ingly, be right, obtuse, or acute ; and conversely. 

Cor. 2. Half the sum of any two sides of a spheri- 
cal A is of the same kind as half the sum of their 
opposite angles. 

THEOREM XVI. 

1 30. In any right-angled or quadrantal spherical 
triangle, the legs, or sides, are of the same kind as 
their opposite angles ; and conversely. 



Let ABC, a'b c, or as c be a right-angled spherical 
A , of which c is the right L ; then will the leg a c, 
a' c, or a c be like its opposite z . 

For let a'c be equal to a quadrant, a c less than a 
quadrant, and a c greater ; and through the points a, 
a', a, and b draw the circles ab, a'b, and as. 

Then, because a' is the pole of the circle c b p, the 
Z a'b c is a right L , or 90** (def.) ; and, conse- 
quently, the z A B is less than 90**, and the Aubc 
greater, agreeing with the opposite leg a'c, ac, or ac. 

On the contrary, if a'b c be a right Z , a' will be 
the pole of CBD, and a'c will be a quadrant ; whence, 
also, if the z a b c be less than a right z , and the 
Z a B c greater, the opposite leg a c will be less than 
the quadrant a' c, and a c greater. q. e. d. 

The same will also hold if the a be quadrantal j 
for its sides and z * being the supplements of the z [ 
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and legs of the polar a , which, in this case, is right 
Z ^j the similarity will be the same as before. 

THEOREM XVII. 

131. In any right-angled spherical a the hypothe- 
nuse is less or greater than 90^, according ais the two 
legs, or the two angles, or aleg and its adjacent angle, 
are like or unlike, a 1- 




1st. If the A A B c, right-angled at c, have its legs 
c A, c B each less than 90^, the hypothenuse a b will 
be less than 90^. 

For make c p equal to a quadrant, and through the 
points p, b' draw the arc of a great circle p b. 

Then, because p is the pole of the great circle 
c B D, the arc p b is a quadrant, or 90^ (def.) 

And since, in the right z ^ a " p c b, a d b, the leg 
c B is less than 90^, and n b greater, the z c p b or 
A p b is also less than 90°, and the z d a b, or p a b 
greater than 90° (theo. 16). 

But the less side of every a being opposite to the 
less z , the hypothenuse a b is less than 90°, or than 
the quadrant p b. 

2dly . If the a ac b have its legs ca, cb each 
-greater than 90°, the hypothenus^e « 6 will, in thia 
case also, be less than 90°. 

For produce en, cb till they meet at d, which will 
be a right angle, and^ through the points p, b draw 
the quadrant p 6. 
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Theni since the legs d a, d 6 are each less than 90^ 
it may be shown, as before, that the hypothenuse a A, 
which is common to both the a * a c ft, a d 6, is less 
than 90^ or than the quadrant p b. 

3dly. If the a a c b have one leg c b less than 90% 
and the other c a greater, the hypothenuse a b will 
be greater than 90°. 

For, since in the right Z**A*icB, pdb, the leg 
c B is less than 90°f and d b greater, the Z c a b, or 
p ^ B, is less than 90%*and the z d p b, or « p b greater 
(theo. 12) ; whence, also, a^h greater than 90®, or 
than the quadrant p b. 

Again, the Z * in either of the a • a 9 c, a 6 c, ora^Cj 
being of the same kind as their opposite legs (theo. 16), 
it follows, that the hypothenuse a b, a ft, or a b is less 
or greater than 90*^, according as the two oblique / ', 
of the A to which it belongs, are like ox unlike. 

And because a leg and an / in each of these a • are 
of the same kind as the two legs (the oth^r leg being 
like its opp. z ), it is plain that the hypothenuse ab, 
aft, or ^ b is also less or greater than 90*, according as 
either leg and its adjacent Z are like or unlike, q. £• d. 

Cor. It follows, reversedly, from this proposition, 
that in any right-angled spherical a , either leg is less 
or greater than 90^ according as its adjacent z and 
the hypothenuse, or the other leg and the hypothe- 
nuse, are. like or unlike* 

Also, that either of the oblique angles is acute or 
obtuse, according as its adjacent leg and the hypothe- 
ause, or the other z and the hypothenuse, ape like 
or unlike. 
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ScHOLiuBi* This proposition and its corollaries will 
also hold for any quadrantal spherical a ^ observing 
to substitute the hypothenusal z for the hypothe- 
nuse, and the terms greater or less for less or greater. 




For the aides and angles of the quadrantal a a b c 
are, evidently, like or unlike, according as the angles 
oar legs of the right z. * polar a d e f, which are their 
suj^lements, are like or unlike. 

But the hypothenusal z. c, being the supplement 
of the hypothenuse p e, will consequently be greater 
than 90° when d e is less, and less than 90*^ when d e 
is greater ; which is, therefore, the only change that 
takes place in the proposition. 



OP THE 
STEREOGRAPHIC PROJECTION OF THE SPHERE. 

The stereographic projection of the sphere y is such 
a representation of the various parts of its surface, 
on the plane of one of its great circles, as would be 
formed by lines drawn from the pole of that circle 
to every point of the figure to be delineated. 

Or, if taken in an optical sense, it is a view of the 
points and circles of the sphere, as they would appear 
on a transparent plane, passing through the centre, to 
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an eye placed at one of the extremities of a dia^ 
meter, drawn perpendicular to that plane. 

The place of the eye^ is called the projecting pointy and 
the plane, on which the points and circles of ithe sphere 
are to be represented, is called the plane of projection. 

The primitive circle^ is that which lies in the plane 
of projection j being the one to which all the other 
circles and points of the sphere are referred. 

A right circle^ is that which^ passing through the 
eye, has its plane perpendiqilar to the plane of the 
primitive; and, being seen edgewise, is projected 
into a right line. 

A parallel circle^ is that which is parallel to the 
primitive ; and an oblique circle is that which is sc^n 
obliquely by the eye. 

It is also to be observed, that the projection of any 
point of the sphere, is that point in the plane of pro- 
jection, which is cut by a right line drawn front the 
original point to the eye. And that Unes flowing to 
the projecting point, or place of the eye, from every 
point of the circumference of a circle, form the con- 
vex surface of a cone. 

LEMMA. 

1 32. If a cone be cut by a plane parallel to its base^ 
the section wiU be a circle, a 
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L^ ABC p be a cone> either right or oblique, and 
EFG a section parallel to its base bcd; then will 
£ F 6 be a circle. 

For let the planes a c 7W, a d wz pass through the 
axis Am of the cone^^ meeting the section in the points 
F, G, n-y 

Then, because the section e f g is parallel to the 
base BCD, and the planes x w, dti meet them, n p 
will be parallel to m c, and w g to w d. 

And, because the a \ formed by these lines, are 
similar^ a w : a w : : m c : w f or as m d : w g. 

But m c is equal to m d, being radii of the same 
circle ; whence, also, nv is dl^ual to n o. 

And the same may be shown for any other lines 
drawn from the point n to the circumference of the 
section e f g, which is therefore a circle. q. e. d. 

THEOREM I. 

133. Every circle of the sphere, which does not 
pass through the poles of the primitive, is projected 
into a circle. 



E 

Let A m B be a circle to be projected on the plane 
L M, which passe? through the centre of the sphere, at 
right z. ' to a radius drawn from the eye at e ; then 
will its representation a nb, on that plane, be a circle. 

For through r, the centre of the circle a w b, draw 
the plane ftbg parallel to lm, a;nd join £r, rm j the 
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former of which will be the axis of the cone of rays 
flowing to E, and the latter the common section of 
the two planes a m b, Tmo. 

Then, because the A e 6 a is measured by half the 
sum of the arcs e h, k b» or half x k b, it is equal to 
the z. £ A B, which is also measured by half £ K b. 

Also, because f o is parallel to ab^ the z. £ <^ f is 
equal to e 6 a, or e a b ; and consequently, by simHar 
A% Ar:rG::Fr:rii,orFrxrG=rArxrB. 

But AT, TB, rm being radii of the same circle 
A wi B, the rectangle f r x r c will be = rm^; whence 
Fm G is a circle ; as is also the section anb, which is 
parallel to it (Lem.). 

Or the same thing may be ^own independently 
of the Lemma. 

For F G being parallel to a b, we shall have b r : b ^ 
: : r F : ^ a, and Er:. E^::rG:5i; whence, com- 
poundedly, Er:E/::FrxrG (or r m*) i saxsb. 

But the plane jma being parallel toanbj and the 
plane n r cutting them, s n will be parallel to r f», 
and consequently e r* : e/ : : rwi* : 5«*. 

Hence, also, by equality, rvf z $ a x s b 1 1 rm^ i 
s n* ; and, therefore, saxsb being = s n% the section 
an b is a circle. q. £• d. 

Cor, The centres and poles of all circles of the 
sphere, parallel to the plane of projection, will fell 
in the centre of the primitive. 

THEOREM U. 

t 

134. The angle formed by two great circles on the 
surface of the sphere, is equal to the angle formed 
by their representatives on the plane of projection. 
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Let E be the projecting point, or place of the eye, 
LM the plane of projection, and cbd, CKDtwo great 
circles of the sphere, meeting each other in c j then 
will the projected L be equal to the spherical z bck. 

For, if to the arcs c b, c k there be drawn the tan- 
gents c T, c G, meeting the plane l m in f and g, the 
former of these c f will be projected into c f, and the 
latter CG into CG. 

And because the a * e c e, e oc are right z ^ at c 
and o, and have the z <? e c common, the remaining 
Z E e c will be = the z oce, or its opposite z ccy. 

But the z E c F, or c c f, formed by the chord c e 
and the tangent c f, being = the z e e c in the alter- 
nate segment, the z c c f will be = the z c c f, and 
the side c f to cf. 

In like manner, it may also be shown, that c g is 
'=:.CG\ whence the two sides of, cg of the acof 
being = to the two sides c f, c g of the a c g f, and 
the base g f common, the z f c g will be = z f c g. 

But since the z made by the intersection of any 
two arcs is equal to the z made by the tangents of 
those arcs, drawn from the point of section, the pro- 
jected z of which c f, cg are the tangents, is equal 
to the spherical z b c k. 

2d 
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Cor. The tangent and secant, of any arc of a great 
circle of the sphere, are represented, on the plane of 
projection, by right lines equal in length to the former^ 

THEOREM in. 

155. The distance of any projected point of the 
sphere, from the centre of the primitive, is equal ta 
the semitangent of the arc intercepted between the 
original point and the pole opposite to the eye. 




Let A F 9 be the primitive circle, lying in the plane 
of projection l m, e the place of the eye, and c any 
point on the sphere ; then will o c, the distance of 
the projected point c from the centre o, be = the 
semitangent of e c. 

For, having joined o c, the z. e e c, or o s c at the 
circumference of the circle e a e b, is half the jLeoc 

M 

at the centre. 

And since the latter of these Z. * ^ o c, is measured 
by the arc e c, the former o b c, will be measured by 
half that arc. . 

But o c is the tangent of the Lo^C^ to the radius 
of the sphere e o ; whence it is also the tangent of 
half the ^ e o c, or the semitangent of e c. 

And if any other point d be taken on the opposite 
side of the pole e, it may be shown, in like mariner, 
that o (/ is the semitangent of e d. q. e. d. 
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Co.ft. 1. Any arc e c of a right circle, commencing 
at the pole opposite to the eye, is projected into o c, 
the semitangent of that arc. 

2. As the poles and extremities of the diameter of 
any great or small circle are points on the surface of 
the sphere, their projected distances from the centre 
of the primitive will he the semitangents of their 
greatest and least original distances from the pole 
opposite to the eye. 

THEOHBM >V, 

136. The distances of the projected poles of any 
oblique great circle from the centre of the primitive, 
are equal to the tangent and.cotangent of half the 
angle which the two circles make on the sphere; and 
the distance of their centres is equal to the tangent 
of the whole of that angle. 



Let E be the place of the eye, a d the plane of pro- 
jection, and CD the diameter of a great circle, of which 
p, p' are its projected poles, and q, the middle of the 
projecteddiametercrf, its centre; then will ojp,oj3' be 
=s the tangent and cotangent of ^ the, i which this 
circle and the primitive a b make on the sphere, and 
o.Q = the tangent -of the whole of that angle. 

For, p, c being the,polesofcD,AB, the arcs pc, eA 
are quadrants ; and, consequently; Hec, which is com- 
nmn, be taken away, the remainder ev will be = a c- 
2 D 2- 
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But op is the tangent of the z. o Ep, or of |^ the 
arc e p, to radius e o \ whence it is also the tangent 
of ^ A c, which is the measure of ^ the inclination of 
the planes of the two circles a b, c d, or of ^ the L 
which they make on the sphere. 

In like manner, because the lt'ef or p'mp is a 

right z , the Lp eo will be the complement of the 

Z. o E p } and consequently o />' is the cotangent of 

OEPor^^opto radius e o, or of |^ the z. which 

the two circles make on the sphere. 

Again, because the lines q e, q ^T are equal, being 
radii of the same circle ec Ed^ the outward z o q e, of 
the A QE £/, will be double the inward opposite z Q ^e. 

Also, since the z»cBrf, c o e of the a* Ecrf, eoc 
are right z *, and the z e c o is common, the remain- 
ing z c E o will be = Q 6f E. 

And because an z at the centre of a circle is dou- 
ble that at the circumference, the z c o e is double 
the ZCEO, or its equal QdE. 

Hence, the z * o q e, c o e, being each double the 
LQ,dE, are equal ; and consequently the z " o e q, 
c o A, which are their complements, are also equal. 

But the Z c o A, being the inclination of the planes 
of the two circles c d, a b, is the measure of the z 
which they make on the sphere ; hence o q, which is 
the tangent of the z o e q, tO' the radius e o, is also 
the tangent of the Z formed by those circles, q. e.d. 

Cor. It is also evident, from the figure, that the 
radius e q, q t\ or q rf is equal to the secant of the 
angle which the two circles make on tihe sphere. 
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THEOREM V. 



137. The projected radius o£ any small circle of 
the sphere, perpendicular to the primitive, is equal 
to the tangent of its distance from it& nearest pole j 
and the line joining the centres of the two circles is 
the secant of that distance. 




Let E be the place of the eye, a d the plane of pro- 
jection, and CD the diameter of a small circle, perpen- 
dicular to the primitive a b; then if its projected di- 
ameter cdhe bisected in q, the radius q c will be = 
the tangent of the arc b c, and o q will be its secant. 

For, since the a' e c e, rfo e are right z. "^at c and 
o, and have the L e common, tiie remaining z. e b c, 
or o E c will be = Z. e rf o or c rf<i. 

But Q c being •=> Q,d, and o c to o e, the t c do, is 
= Zrfc Q, and z oEC to z oce ; whence, also, rfcQ 
is = z o c E or o c 6*. 

And if to each of these equals there be added the z 
€ c Q, the whole Z o c q will be = the whole Lccd. 

But the Lccd being a right z , the z o c q is also 
a right z ; and consequently qc is the tangent of bc, 
and o Q its secant. q. e. d. 

Cor. 1 . The distance o c of the circumference of the 

« 

projected circle from the centre of the primitive, is « 
the semitangent of the complement of the arc bc. 
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2. It also appears from theorem 3, that the radius 
of any projected great or small circle is = ^ the sum 
or ^ the difference of the semitangents of its least and 
greatest distances from the pole opposite to the eye, 
according as this point is within or without the given 
circle. 

THEOREM VI. 

138. Any projected arc of a great circle of the 
sphere is measured by that arc of the primitive which 
is cut off by right lines drawn from the projected pole 
through the two e:xtremities of the given arc. 



Let A G B be the primitive circle, lying in the pro- 
jecting plane a (/, e the place of the eye, and cfd 
the projection of the great circle c p d ; then if right 
lines p d, jp/be drawn through its pole ;;, the sxcfd 
will be measured by o b. 

Tor, since p d lies in both the planes a g b, a p b e, 
it is their common section ; and, consequently, will 
pass through the point b. 

In like manner, because ^g or pf is the common 
section of the planes a. G B, p g e, it will pass through 
the point g. 

Hence the points f, b being projected intOj^ d, it 
is -plain that the arc f d will be projected into the 
similar aic/d^ ' 
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But since p d, eb, p f and eg are each quadrants, 
if B D, o F, which are common, be taken away, the 
remainder, 6r side p b will be = e d, and p o to £ f. 

And because the opposite 2I * b p g, d e f, which 
are included by those sides, are equal, the base b g 
will be = D F. 

Whence, p d having been shown to be similar to, 
or the measure offd, its equal b g will, dso, be the 
measure of/rf. q. e. d. 

THEOREM VII. 

139. Any projected spherical angle, formed by 
the representatives of two great circles of the 
sphere, is measured by that arc of the primitive which 
is cut oflF by right lines drawn from the angular point 
through the projected poles of those circles (&)• 




Let G K c be any projected z. , and p, p' the poles 
of the arcs k g, k c by which it is formed ; then, if 
the lines KpL, k^' m be drawn from the angular 
point K, to meet the primitive g a f b, the intercepted 

arc L M will be the measure of the z. g k c. 

PI  I I 1 1 

(6) For a brief, but neat^ treatise on the Stereographic Projection 
of the Sphere^ see an article by Delambre in the M6moire8 de 
rinsiitut National, torn. v. also M6moire8 de TAcademie de Berlin, 
for 1779> where this subject is treated analytically with great 
clearness and elegance. 
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L 

For, since the Angular point of the original arcs, 
of which K G, K c are the projections, is common to 
each of them, and 90^ distant from their poles, it 
will be the pole of a great circle of the sphere which 
passes through the two former poles. 

And because the original L on the sphere is mea* 
sured by that arc of the abovementioned great circle 
which lies between these two poles, the projected L 
G K c, which is = the spherical one, will also be 
measured by the same, or an equivalent arc. 

But jE?, p being the projection of this arc, and k its 
projected pole, it is plain, from the last proposition, 
that the arc l m of the primitive, which is cut oflFby 
the lines k |? l, k p' m will be the measure of the L 

G K c. Q. £. D. 

MISCELLANEOUS PROBLEMS AND THEOREMS. 

PROBLEM I. 

140. As four right angles, or 360^, is to the angle 
B A c, formed by two great circles of the sphere, or 
to its measure b wi, so is the surface of the sphere to 
the lunar area a b c a. 




For, let the circle b m d, of which a is the pole, be 
divided into any number of equal parts b w, m w, 
&c. and draw the circles a m c, a m c, &c. 
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Then will these circles divide the surface of the 
sphere into the same number of equal parts which 
the circle b m d is divided into. 

And since the bases i^fn^ mm^ &c. of the a ' b a m, 
mATrij &c. as well as the sides a b, a m, Am, &c. are 
equal, the a ' themselves, or their doubles, the lunulse 
A B c A, A m c A, &c. will bc equal. 

Hence, the sum of the parts bwj, mm^ he. being 
equal to the whole circumference of the circle 
B m D B, the sum of the lunulas a b c a, a 97» c a, &c. 
will also be equal to the whole surface of the sphere. 

And, consequently, the circumference of the circle 

B m D B, or 360° : the part, or arc, am : : surface of 

the sphere : the area of the lune a b c a. q. e. d. 

Cor. Since the surface of the sphere is equal to 
four times the area of one of its great circles, if d be 
put = diameter, c = circumference, and a = length 
of the arc b w, by the last mentioned proposition, 
the area of the lune a b c a will be = a rf, and the 
area of the whole surface of the sphere = c rf. 

PROBLEM II. ^ 

The area, or surface, of any spherical triangle, abc, 
is equal to the difference between the sum of its three 
angles and two right angles, multiplied by the radius 
of the sphere. ^ 
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For having completed the great cirde a b a 6 a, 
produce the sides ac> bc till they meet m the other 
hemisphere at c'. 

Then, because c' bcis equal to ^ c b, and c' a c to 
acA (being each semicircles), if c 6, c a, which are 
common, be taken away, the remainders, or sides c' 6, 
c'a will be equal to c b, c a. 

And since the opposite z ' c, c' of the lune cad b c, 
which are included by those sides, are also equal, 
the triangle a b c will be equal to the triangle abdy 
or p equal to p. 

Hence, by the last proposition, 
180® : Z A ; : ^ surface of the sphere : p + q 
180* : Z B : : ^ surface of the sphere : p + s 
180® : Z. c : : ^ surface of the sphere : p +R (/> + r) 

Or, by composition, 
180® : La +Zb+Zc:: ^ surface of the sphere : 

3P + Q + E + S. 

And, by division, 

180* : ZA +ZB + ZC — 180® : : ^ surface of the 
sphere :3p + q + r + s — |^ surface, or 2 p 
Hence, by multiplying the means and extremes of 

this proportion, there will arise 

180® X 2 P = i surface of the sphere x ( z a + Z b 

+ ZC-180®) 
Or, putting 180® = ^ c, and the surface of the 

sphere — cd^ as in the Cor. to the last proposition, 

we shall have p, or 

AreaAABC= -^(zah- Zb+ Zc— 180®) = r 
(Za + Zb + Z c- 180®) (c). 



(c) This curious theorem, which .has been of late years much 
used, in various geodatical operations^ for correcting the angles 



411 

Cor. Area of the a in square degrees sir® i^^+ 
b"* + c®- 180®) where r° = 57^.2957795 the degrees 
in an arc of equal length with the radius. 

Or, if the excess of the three angles of any sphe* 
rical triangle above two right angles, be required, it 
may be obtained by the following practical rule : 

From the logarithm of the area of the triangle, 
taken as a plane one, in feet, subtract the constant 
logarithm 9.3267737, and the remainder will be the 
logarithm of the excess of the 3 angles of the a 
above 1 80° in seconds, nearly {d). 

Scholium. If a, i, c be made to denote the 3 sided 
of any spherical a a b c ; a, b^ c their opposite angles, 
and w the semicircumference of a great circle of the 
sphere, of which the radius is r, we shall have, by 
one of the analogies of Napier, 

Tan ^ (a + b) = ^^' I J^T!! cot ^ c 

-« ^ * ' cos i {a+o) "^ 

From which the following formula may be easily 
deduced. 

r^ J. ^ r \ . \ cot -J- a cot ^ ^ + r COS C 

Cot i(A + B + C — «•)= 2 1—IL 

^ ^ '  ^ sm c 

Which may sei:ve for determining the area of the a , 



of observation, taken on the surface of the learth, is commonly 
ascribed to Albert Girard, a Flemish Analyst of the sixth century,, 
who a|ppears to have first given it in neariy the same form as above, 
in his work entitled Invention NouveUe en AlgMfre, published in 
1629; where he has also treated of the measures of solid angles. 
See Montucla Hist. Math. vol. ii. p. 8. 

{d) For an investigation of this rule, see Trigonometrical Survey 
of England and Wales, vol. i. 
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or the spherical excess, when two sides and their 
included angle are known. And by following the 
mode of substitution used by Legendre (£16m. de 
G^ni. note 10.) this expression will become 

Tan t(A + B + c-») = 

F ^ 4 4 4 4 

Which elegant theorem was first given by Lhuillier, 
of Geneva. Legendre, p. 4 1 8 of the above work, has 
also given the following rule for reducing spherical 
triangles, whose sides are small with respect to the 
radius of the sphere, to such as are rectilineal. 

Any small spherical triangle, whose sides are fl, A, c, 
and their opposite angles a, b, c, always answers to a 
' ^rectilinear triangle, of which the sides are equal in 
length to the former, and whose opposite angles are 
A - t «, B — f « and c — f «, < being the excess of the 
sum of the 3 angles of the spherical triangle above 
S right angles, 

PROBLEM III. 

142. Two sides and the included angle, of any 
spherical triangle a b c, being given, to find the 
angle included by the chords of those sides. 




By spherical trigonometry, cos n s sin 6 sin c cos 
sph. LA + cos c cos A ; or 1 — 2 sin* ^ a = sin 6 sin c 
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COS sph. Z. A + (1— 2 sin* ^ c) x (1—2 sin* ^ 6); and 
consequently 2 sin* ^ c + 2 sin* ^ J— 2 sin* |^ as: sin 
c sin b cos sph. ii a + 4 sin« ^ c sin* i A. 

Again, by plane trigonometry, d^ :=ib'^ -^ d^ -^9^ V c* 
cos rect. L a ; and because a = 2 sin ^ a, 6' = 2 sin 
^ by and c = 2 sin i c, we shall have, by substitution^ 
4 sin* ^ fl = 4 sin* ^ c + 4 sin* ^ 6—8 sin |: c sin J 6 
cos rect. /.a. 

And this value, being substituted in the former 
equation, will give, sin c sin b cos sph. L a + 4 sin« 
^ c sin* J 6 ^ 4 sin 1^ c sin 1^ 6 cos rect. L a. 

From which may be readily obtained the following 
simple expression for the angle contained by the 
chords, viz. 

Cos rect^ /i a = sin ^ 6 sin ^ c + cos ^ J cos J c 
cos sph. LA. 

Or, by restoring the value of the radius f , 

Cos rect^ Z. a = — (r sin |^ 6 sin |^ c + cos ^ J cos 

^ c cos sph. z. a). 

Cor. From the formula here given, it appears that 
a right or obtuse spherical angle is always greater 
than the corresponding rectilineal angle. 

And that an acute spherical angle is less than its 
corresponding rectilineal angle, when its cosine is 

, , r sin 4- ^ sin i c 

greater than -r t-t r- • ' 

o y« «. cos -J- COS -J c 

PROBLEM IV. 

143. Given the three sides of any spherical tri- 
angle ABC, to find the angles contained by the 
chords of those sides. 
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By plane trigonometry, cos rect'. z. a = r( — ^, 7^*^ f 
but ii' = 2 sin ^ a, J' =: 2 sin ^ i, and c' = 2 sin ^ r. 

Or, d S= ^2 r {r-^ cos tf), i' = \/2r (r-coa A), and c' 

= ^/2r(r— cose) ; whence, by substitution and re- 
duction, we shall readily obtain 

^ , 1 4- cos a— cos 6— cos c , . , , 

Cos rect. z. a = — ^ . , . . . ^, which, by re- 

4 sin ^ 6 sin i c ' •' 

storing the value of radius, becomes 

^ ^ a r+cos a — cos 6— cos c . * , 

Cos rect. z. a = r* — ,.,.., . Also coa 

4 sin f 6 sm ^ c 
, r« cos a— r cos h cos c 

^ sin sm c 

Cor. 1. When the three sides of the spherical tri- 
angle are equal, their chords are also equal) in which 

^ . % r— cos a r ^.q 

case, cos rect. l k^ r ^ . ,, = — = cos 60 , as 

' 48in*ia 2 ' 

it ought. 

2. Also, since, in the same case, cos sph. z. a = 

tana 2r ^ . ' 

be that of which the cosine is t or .3333, &c. that is 
70^ dr43''; and as the angles are all equal, and their 
sum greater than 180^ the spherical z. a must be 

greater than -— -, or 60®, which is the rectilineal z a. 

PROBLEM V. 

144. Given the three angled of any spherical triangle 
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ABC, to find the angles contained by the chords of 
the sides. 




The sine of \ any arc being equal to\ the chord of 
the whole arc, we shall have, by spherical trigonometry, 

/ ^ -C08|SC08(j.S-A) u_c^^ -CO«t 8 COS (^8— b) 

^ sin B 8in c sin A*sm c ' 

c = 2r^ r-^ — r^ , where a, b, c denote the 

^ sm A 8in B ' ' ' 

-f 

three Z* of the spherical a , and s their sum. 

Also, by plane trigonometry, cos rect*; z a = r 

— ^^^y^ — ; whence, if the former values of a\ b\ c\ 

2 c ',»» 

be substituted in this equation, we shall obtain, after 
proper reductions, the following expressions : 

Cos rect*. Z. a = 

r ^ sin B cos (j s "^ b) + sin c cos (j. s -^ c) — sin a cos (j-s— a) ) 
^ (^ v^sin B sin c cos (4 s — b) cos (y s — c) j 

which, when a, b, c are equal, becomes cos rect^ z a 

= ~, as it ought; 

Andby observing the order of the letters, the other 
two angles maybe each expressed by a similar form {e). 



(e) The angles formed by the chqirds, in all the other cases of 
spherics, might be easily obtained in a similar way; but^ as they 
are less useful, and more complicated in their forms, it was thought 
proper to omit t^em. From 
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145. SOLUTIONS OF ALL THE CASBS Of RIGHT-AN- 
GLED PLANE TRIANGLES, INDEPENDENTLY OF ANY 
TABLES. 

A 




4 

1. Given the hypothenuse and either of the oblique 
angles, to find either of the legs. 



From the expreftsions above given, we mighty also, readily past 
to the solutions of the inverse cases of these problems. 

Thus, in prob. iii, art. 142, since cos f 6 cos -J- c ^ ^r*— 8in*^4 

X V^— ^"•tc; a^BO sin i 6 X sin t c = ^ i' X i c' = T *' <^> i^ 
these values be substituted in the equation cos rect^ L a s sin f & 
sin ^ C+ cos i 6 cos \ c cos sph. Z. a, the radius being considered as 1, ' 

, „ . ^ cos rect. /_ k-^il/ c . . 

we «hall have, cos sph. Z. a = : in the 

calculation of which form, the sides b* c must be so taken that they 
may be the chords of a circle, having l for its radius : which may 
be easily done, by dividing their numerical values in feet, yards, 
&c. by such a power of 10,* that neither of them shall exceed 2» 
which is the greatest chord in the circle. 

If the A be isosceles, and of consequence i = c, and b' = c', 
these two formuls may be reduced to the following : sin f rect'. 

1 r • T u . J • I 1 , sin f rect. /_ a 
^ Asscos t^sin^sph. z. A, and smisph.Z. a = ^ m . .. 

And if sph. Z. A be 90^, the same forms will give cos rect^ z. a 
s i 6V. From the first of which expressions it appears, that the 
vertical Z. o£ any isosceles spherical a b always greater than its 
corresponding rectilineal angle. 



4if 



as 



cAn A c cos B 



aiac 






Or, 



And if B** be put in the place of a® in the ist of 
these series, and a® in the place of b** in the 2d, 
thiey will express the value of b. 

NotCi A** or B® denote the nuMb^r of degrees and 
decimal parts in the length of the arc whigh measures 
tlte iL A or B ; and r^ z BT .9^67795 is the numbet of 
degrees, &c. in an arc equal in length ta the radius. 
Also the length of any arc a, in parts of the radius, 



*kt Hfcainifc 



<t f t h- 



.AdUm 



J r It 



-a--^ 



II. Given the hypothenuse and either of the legs, 
to find either df the oblique angUs^ 

or-, ra . rb 

Sin A » -*', sm B =d ^ 

III. Given the hjfpothenuse ajid either of the 
I^, to find the other leg. 

«- »{« (T)+R(7)S-X5(4)'+iS3(T)'»- } 

2 £ 
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b = 



« -{ Kt) + ^ (.t)'* iJB (7)"+ iSi (7)' »«• } 

c 

IV. Given either of the legs and either of the ob- 
lique angles, to find the hypothenuse. 



a b 

c = — sec B = — sec a 

r r 



C 

c 



n'+Ki-o) +ii(ro) +75o(i?> +i564(Eo) +&c.| 



i56iv?y^*^-} 



V. Given either of the legs and either of the ob- 
lique angles, to find the other leg. 

6 tan A 6 cot B 



as 



a =: 



"- ^_«Lr^V*c. 



*|i?''"«(BV "•"wCrV ■•'swxbV ■•"asasVRV 

Or, 



And if a be put in the place of b, b** in the place 
of A* in the first of these series, and ▲" in the place 
of B* in the second, they will express the values ofb. 

<— ^— iM*— 1— — — — — — i— — —  I I — ^^——^1— —————— ^— 

VL Given the two legs, to find either of the ob- 
lique angles. 

Tan A = -^; cot as: — 

"1?-KT)'+i(g'-7(T/4(T)'-»-} 

«1 :- m*^<S-^*w-^^ 



A'r: 
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4^nd ifb be put in the place of a, and a in that of 

b^ these series will esqpress the value of b^. 

-- • > I ■> 

* - 

yil. Given the two legs, to find the hypothenuse* 

, Note. The following fonnula, which belongs equally 
Uy both the tables, may here also be subjoined, as it 
wiU be found useful upon particular occasions : 

r "*■ 2.3 \ r» / "^ 2^.5 \ r» / "*" 2.4.6.7 

^c^u^+fy ^^ _ 3, 14 159265358979, &c. = the cir- 

cHrnference of a circle whose diameter is 1, a, i, c 
beiiig the halves of the 3 sides of any trianglet and 
r the radius of the circumscribing circle* 

146. SOLUTIONS OF ALL THE CASES OF. OBLIQUE-AN- 
OLBD. PLANE TRIANGLES, INDEPENDENTLY OF ANY 
TABLES. 



r 




* .. 



i 



. I. Given a side and two anglesj to find either of 
the other sides. 

2SS 



1 



4flD 

I nn A I cot igor^i) 

1?""2.sVrV "^'aSZiUv " 2.34.5.6.7 VeV 
6s a -I Or, 

*\ R^ / ^^.a.4\ ll*» 7 2.3.4.5.6\ r'^ / 

""a R** / ■^2.84\ E*^ /■"2.3.4.5.6V B^ / 

In which case, the numerator of either of thes^ 
series may be placed over the denominator of the 
other, when such a combination is found to render 
them more convergent. 

The side a or c ia9j also be expressed in the same 
manner, using the angles which are similarly situated 
with respect to these sides, instead of those intheabove 
formula ; and the same may be observed in all tk^ 
other eases whai only one side or angle is exhibit^. 

'■■i I I III mill i«iiiiii'>-ff^ Hil f i»> hiiri1«1 ^111 1 
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II. Griven two sides and an angle opposite to one 
pfthem, to find the remaining side. 

C = — COS A ± ~ V^f*««-6«siA«A 

The first of which series only takes place when a is 
equal to, br greater than, A ; but if a be lessthan 4, 
«ithef i£ iMem nHtt li«ld, m the ipt^stimi it 
case, admits of two answers. 



^1 

III. Given two sidefs and an angle opposite to bne 
of them, to find either of the other angles. 

Sin A =: T sin B 

o 

£.. sin A/b 1 y     , 

Sin C =: (—cos A±— V^r*a«-*«8in«A) 

a \ r r ' 



C^ = 



a Ve«/ 2.8 fl« VaV "*■ 2.34.5 0* ^ 



(?)**«■ 



Or, 



The jSr9t of which series^ for c^ onlj takes place 
when a is equal to, or greater than» h ; but if a be 
less than h^ either of them will hold^ as the question, 
in this case, admits of two answers. 

I  — — — — i^— — — — ^»i— I— —— — — — mmmm^mm^ ii    

IV-Jjriven two sides and the included anglej to 
find the remaining side. 

(a + *)*— ^cp«»c 

y— ^tP^i 1 11 i. ■! ^ a II I > » I JBU 

(-')-H(p)-iJ(r.)+5Z55(5)'*'} 

y» 

c = (a + A) X 
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The first of which series must be used when c^ is 
less than 90% and the latter when it is greater than 90% 

V. Given two sides and the included angle, to find 
of the other angles* 

Tan ^ (a - b) =r ^^ cot ^ c 
A =90 — tc ±R x;j-pj|-jy - 5jp- "ilia 



Or, 

A - 90 - i C ±;^ R I j5 317+7F 

C ao >) + — iJiirTW — \~ir-) *'^'/ . 

In each of which series the upper sign + must be 
taken when a is greater than fr, and the lower sign — 
when a is less than b y observing, in either case, to take 
the series which is found to be the most convergent. 



VI. Given the three sides, to find either of the angles. 

Cos c = r— 5^j^-^ /: 

Which series wiU. always converge, whatever may 
be the values of the sides 0, &, c. 
Nate. If the a|i£^e Cf in the 4th or 5tb case, be vety 
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obtuse, or h^ar 180% and, of con3equence, the re- 
maining angles a and b small, the side r, and either 
of these angles, maybe found, to a considerable degree 
of escactness, by means of the following formulee : 

ab y l80* - C* \« 
2(a + b)\ R« / 



C = a + 6 — 






bja^b) /1B0^--C^\< 



a + 6 t 6(a+*)*\ . »• /J : 

The angle and side, in this case, may also.be ex- 
pressed, in series, by means of the formula given in 
page 337, as follows : 

As-rsm c+^sm 2c + --g;sm 3c+j^sin4c &C; 



Or, 

5« 



A* 



B =: - siii c +-— 5 sin a c +^ sin 3 c-f-f-j sin 4 c &c. 

Log c=: log a — 
— / — cosc+--rCot2c+--: :; cos 3 d + &c. 

147. To the tables last given, there may likewise 
be added the following solutions of some particular 
caaei} of right-angled plane triangles, when one part 
is given, and the sum or difference of two others. , 




1. c + an _ 



3. Sin i A s r^tZJ^ coa i a ss r v'—-* 

4. c + « 5= ^^ cot*|- »} c — « s? —^ tan' 1^ 8 

5. « + 4= IZ.* cot (45* - b) = i=^tan (45»+b) 

6. a - A = it? tan (45'-* b) = ~^cot (45* + b) 

7. Sin (45* + B)n: ie^l-'-. rinC45«^B)==i2JI^^ 

8. c — a = 6 tan ^ b^c-^ b si a tan I- a. 

148. The fbllowing additional formulae for li^tr 
angled plane triangles may also be subjoined to those 
gifen above. 

1. Sm (b- a) = -i i^ ij cos(b- a) = — - 

g. Ta»(a>>-A)y ^ ^ a;i/^' >tan(A-B)?? '^./ 

3. Sm S A =: sm S B & - ^ 



m 



4. Cos 2 A = '-^> =i 'i?;r#; cos fi B :;. ti^ 

5. Sm 4 A = ' ~ ^ } sm 4 A = zr" ^ 

From which latter formula^ it appears, that 4 A^ is 
greater thau 180''> when a is greater than b. 

149. To these may also be subjoined the following 
formula^ which serve for the solutions of some par- 
ticular cases of oblique-angled plane triangles, when 
the sum or differences of certain parts are given, in- 
stead of the parts tfaemselves. 

A 







1. Sin i (b '^ o) s -^ cos 1^ A 

2, Cos ^ (* -M c) c: -^ sin ^ A 
3.CotiA=|l±*^^tant. 

s. Tan J A j;= j^ cot J (3 -^ c) 

O* <^ c ts T- 



7* b + c sz 



-— tan i" A tan f (b -^ c) 

6^c 



^ cot J A cot i" (B -^ O) 

150. Similar formulae may likewise be giv^h for 
the solutions of some particular cases of right-angled 
spherical triangles ; the most useful of ^diich are ^tkt 
following: 

A 




1, f» Tan i (c - a) =» tatf i b cot i (r 4- #) 
Or, f* Tan ^ (c + a) = tan» |^ ft cot i (c — a) 

2. r* Sin (€-^0) = sin b cos a tan J b 
Or, r* Sin (c — tf ) = tan b cos c tan J b 

9. r Cot i (4^"" + i a) Stan ^ i cot i (c«f a) 

4. Cos (a^6) as fl cos c -«• cos (a 4* &) 

5. r Tan (45'' + i a) s tan ^ 6 cot |(r .-* n) 

6. r Sin (c -^ a) tc tan* |^ b sin (c 4-^T 
7* r Sin (^ 4* ^) ^ cot* ^ b im (e f<p- a) 
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8* nCos (a-'B) = — cos (a + b) cot* J c 
9. r«Cos (a + b) = — cos (a~b) tan* \ c 
l0.f^Tani(c^fl)=icot*J(45^+iA)tani(c+a) 

11. r Tanii = cot (45''+^ A) tan \ (c+fl) 

12. r»Tani(c+«r) = tant (45''+i a) tani(c - a) 
IS* r Tan^i = tan (45''+i a) tan | (c - n) 

14. r*Tani(c+flf) = tan* J b cot ^{c -d) 

15. Cos c =r^ cos (fl + ft)+i cos (a-^A) 
\6. Sin b = I" cos (c -^ b)— ^ cos (c + b) 

17. Sin flf = 1^ cos (c-^a)— 1^ cos (c + a) 

18. Cos A =s ^ sin (a +b)— i sin (a— b) 
. 19. Cos B =: ^ sin (i + a)— i- sin (6— a) 

Among which formulaB it is evident, that the five 
last, being formed by addition and subtraction only, 
may be calculated by means of the natural sines and 
cosines. 

To these we may likewise add the four following 
forms, which are applicable to any spherical triangle 
whatever. 

Sin4.(6-c)' 8ini(B — c) Sin i (6 + c) co*4(b-c) 
sin 4- a MM 4> A ' sia T «: *" sin ^ a 

Co8i(& — c) _ sin |(B -h c) ^ Cot -K^ + e) _ cos j (b + c) 
oosM ** cositf ^ cob4« "* sinj^A 

151. OF THE INCREMENTS AND FLUXIONS OF THE 
SINES AND TANGENTS OF ARCS^ OR ANGLES. 

^ As formulae of this kind are frequently employed in 
^tronomy £U>d the higher branches of mathematics, in 
order to show the changes that teike place ih the sides 
and angles of triangleS|^from small variations of some 
of their p^rtSi IjshaUli^re subjoiii such of them as will 
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be found sufficient to ai^wer most of the purposes to 
which they are usually applied. 

Thus, if y be made to represent the increment of 
the arc z^ and sin' z the incfenient of its sine, &c. "we 
shall readily obtain the following expressions ; which 
are only the formulas in article 26 under another form. 

1. r sin' jsr = 2 sin ^ z* cos {z^^ z') 

2. — r cos' ;8? = 2 sin i ;?' sin {z^^z') 

rfK t r« sin x* 

3. Tan z = ^sh^IhT?) 

4. — uot z = .   J . — : — 77 

sm z wm {z + z) :  . , 

5. Sin'* z = sin z sin (iz^s^) 

6. — Cos'* z = sin z' sin (iz+Z) 

7. Tan'*;g = ^":"°jf t 4;i 

C08* Z COS* (» + Z ) 

8. -Cot" z= "°''"!'f^'+ 4 

Bin* z am* (z + z ) , , '; 

' Which expressions are rigorously exact, lifjrhatev^ 
may be the magnitude of the quantity V y and if the 
second member of either <^ these equations is to be 
employed with a negative sign; we must substitute 
(z - y) instead of (^ + y), (z - i V) for (;?: + f V), 
and (2 J8: - ;«') for <2 J5 + /). 

1 52. It is also evident, that if js', in these expressions, 
be taken indefinitely small, or within less than any 
as^gnable limit of 0, its sine may be considered as 
equal to the arc, and its cosine to the radius : whence^ 
by pfoper substitutions, we shall readily obtain the 
following formulae, for the fluxions of the sine, tan- 
g6nt, &c. of any arc or angle; being the same as 
those usually given by the writers on this subiect. 



1. Sill if s « cos a a txA^'Z^Syz 
.£. — Cos ;jr = « sin « = * y^r* — cos»^ 
# T«« •» -. '^ ^ ^ i sec* X 

co8*« f*— sin^a f* 

s cosec^ X 



4. — Cot Z = -r^ = _^ _ ^ 

5. Sin* :g tz 3 isin z COB z zz xsinSi ti 

6. — Cos* jT s 3 it sin ir cos z ::z isini z 

7. Tan*« = S tan> tan i: s: 2 tan z x -4- 

* 

8. — Cot* ;t = 2 cot jr cot a: = 2 cot i; x -rV 

Which formute are only to be employed when the 
variation of the arc is extremely small, as the result, 
when its increase or decrease is considerable, is often 
very erroneous (/). 

153. From these latter expressions we may likewise 
readily obtain the following, in which the fluxion of 
the arc is expressed in terms of its sine, tangent, Sec 

rsmz 



r cos X 



V r« — cos* X 
o . f* tan % 



y« + tan*« 






A L. Hcot* 



(/) For a more copious collection of fonouls of this Und, bo4i 
incremental and fluxional^ idth their applications, see Trciti de 
9r^miomMe de Cognoli, Od edition, where this subject is very aUjr 
and {«% fysevMed. 
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■^ 8^ z A/sec* «— r* 

^ r vers « 

6. i = 



^^2 r vers « — vers* a* 

And if these formuls are expanded, and the fluents 
of each term be taken, they will give the usual series 
for the arc, in terms of its sine, tangent, &c. 

154. Some of the trigonometrical formulae, given 
in the former articles of this Work, may also be ap* 
plied to the solution of the variOiis cases c^^adratic 
and tubic Aquations, as follows : 

SOLUTIONS OF QUADRATIC EQUATIONS. 

Putx— -• S' = t*i^ f • 

Then 4^ ifc < or, 

Orr putting 
10 -t-log^ 3 + J log 5' -* log p = log tan z. 

( +i log 5^ + log tan ^ ;8: *- 10, 
Theft teg jm -kf or, 

l—i^gi'- log cot i * - 10. 

2. 4?*— jp.r — y = 0. 

Put — x/ a zz tan z, 
P 

( +%^ qxcot^Zp 

Then x =-^ or, 

(^ — -/ ^xtan^ z.^ 

Or, putting 

10 -flog 2 +i log j? — log f? = log tan z^ 



4ao 



Then log x 




+ i log J +log cptiz— 10, 

or, 

— i log J— log tan ^ ;s — 10. 
3. j:*+/>a' + y = 0. 

Put ^ s^ g = Bin z. 



Then* 




— s/qx tan \z^ 
or, 

— V^ y X cot i ;r. 

Or, putting 
10-hlog 24-i log ^ — logp = log sin ^, 

i^\\o%q^ log tan ^2^—10^ . 
Then log .r = ^ or, 

i -- i log ? ~ l^g ^^t i * — 10, 
4. ^-^px+q = 0. 

Put — • ^ =: sin ;«. 

+ ^ qx tan ^ ;t, 
or, 

-♦• v^ y X cot i* ^. 

Or^ putting 

10 + log 2 +^ log q — logp s log sin z. 

f +i log y +log tan f ;» — 10, 
Then log j? =< or, 

(. +ilog j^ + logcot|-z— 10* 

In the two latter bf which cases, if — v^ j be 

P 

greater than 1, or 10 4-log S +^ log q — log p comes 
out greater than 10, the two roots, or values of jr, 
will be impossible. 



Then J- 
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155. SOLUTIONS OF CUBIC EQUATIONS. 

Put i {— y = tan ;?:, and J/tan (45«-iz) = tan w j 

Then .r = 2 -/ ^ x cot 2 ». 
Or, putting 
Log Y + 10 -.-5- log -|- = log tan ^, 

And 
i (log tan 4^0-1 2 + 20) ;= log tan w. 

Then log a? = ^ log ^ + log cot 2 m— 10. 

2. a?*+j9i;' + S' =0. 
J^ut "I- (— )* = tan z^ and Vtan (44*-i «) = tan «, 

Thena?=3 — 2V-j^^^* 2w. 
Or, putting 
3-og-|-+ 10-|-log|- =logtan«, 

And 
J (log tan 45^-iz + 20) = log tan t/. 

Then log j? = 10 — J log 4r •" l^g ^^* ^ w. 

, 3. J?* — p j:* — ^ =x 0. 

This form has 2 cases,' according as — (-f" V ^^ 
less or greater than 1. 

In the 1st cas6, put — (^ V = c^^ ^» 
And ^tan 46*-+ z) = tan « j 

Then x = 2 -/^ x cosec 2 w. 

3 



Or, putting 

10 + ^ log i — log-J- ss log cos r. 

And '- 

J (log ^an 4^^^ + flO) =s log tan « i 

Then log x =: 10 +log --■ — log sin S u. 

In the 8d case, put y (y)^ ~ ^^ "* '"^'^ "^ ^"^ 
have the S following values : 

*i= + av'yxcos-|- 

* = -a ^/|■xcos(60°-J) 
J = — 2 V ■^ X cos (60° + -J-) 



Or, 



Log * = i log -^ + log cos -J- - 



10, 



Log * = i log ^ + log COB (60* - -5.)- la 
Log J? = J log if + log cos (60* + j)- 10^ 
Taking the value of x, answering to log x, positive 
in the first, and negative in the two latter. 
4, j*—px + j = 0. 
This form, like the one above, has also two cases, 
accOrdiHg as — (7) ia less or greater than 1. 
In liie 1st case, put — (-r-V = cos x, 
And i/tao (4s"— I s> = tan u, as before ; 
Then X as— 3 ^ ^cosec Su-, 
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Or, j^uttkig 

W + -| log ^ ^ log -f =log cos *, 

And 
7 {log (tan 45° -| js:) + 20]^ = 1(^ tw w j 

Then, — log/ = 10 + log^ — log sin 2 w. 

In the 2d case, put -|-(— y= cos z^ and ^ will 

have the 3 following* values: 

a: = — 2 \/ •?• X cos — 

^3 3 

^^^ = + 2V |x cos (60° ---f ) 

4? :£= .+ 2 v^ -| X cos (60° + ^y 

Or, 

Log 4? = 1^ log -^ + log cos -| — 10, 

Log 47 = i log ^ + log cos (60*^ - J-)- 10, 

Log ^ = i log^ + log cos (60° + -)- 10, 

Taking the valtie of x, answering to log ^, nega- 
tive in the first, and positive in the two latter. 

As an example of this mode oi solution, in what 
is usually called the Irreducible Case of Cubic Equa^ 
thns^ let jr' — 3 ^ =r 1, to find its 3 roots. 

^^'^ I (1/ = * ( f )' = i = -5 = cos 60* = ^. 



X = 2 a/^ X cos — = 2 cos 20® = 1*8^93852 



z 
3 ¥ 



g Jar = -2 V?- Xcos (60®— 1^= —2 cos 40® as -1.5320888 
^ (^» = -ay -J X COS (60®+ 1)=3 — 2 cos 80® as- .3472964. 



2F 



434 

Also, let a:* -*• 3 0^ ss — 1, to find its three rooter. 
Here, as before, -| (^y^ = .5 = cos 60° = z, 

^X=s— a^-l-X^^-T^— a cos 20Ps — 1^793852 
§<Jf = -2^^XC0g (60^- l-^ss a CO! 40®= 1.5320888 
(^x =s— 2 ^-| X cog (6(f+ ^)= 2 COS 80^ = 03472964. 

Where the roots are the negatives of those of the 
first case (g). 

OF THE ADMEASUREMENT OF ALTITUDES BT THE 
BAROMETER AND THERMOMETER. 

156. Having treated, prett/fully, in the former part 
^ this work, of the methods of measuring elevations 
and depressions geometrically, I shall here subjoin 
one of the most easy practical rules for determining 
the same thing by means of the barometer and ther- 
mometer, which is a mode frequently used at pre- 
sent ; and though not founded upon such sure and 
well-established principles as the former, is never- 
theless susceptible, when performed by a skilful ob- 
server, with good instruments, of a considerable de- 
gree of accuracy. 

For this purpose, the person who undertakes these 
observations should be provided with two portable 
barometers, of the best construction (both filled with 
mercury of the same specific gravity), on which, by 

— I — T  • — 1 ^-■__l_ 

(g) For the mode of inveBtigating these kinds of formulae^ see 
Cagnoli Trait6 de Trig, and article Irreducible Case, given by the 
auUior, in the Supplement to Hutton's Mathematical Dictionary. 
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meaks of a nonius, properly adapted to the scale, he 
may read off the heights of the mercurial columns to 
the SOOdth part of an inch. Each of the barometers 
must, also, have an attached thermometer, set in the 
wooden frame, in the same manner, as the barometer 
is, and having their balls of nearly the same diameter 
as that of the barometer tube : besides which', there 
must be two other thermometers detached from the 
barometers. 

Then, one of these barometers, with its attached 
anddetachedthermometers,istobeplacedinthe shade 
at the top of the eminence whose height is required, 
while the other remains below; and when they have 
continued in their places a suflScient time for the de- 
tached thermometers to acquire the temperature of the 
air, or till the fluid is stationary, the observer on the 
eminence must note down the height of the mercurial 
column in the barometer, as well as the temperatures 
exhibited by the attached and detached thermometers j 
and, at the same time, another observer must make 
the like observations on the instruments below. 

This being done, the altitude of the object, at the 
top and bottom of which the instruments were placed, 
may be ascertained by observing the following pre- 
cepts, or the practical rule which is deduced from 
them. 

1. The height through which we must rise to pro* 
duce a fall of mercury in the barometer, is inversely 
proportional to the density of the air, or to the height 
of the mercury in the barometer. 

2. When the barometer stands at 30 inches, and the 
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^air f^Qd quicksilver are of the temperature of 32"^, we 
mu3t rise through 87 feet to produce a depression of 
-Arth of an inch. 

3t But if the air be of a different temperature^ this 
87 feet must be increased, or diminished, by about 
-AV of a foot for every degree of difference of tem- 
perature above or below 32^. 
. 4. Every degree of difference in the temperatures 
of the mercury at the two stations makes a change 
of 8*883 feet, or 2 feet 10 inches in the elevation; 

Hence the following Rule. 

1. Take the difference of the barometric heights, 
in tenths of an inch, and multiply the result by 30. 

2. Multiply the difference between 32^ and the 
mean temperature of the air, hy .9,1^ and find the 
sum or difference of this product and 87 feet, ac- 
cording as the temperature is above or below 32^. 

3. Multiply this sum, or difference, by the former 
product, and the result, divided by the mean o£ the 
barometric heights, wiQ give the approximated ele- 
vation. 

4. Multiply the difference of the mercurial tem- 
peratures by 2.833 feet, and add this product to the 
approximated elevation, if that of the upper baro- 
meter be the greatest, or otherwise subtract it, and 
the result will be the corrected elevation. 

Or, the same rule may be expressed algebraically 
thus: ^^ 3Oi>(87±o.^i.0 ^^333^ 

m 

Where dis the difference between 32° and the weao 
temperature of the air, x> th^ dijQference of the b^i^ 



metric heighte in tenths of an inch, m the mean ba* . 
rometric height, S the difference between the mer- 
curial temperatures, and a the corrected altitude. 

For example, suppose the mercury in the barome^ 
ter, at the lower station, was at 29-4 inches, its tem-* 
perature 50® of Fahrenheit's thermometer, and thei 
temperature of the air 45° : also the height of the 
mercury, at the upper station, 25.19 inches j its tem- 
perature 46°, and the temperature of the air 39^. 



Then^ 



(45^ - 320) + (39^ - 32°) _ j^ 
"" 2 "* 

D = (29.4 - 25.19) X 10 = 42.1 
J =50- 46 ...... = 4. 

7w = ^ (29.4 + 25.19) - - = 27.295 



And A = '^ ^ ""'^ ^Jl"*- '"^ ^ ^^^ + 4 X 2.833 

27.295 ' 

= 4111.91 feet, or 685.32 fathoms, the correct 
altitude. 

And if two or three sets of observations be made 
at each station, after short intervals of time, and the 
mean of the results be taken, the probability of error 
will be much diminished. 

It may here be added, that the method of measuring 
altitudes by means of the barometer, was first distinctly 
pointed out by Halley, in No. 181 of the Philosophical 
Transactions ; but it was not tUl long after his time 
that the method was turned to any real use. The 
chief improvements are due to M. de Luc, who pub- 
lished, at Geneva, the result of his experiments and 
inquiries, made on the high mountains of Switzerland, 
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in a treatise on the barometer and thermometer; 
and also in the Philosophical Transactions. Other 
Valuable papers on this subject have likewise been 
given by Maskelyne, Horsley, Sir George Shuck- 
burgh, and General Roy, in the different volumes of 
these Transactions. 

But the most complete account, that has yet ap- 
peared, of this useful and interesting part of the 
subject, may be found in the additions to chap. 15, 
vol. iii, of the Traite Elementaire cT Astronomie Fhy- 
sique, by Biot, who has there entered into all the de- 
tails that can be wished for, on this head, both with 
respect to the demonstrations of the formulas, and 
their several applications. 
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